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Thermodynamic systems typically conserve quantities (“charges”) such as energy and particle
number. The charges are often assumed implicitly to commute with each other. Yet quantum
phenomena such as uncertainty relations rely on observables’ failure to commute. How do noncom-
muting charges affect thermodynamic phenomena? This question, upon arising at the intersection
of quantum information theory and thermodynamics, spread recently across many-body physics.
Charges’ noncommutation has been found to invalidate derivations of the thermal state’s form, de-
crease entropy production, conflict with the eigenstate thermalization hypothesis, and more. This
Perspective surveys key results in, opportunities for, and work adjacent to the quantum thermody-
namics of noncommuting charges. Open problems include a conceptual puzzle: Evidence suggests
that noncommuting charges may hinder thermalization in some ways while enhancing thermalization

in others.

I. INTRODUCTION

A simple story from undergraduate statistical physics
motivates this Perspective: Throughout thermodynam-
ics, we consider a small system S exchanging quantities
with a large environment € (Fig. [I)). Suppose that the
systems are quantum. If they exchange only heat, S may
thermalize to the canonical state pean o< e #H “ The en-
vironment’s inverse temperature is 3, and H(®) denotes
the system-of-interest Hamiltonian. If S and £ exchange
heat and particles, S may thermalize to the grand canoni-
cal state pgco e—BHD =N ) e chemical potential
is p, and NS denotes the system-of-interest particle-
number operator. This pattern extends to many ex-
changed quantities (electric charge, magnetization, etc.)
and many thermal states.
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FIG. 1: Common thermodynamic paradigm: A small
system and large environment locally exchange quantities
that are conserved globally. Common quantities include
energy, as well as particles of different species.

The exchanged quantities are conserved globally
(across SE), so we call them charges. Hermitian oper-
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ators @), represent the conserved quantities; S has an
operator Q((IS), € has ((zg), and the global system has
Qet == QP + QY = QY ©1¥) 119 © QY. The
index a = 0,1,...,c¢; and the Hamiltonian H = Q.
Across thermodynamics, we often assume implicitly
that the charges commute with each other: [Q,, Qa/] =0
Va,a’. This assumption is almost never mentioned (re-
call your undergraduate statistical-physics course). How-
ever, the assumption underlies derivations of the form
of thermal states [I 2], linear-response coefficients [3],
and more. Observables’ ability to fail to commute,
though, enables quintessentially quantum phenomena:
the Einstein—Podolsky—Rosen paradox [4], uncertainty
relations [5], measurement disturbance [6], etc. Quan-
tum physics therefore compels us to ask, what happens
to thermodynamic phenomena under dynamics that con-
serve charges Q% that fail to commute with each other?
This question arose recently at the intersection of
quantum information theory and quantum thermody-
namics, then seeped into many-body physics. This
Perspective surveys results, opportunities, and adjacent
work. In the rest of the introduction, we first present a
simple physical example. Then, we sample example phe-
nomena transformed by charges’ noncommutation. We
later establish notation, followed by the paper’s outline.
A simple physical example was proposed theoreti-
cally [7, 8] and realized with trapped ions [9]: a chain,
shown in Fig. [2| formed from qubits (quantum two-level
systems). A few (e.g., two) qubits form S, and the other
qubits form €. The chain constitutes a closed quantum
many-body system, of the sort whose internal thermal-
ization has recently been studied theoretically and ex-
perimentally (e.g., [I0HI3]). Denote by o, the Pauli-

a operator, for a = z,y,2; by m(lj), a spin component
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of qubit j; and by ot°t : Z 0 , a total spin com-
ponent. One can construct a Hamlltonian that overtly
transports quanta of each o, locally while conserving the
ot°%s globally [T, [8]: Denote the o, ladder operators by

04+, = 3(0y+ioy,). The operator U(Jgo(jjl) +h.c. trans-
ports one o, quantum from qubit j + 1 to qubit j7 and
vice versa, in superposition. Define ladder operators and

couplings analogously for o, and ¢,. The Hamiltonian

Hijgis = Z Z (Jffi AR c) = Z&(J‘) .¢®)
j a=z,y,z j
(1)

transports the o,’s locally, while conserving them glob-
ally. HEPL is the Heisenberg model, theoretically well-
known and experimentally realizable [7, 9]. Yet H{t . is
rarely, if ever, expressed as in outside the thermody-
namics of noncommuting charges—as locally transport-
ing and globally conserving three noncommuting charges.
Furthermore, we can extend H{{%_ to nonintegrable mod-
els (which promote thermalization), to subsystems be-

yond qubits, and to charges beyond spin components [§] E|

.....

FIG. 2: Example thermodynamic system that
conserves noncommuting charges: Two qubits form the
system S of interest, and the rest form the environment &.
A qubit’s three spin components, 0g—z,y,-, form the local
noncommuting charges. The dynamics locally transport and
globally conserve the charges.

Having exhibited a thermodynamic system whose Q,’s
fail to commute, we sample the physics altered by
charges’ noncommutation. This sample only dips into
the known results (detailed in Sec. but demonstrates
why noncommuting thermodynamic charges merit study.
If the @Q,’s fail to commute, how much S can thermal-
ize is unclear, for several reasons. First, noncommut-
ing charges impede two derivations of the thermal state’s
form [T}, 2]. Second, noncommuting charges force degen-
eracies on H*'. The reason is Schur’s lemma, a group-
theoretic result (App. |A|l and [7, I8, 19]). Nondegener-
ate Hamiltonians underlie arguments supporting ther-
malization, mixing, and equilibration (e.g., [20H23])—
arguments challenged by noncommuting charges.

Third, noncommuting charges conflict with the eigen-
state thermalization hypothesis (ETH) [24]. The ETH is

! For more quantum thermodynamics of spin exchanges, see [14}-
7).

a theoretical and conceptual toolkit for explaining how
quantum many-body systems thermalize internally [20]
211 25]. Myriad numerical and experimental observa-
tions support the ETH, which has been applied across
many-body physics. Yet noncommuting charges nullify
the ETH (Sec. . Hence noncommuting charges chal-
lenge expectations about thermalization in a third man-
ner.

We will encounter even more manners across this Per-
spective. Resistance to thermalization matters funda-
mentally and for applications: Most systems thermal-
ize, so resistance is unusual. Few mechanisms for resis-
tance in quantum many-body systems are known [26], 27].
Additionally, thermalization disperses information about
initial conditions, so thermalization resistance can pro-
mote memory storage.

A major research opportunity is to identify to what ex-
tent noncommuting charges hinder thermalization. An-
other opportunity is to re-examine every thermodynamic
or chaotic phenomenon, asking how it changes (or re-
mains unchanged) if charges fail to commute. Phenom-
ena known to change, as reviewed in this Perspective,
include the ETH, microcanonical states, thermodynamic-
entropy production, entanglement entropy, and local in-
teractions’ ability to effect global evolutions. A third op-
portunity is to marry recent noncommuting-charge work,
based largely in quantum thermodynamics and informa-
tion theory, with adjacent work in other fields, such as
high-energy theory. Other fields favor the terminology
non-Abelian symmetries; fundamental thermodynamics
motivates our noncommuting-charge language. A Hamil-
tonian conserves noncommuting charges, [H*°, Q'] = 0
Va, if and only if it has a continuous non-Abelian sym-
metry: Ul H*'U, = H**' Va. The charges generate the
unitary operators: U, = e *Qat for t € R. The Q,’s
form a Lie algebra, and the U,’s form the associated Lie
group [28]. We flesh out the three above-mentioned op-
portunities across this Perspective.

Across the Perspective, we use the notation introduced
above, as well as the following. We call a closed quantum
many-body system (e.g., the composite S€ in Fig. [1)) a
global system. N denotes the number of degrees of free-
dom (DOFs) in a global system. Often, SE will consist
of N copies of §. For example, N denotes the number
of qubits in Fig. 2| Large but finite N—the mesoscale—
interests us: As N — oo, S& grows classical, accord-
ing to the correspondence principle [2]. Noncommuta-
tion enables nonclassical phenomena, so we should ex-
pect charges’ noncommutation to influence thermody-
namic phenomena at finite V. Continuing with nota-
tion, we ascribe to the Pauli operators o, eigenstates

lat) associated with the eigenvalues £1. Subscripts in-

dex charges (as in J((f )), whereas superscripts index sites

or other subsystems (e.g., S and £). We often denote
commuting charges, or other observables that might com-
mute, by Q,’s

The rest of this paper is organized as follows. Section[]]
introduces the earliest work on noncommuting thermo-



dynamic charges. Section [[I]] surveys new physics that
arises from charges’ noncommutation. In Sec.[[V] we dis-
cuss bridges with related research. Section [V]crystallizes
the richest-looking avenues for future work.

II. EARLY WORK

Jaynes was the first, to our knowledge, to address any-
thing like noncommuting thermodynamic charges [29].
He formalized the principle of mazimum entropy, which
pinpoints the state p = >, p|k)(k| most reasonably at-
tributable to a system about which one knows little.
Imagine knowing about p only the expectation values
(Q.) of observables @,. The state obeys the constraints
Tr(p@,l) = ngg € R, plus the normalization condition
Tr(p) = 1. Whichever constraint-obeying state maxi-
mizes the von Neumann entropy Syn(p) := —Tr(plog(p))
is most reasonable, according to the maximum-entropy
principle. (This subsection’s logarithms are base-e.) The
entropy maximization encapsulates our ignorance of ev-
erything except the constraints. The function maximized
is

SVN(p) -0 (2)
= Sux(p) = AMTr(p) = 1] = Y fia [ Tr(pQu) — Q2]

= ‘C(pv A, {ﬁa})

The Lagrange multipliers A, fi, € R. The state’s eigenba-
sis, {|k)k|}, equals an eigenbasis of ) fi,Qa: If {|k)(k|}
did not, decohering p with respect to any ) [LaQa eigen-
basis would raise S,n monotonically, while preserving the
other terms in (2) [30]. Hence the decohered state would
achieve at least as large an £ value as p. Maximizing
L(p, X\, {f1a}) with respect to py yields

p= % e~ > faQa . (3)
Maximizing with respect to A fixes the partition func-
tion: Z = Tr(e™ 2 #Qa), Maximizing with respect to
fla yields Q& = 782(, log(Z). This procedure works,
Jaynes noted, even if the Q.’s do not commute. He
showed how to measure such observables’ ()5V8’s using
ancillas.

Jaynes’s work, though pioneering, left threads hanging.
First, the maximum-entropy principle invokes only infor-
mation theory and quantum physics, not thermodynam-
ics or charge conservation. Connecting p to equilibrium
requires more-physical arguments. Second, Jaynes wrote
only one paragraph about noncommuting @,’s. What
could they represent physically? Which systems might
have them? When might they impact thermodynamics?

Still, Jaynes’s known-about observables ), can be non-
commuting charges (),. Hence Jaynes was the first to
write what was later termed the non-Abelian thermal

state (NATS) [2],

1

PNATS = Ee_B(H_Z“ HaQa), (4)

[ denotes an inverse temperature. The p,’s denote gener-
alized chemical potentials. pnars has the form of Eq. ,
which has been called the generalized Gibbs ensemble
(GGE) regardless of whether the charges commute [31-
34]. We use the term NATS for three reasons. First,
the term GGE was initially introduced for integrable sys-
tems, whereas the NATS is a thermal state. Second, most
GGE literature concerns commuting charges (see Sec.
for exceptions). Third, justifying the NATS’s form phys-
ically (not merely information-theoretically) is more dif-
ficult than justifying the form of a typical (commuting-
charge) GGE, as explained later in this section.

Acolytes of Jaynes’s expanded upon his work [35H38)].
Balian and Balazs [38] sought a more-physical justifica-
tion for pnars’s form. They imagined N copies of the
system of interest, in the ensemble tradition of thermo-
dynamics. In thermodynamics, we regard all copies ex-
cept one (S) as forming an effective environment (£) [39].
Imagine S exchanging energy and particles with £. How
can we prove that S is in a canonical state pean? We as-
sume that SE has a fixed particle number and an energy
in a small window—assume that S& is in a microcanon-
ical subspace. Tracing out £ from the microcanonical
state yields S’s state, which equals pca, if S and € cou-
ple weakly [40]. Suppose that S and € exchange several
commuting charges Q,. The microcanonical subspace is
an eigenspace shared by the Q!°%’s (except Qi = H*
the time-evolution generator). What if S and £ exchange
noncommuting charges Q,? The Q'%°"’s share no eigenba-
sis, so they might share no eigenspaces. Microcanonical
subspaces might not exist.

Balian and Balazs tried to overcome this challenge.
They observed that the charge densities Q!°*/N com-
mute in the infinite-N limit: limy_ o 72[Q%, Q%] =0
Va,a’. But they could not construct a well-justified gen-
eralization of microcanonical subspaces for noncommut-
ing charges. That goal would wait for the maturation of

quantum information theory.

For decades afterward, no literature addressed thermo-
dynamic charges’ ability to not commute, to our knowl-
edge. The topic gained attention a few years ago at
the intersection of quantum information and quantum
thermodynamics. Two publications showed that non-
commuting charges can violate thermodynamic expecta-
tions [ [41].

Lostaglio demonstrated that noncommuting charges
overturn an expectation about free energy [4I]. Con-
sider a system S of interest in a state p(5). Let S begin
uncorrelated with its environment &, formed from ¢ sub-
systems: p(S) @ p(€) wherein p(¢) has the GGE form ().

S has ¢ commuting charges Q((f), and &£ has Q((f ’s.



One can attribute to S a “free energy” FCES) (p) =
—TLQS (p) +Tr(Qqup). Let any charge-conserving unitary

U evolve S€ to a state pgsg): [U, Q%] = 0 Va. Subscript

f’s will distinguish S’s and £’s final states. &’s 7t sub-
system ends up in plﬁgﬂ )= Trj(pgg)

tities change: S’s von Neumann entropy, by AS&S\I) =

). Three more quan-

SVN(plgS)) —Sun(p)); the a*® charge’s environmental ex-
pectation value, by A( pr) = Tr(@flg)[pgg) —p®)]); and
the system’s a' “free energy,” by AFés). U redistributes
charges and information contents according to

S SE S £
_AS\(/N)J'_D(pi(? o™ @ ot )) (5)

=6 Ha (A<Q5f)> - AFéS)) -D (pﬁg) | ®; pﬁg’j)) :

The relative entropy D(o1||oe) = —Tr(oq[log o1 —log 03])
quantifies the distance between quantum states o1 2 [42)].
Equation relates that the growth in &’s information
content, plus the global state’s final nonseparability, de-
pends on the average changes in &’s charges, S’s “free-
energy” change, and the correlations formed in €. If
charges fail to commute, the derivation breaks down. No
term decomposes into distinct charges’ AF;S). Hence
noncommuting charges undermine an expectation about
free energy.

Second, Yunger Halpern reasoned about noncommut-
ing charges in thermodynamic resource theories [I]. Re-
source theories are information-theoretic models for con-
texts in which restrictions constrain the operations per-
formable and the systems accessible [43]. Using a re-
source theory, one calculates the optimal efficiencies with
which an agent, subject to these restrictions, can per-
form tasks such as extracting work from nonequilib-
rium quantum systems. In thermodynamics, the first
law constrains agents to conserve energy. Every uni-
tary U performable on a closed, isolated system con-
serves the total Hamiltonian: [U, H*'] = 0 [44]. Sup-
pose that U must conserve commuting global charges
Q' [U, Q] = 0 [45]. Which systems, if freely accessi-
ble to a thermodynamic agent, would render the model
nontrivial—would not enable the agent to, say, perform
work for free, achieving a perpetuum mobile? Systems in
the equilibrium state (3) [45, 46]. The proof fails, how-
ever, if the charges fail to commute [I].

References [I], 4T] spurred three groups to apply quan-
tum information-theoretic thermodynamics to noncom-
muting charges [2, B0, 47, 48]. Guryanova et al. quan-
tified tradeoffs among work and charges, using a similar
resource theory [30]. Consider a system S in an out-of-
equilibrium state p($). S begins uncorrelated with an

2 The quotation marks reflect the controversy surrounding free
energies defined information-theoretically, for out-of-equilibrium
states.
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environment £ in a GGE p®). Each of S and & has
charges @, that might or might not commute. (Only in
this paragraph, in this section, do @,’s denote possibly
commuting charges.) The setup includes also batteries,
systems in which work or charges can be reliably stored
and from which the resources can be reliably retrieved.
The authors ascribe a free entropy to every state p of S:

FO(p) = 83" 1aTr (pQ19) = Sux (p9) . (6)

[FS)(p) is the negative of a mnonequilibrium exten-
sion of a Massieu function [39].] Let SE evolve un-
der any unitary U that conserves each total (system-—
environment—battery) charge. For all X = §,&, the

state p(X) evolves to pgx). X’s average a-charge changes

by A(QgX)> = Tr(QgX)[pEX) — pX]). S’s free entropy
changes by AF(S). The batteries perform on SE the
average “charge-a work” W, = —(A(QS{S)> + A(fob).
This charge work obeys a generalized second law of ther-
modynamics:

B> paWa < —AFS), (7)

If S is trivial (corresponds to a O-dimensional Hilbert
space) or is unchanged by U, AF®) = 0. Conse-
quently, one can extract any amount of any charge from
&, by paying a price in the other charges: up,W, <
=20 HarWar. Under what conditions Eq. (7) is sat-
urable depends on whether the charges commute. Also
Lostaglio et al. drew tradeoff conclusions, which they
applied to the erasure of qubits [47].

Rounding out the trio [2, 30, [47], Yunger Halpern et
al. physically justified pnaTs’s form in multiple ways,
beginning with a microcanonical-like derivation [2]. In-
dependently of Balian and Balazs [38], the authors real-
ized that noncommuting charges prevent microcanonical
subspaces from existing (in abundance). The authors
therefore generalized microcanonical to approzimate mi-
crocanonical (AMC) subspaces. In an AMC subspace M,
every Q%" has a fairly well-defined value: Measuring any
Q!°* has a high probability of yielding a value near the
expectation value (Q!°*). The authors defined M and
proved its existence under certain conditions [2]. Denote
by ITaq the projector onto M. Consider ascribing the
AMC state Ty /Tr(ITpq) to the global system, formed
from N copies of the system S of interest. Trace out all
copies except the £": p(®) = Tr;(ITrg/Tr(TTpq)). Com-
pare p(¥) with pxars using the relative entropy. Average
over {. This average distance is upper-bounded as

(D(p"“]|pxars)), < % +6". (8)

The N-independent constants 6,6’ depend on param-
eters (the number ¢ of charges, their expectation val-
ues, etc.). As the global system grows (N — o), the



1/ VN — 0, so the distance shrinks. Hence a physical
argument, based on an ensemble in an AMC subspace,
complements Jaynes’s information-theoretic derivation of
pNnaTs. Furthermore, the AMC subspace enabled later
noncommuting-charge work [7Hl 24], described later in
this section and in Sec. [IIl

pNnaTs’s form was justified also with the principle of
complete passivity [2] 47, [49]. A state p is completely
passive if no work can be extracted from p®V adia-
batically, for any N € Z>o [B0, 5I]. Complete pas-
sivity extends Carnot’s version of the second law of
thermodynamics: No engine can extract work from one
fixed-temperature heat bath. Consider work extraction

that evolves a battery’s state from p®) to pEB). Let

Q((IB) denote the battery’s a'™ charge. One can de-
fine the (average) work performed on the battery as
Tr(p{P 13, 1aQ]) = Tr(p®[, 1Q)). Using this
definition and a resource theory, one can prove that
pnaTs Is completely passive [2]. This result resolved the
problem spotlighted in [I]: Noncommuting charges inval-
idate a resource-theortic derivation of the thermal state’s
form. Yet work is traditionally a change in the energy
charge [47]. Indeed, Mitsuhashi et al. proved pnars’s
complete passivity while defining work as a change in
energy alone (imposing charge conservation on just the
extracted-from system) [49]. Furthermore, one can de-
fine an analog W, of work for each charge Q, [47], as
in [30]. Consider substituting different W,’s into the def-
inition of complete passivity. Different W,’s will anoint
different thermal states as passive because the Q,’s fail
to commute [47]. Hence complete passivity is another
thermodynamic principle complicated by noncommuting
charges.

The trio [2, B0, [47] galvanized noncommuting-charge
activity at the intersection of quantum information and
quantum thermodynamics. Several publications elabo-
rated on resource theories [52H56]. For example, Gour
et al. proved more-detailed “second laws,” using the
mathematical tools of matrix majorization [52]. These
second laws stipulate necessary and sufficient conditions
for any quantum state o; to transform into any os.
Other literature showed how different batteries could
store different @Q,’s despite the charges’ noncommuta-
tion [54, 55, 57, 58] PIff]

The above work, steeped in information theory, is theo-
retical and abstract. Yet it inspired the first experimental
demonstration that real-world systems exhibit the ther-
modynamics of noncommuting charges [9]. Kranzl et al.

3 Batteries are called reference frames when used to implement
otherwise forbidden transformations. Consider transforming
a system-and-environment composite S€ with unitaries U re-
stricted to conserving each QSIS) + Q((lg). What if a desired U
breaks the conservation law? A reference frame may supply the
charge needed, or accept the charge forfeited, by SE.

4 Reference [57] predates the trio [2, B0, 47], lacking thermody-
namic motivations but having thermodynamic implications.

trapped 6-21 ions in a linear Paul chain. Two qubits
formed S, and the rest formed &£ (Fig. . The global
system was prepared in |vh) = (|y-+)|z+)|2+))"3, in
an AMC subspaceﬂ The native interactions were long-
range Ising couplings (77) - 7*)). However, Heisenberg
interactions (also long-range) were simulated via Trot-
terization with rotations. The dynamics conserved the
charges ¢} . globally while transporting o, . locally.
Quantum state tomography revealed the long-time state
pr of S.

Following [2], Kranzl et al. calculated the state’s
distance from pnaTs, using the relative entropy
D(ps||pnaTs)- They averaged D(pt||pnaTs) over
the qubit pairs S that formed the chain, produc-
ing (D(pt|lpnars)).  Similarly, the authors calcu-
lated (D(pt||lpcc)) and (D(pt||pcan)). The NATS pre-
dicted the experimental results best: (D(pt||pnaTs)) <
(D(ptllpce)) < (D(ptllpcan))- Despite the plurality of
the conservation laws that decoherence could break, non-
commuting charges’ effects were experimentally observ-
able; dynamical-decoupling pulse sequences mitigated
the noise sufficiently. This experiment, a realization of
the proposal [7], opens the door to experimentally test-
ing the many theoretical results about noncommuting
thermodynamic charges, discussed in the next section.
Along with trapped ions, feasible platforms include su-
perconducting qudits, ultracold atoms, nitrogen-vacancy
centers, and quantum dots [7].

III. NEW PHYSICS

Noncommuting thermodynamic charges engender new
physics: They invalidate the ETH, allow for multiple
stationary states, and break the dichotomy of energy-
level statistics. Charges’ noncommutation also con-
strains the global dynamics implementable with local
charge-conserving unitaries. Additionally, noncommut-
ing charges decrease thermodynamic entropy production,
yet increase average entanglement entropy.

Invalidation of the eigenstate thermalization hypothe-
sis: The ETH explains how reversible dynamics thermal-
ize closed quantum many-body systems internally [20]
211, 25]. Consider a system with N DOFs governed by
a nondegenerate Hamiltonian H**. Let O denote any
operator, which we represent as a matrix relative to the
energy eigenbasis. The ETH is an ansatz for the ma-
trix elements’ forms. Suppose that the system begins in
a “microcanonical” state |(0))—in this context, a pure

5 Reference [7] adapted the AMC subspace’s definition from the
information-theoretic Ref. [2] to many-body physics. In [2], if
SE& occupies an AMC subspace, measuring any Q' has a high
probability of yielding a value near (Qt°%). Constant-in-N ex-
pressions quantify what “high” and “near” mean. In [7HI], the
probability distribution has a variance of O(N"), wherein r < 1.



state with a small H** variance. The ETH implies ther-
malization: The time-averaged expectation value of O
approximately equals the canonical expectation value:

; dt' (P()|Ol(t')) = Tr(Opean) + O(N ™).

(9)
Throughout this subsection, big-O notation means
“scales as.” Noncommuting charges impede three of
the assumptions behind the argument for thermaliza-
tion: (i) Noncommuting charges prevent microcanonical
states from existing in abundance (Sec. [[)). (ii) Noncom-
muting charges force degeneracies on the Hamiltonian
(Sec.[l). (iii) Noncommuting charges invalidate the ETH,
causing it conflict with the Wigner—Eckart theorem [59].
To review the Wigner—Eckart theorem briefly, we con-
sider N qubits whose global spin components S;‘?;z are
conserved, as in Sec. [ Denote by {|a,m)} the eigen-
basis shared by H™*, (§%%)2 and Stt: If h = 1, then
Ht0t|aam> = Ea|a7m>7 (gtOt)2|O‘>m> = Sa(5a+1)|aam>a
and S%°f|a, m) = m|a, m). The Wigner—Eckart theorem
governs spherical tensor operators formed from compo-
nents Tq(k) [59]. The Tq(k)’s form a basis for the space
of operators defined on the system’s Hilbert space. For
example, consider an atom absorbing a photon (of spin
k = 1), gaining ¢ = 1 quantum of 2-type angular mo-
)

lim —
t—oo t

mentum. Tq(ifl represents the photon’s effect on the

atom’s state. Consider representing 7, q(k) as a matrix rel-
ative to the energy eigenbasis. That matrix obeys the
Wigner—Eckart theorem [59]:

{a,m| TP’ ,m') = (sa,m|sar,m's k, q) (|| T®|o).

(Sasm|Sar,m';k,q) denotes a Clebsch-Gordan coeffi-
cient, a conversion factor between the product state
[sar,m'; K, q) = |Sar,m')|k,q) and the total-spin eigen-
state [sq,m). (a||T™®)||a’) is a reduced matrix element—
the part of (oz,m\Tq(k)|o/,m’) that does not depend on
magnetic spin quantum numbers. The theorem con-
flicts with the ETH, an ansatz for the left-hand side.
First, the two constraints are fundamentally different;
the Wigner—Eckart theorem concerns SU(2) symmetry,
while the ETH concerns randomness. Second, the ETH
states that off-diagonal elements <a7m|Tq(k)|a’,m'> are
exponentially small in N. The Wigner—Eckart theorem
implies that these elements may be O(1).

Reference [24] therefore posited a non-Abelian ETH.
This ansatz depends on the average energy & = %(Ea +
E, ), energy difference w = E, — E,, average spin
quantum number .¥ = i(sq + so), and difference
V= So — Sor. Denote by S, (&,.%) the thermodynamic
entropy at energy & and spin .. The observable Tq(k)
and Hamiltonian H®* satisfy the non-Abelian ETH if,

for smooth real functions 7 (&,.%) and fﬁ’”(é’, S w),
(@|[TPja'y =T"(&,.7) b

+ e—Sm(é”,Y)/2 flgk)((g,va) Ra,o/~ (11)

R, is an erratically varying number. The matrix ele-
ment deviates from the ordinary ETH through .-
dependent functions and a Clebsch—Gordan coefficient.
Equation has withstood numerical checks with a
Heisenberg Hamiltonian on a 2-dimensional qubit lat-
tice [60].

The non-Abelian ETH predicts thermalization to the
usual extent in some, but not all, contexts. Con-
sider preparing the system in a state [¢(0)) in an
AMC subspace (Sec. [l). Suppose that [¢(0)) has an
extensive magnetization along an axis that we call 2:
(1(0)] S 4(0)) = O(N). According to the non-Abelian
ETH,

t
lim % i dt’ (W) TP ()

t—o0

=Tr (Tq(k)PNATS> +O(N7Y).

(12)

However, if ((0)[S%°%[¢(0)) = 0, the correction can be-
come O(N~!/2)—polynomially larger. This result relies
on an assumption argued to be physically reasonable:
The smooth function 7*) in , akin to a microcanon-
ical average, can contain a nonzero term of O(sq/N).
The unusually large correction constitutes further evi-
dence that charges’ noncommutation can alter thermal-
ization.

The non-Abelian ETH invites further studies—first,
numerical and experimental tests. Second, from the non-
Abelian ETH’s final term, one can infer about fluctua-
tions around the time average @D Third, the time re-
quired for equilibration merits study: In quantum many-
body physics, most thermalization-blocking mechanisms
slow thermalization in time (Sec. . In contrast, the
O(N~1/2) “slows” the time-averaged expectation value in
N, in the approach to a thermal expectation value. How

long does <w(t’)|Tq(k)|w(t’)> take to reach its long-time
value? Fourth, using the ETH, Strasberg et al. demon-
strated how classicality, Markovianity, and local detailed
balance emerge from the pure-state dynamics of a system
with commuting charges [61]. Their results might be ex-
tended to noncommuting-charge systems, with the non-
Abelian ETH and AMC subspaces. Finally, one might
store information in a system that thermalizes—forgets
its initial conditions—Iless than usual. This memory-
storage opportunity resonates with the work that we ex-
plain now.

Stationary-state multiplicity: Consider an open quan-
tum system with a Liouvilian superoperator Z. psiat

is a stationary state of £ if ZLpgay = 0. One might

-th

associate a system’s j'" stationary state, pg;t, with a

classical alphabet’s ;' letter, L;: pg;t < L;. To encode

L; in the system, one would prepare any state that ther-
malizes to pgit. The more stationary states the system
has, the more classical information the system may store.
Denote by ngtae the number of stationary states. Zhang
et al. derive a lower bound nnxc on ngat for a system

with noncommuting charges [62]: nnc =3, D3, wherein



D; denotes the symmetry group’s 4t irreducible repre-
sentation. For example, nnc ~ N3 for the Heisenberg
model (Sec. [I) coupled to an environment that conserves
the system-of-interest charges ag(gsy)z If the charges com-
mute, the lower bound n¢ scales as the number of simul-

taneous eigenspaces shared by all the QS{S)’S. Since nxc
and n¢ scale differently, noncommuting charges could al-
ter the number of stationary states and so the amount of
information storable.

Hybrid energy-level statistics: FEnergy-level statistics
diagnose quantum chaos and integrability [63]. Denote
by w = E;;1 — E; the spacing between consecutive
eigenenergies of a many-body Hamiltonian. Any given
spacing (near the spectrum’s center) has a probability
density P(w) of being of size w. A Poissoniarﬁ P(w) di-
agnoses integrability [63] Sec. 2.3]; and a Wigner—Dyson
distribution, Agw? exp(—Bgw?), chaos. The parameter
B € {1,2,4} depends on the Hamiltonian’s time-reversal
and rotational symmetries. Normalization and the mean
w determine the coefficients Ag and Bg. Noncommuting
charges break the Poisson-vs.-Wigner-Dyson dichotomy
as commuting charges cannot: The charges generate a
non-Abelian algebra, which has multidimensional irre-
ducible representations. They induce statistics that in-
terpolate between the two distributions [60} 64} [65]. Noh
observed such statistics numerically using a 2D Heisen-
berg model [60].

Constraints on charge-conserving dynamics: Natural
interactions are spatially local, motivating a quantum-
computational result: Every N-qubit unitary decom-
poses into gates on pairs of qubits [66H68]. Can charge-
conserving local unitaries effect every charge-conserving
global unitary U? Perhaps surprisingly, the answer is
no [69]. Using Lie theory, Marvian proved that locality-
constrained charge-conserving unitaries cannot even ap-
proximate U’s. The reason is, the two types of unitaries
form Lie groups of different dimensions [69H72]. More-
over, noncommuting charges impose four constraints on
the implementable global unitaries, whereas commuting
charges impose only two [(2]. The extra constraints may
restrict chaos, which enables thermalization. Hence Mar-
vian’s result suggests that noncommuting charges may
restrict thermalization.

Decreased thermodynamic-entropy production: Non-
commuting charges reduce entropy production, which
quantifies irreversibility [3]. Throughout this paragraph
and the next, by entropy, we mean, thermodynamic en-
tropy, not entanglement entropy. Let systems X = A, B

have charges Q((IX) that might or might not commute.

(In no other subsection of this section do QELX)’S de-
note possibly commuting charges.) Each system be-

gins in a GGE pf;(iz) o exp (Za NELX)QSLX))’ wherein

6 This P(w) is the Poisson distribution whose average-rate-of-
occurrence parameter vanishes. The reason is, P(w)dw equals
the probability that zero eigenenergies lie in a width-dw interval.

7

A = (,uéx),ugx),...) [73] (Fig. . Hence AB begins
in p(0) == p/({?f)‘) ® pl(f;). Let us specialize to the linear-

response regime: Y ~ ji(B). A charge-conserving uni-
tary U can shuttle charges between the systems, pro-
ducing entropy. Noncommuting charges decrease the en-
tropy production [3]: Denote by du, = MELA) - ugB) the
difference between the systems’ a-type chemical poten-
tials. System A’s a-type charge changes, in the Heisen-
berg picture, by UTQEIA)U — QEZA). (Tensored-on 1’s are
implicit where necessary to make operators act on the ap-
propriate Hilbert spaces.) We combine the foregoing two
quantities into ¥ == Y aOtta (UTQEIA)U - Q((ZA)). Taking
the expectation value of ¥ in the initial state, we ob-
tain the net entropy production, ¥ = Tr(X p(0)). The
initial state lies near the fixed point 7 := sz?f)x) ® pg?j)
of U, by the linear-response assumption 7 and ¥
have a Wigner—Yanase-Dyson (WYD) skew informa-
tion I,(m, %) = —%Tr([wy,i][wl_y,i]), whose param-

eter y € (0,1). I,(m, X) quantifies the coherence that

Y has relative to 7’s eigenbasis. The WYD skew in-
formation contributes to the entropy production: ¥ =
%V&I‘(i)—% fol dy I,(m, %) [B]. 1, is always > 0 and is pos-
itive if and only if the charges fail to commute. Therefore,
noncommuting charges lower 3. Since entropy produc-
tion accompanies thermalization, noncommutation may
inhibit thermalization.

Two extensions support [3]. First, Shahidani numer-
ically simulated an optomechanical system interacting
with a squeezed thermal bath [74]. Second, Upadhyaya
et al. progressed beyond the linear-response regime [75].
Even there, charges’ noncommutation decreases entropy
production.

How [3] impacts engine efficiencies remains an open
question. Efficiencies suffer from waste and so may ben-
efit from noncommuting charges’ lowering of ¥. How-
ever, charges’ noncommutation can decrease the amount
W, of a-charge (analogous to work) extractable by an
engine [76]. If using finite-size NATS baths, an engine
can extract W, < Walinfinite-size bath — O(C/§). C cap-
tures the correlations between the charges in pyars; if the
charges commute, C' = 0. £, encoding the baths’ sizes, di-
verges in the infinite-bath limit. Extractable work, here
lowered by charges’ noncommutation, tends to trade off
with efficiency. A precise relationship between the two
figures of merit calls for working out in the presence of
noncommuting charges.

Increased average entanglement entropy: Quantum
many-body thermalization entails entanglement, which
charges’ noncommutation can enhance [8]. Consider ini-
tializing an isolated N-qubit system in a pure state. Di-
vide the system into subsystems A and B with sizes N4

7 In , unlike in p(0), A and B have the same lists of chemical
potentials.
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FIG. 3: Two thermal reservoirs exchange charges,
producing entropy: Blue spheres represent charges of one
type, and red cubes represent charges of another.

and Ng. A and B can share entanglement quantified
with the entanglement entropy, the von Neumann en-
tropy of the reduced state pa of A: Sap = Syn(pa)-
Plotting Sap against N4 yields the Page curve [77].

Majidy et al. computed Page curves for two com-
parable N-qubit models, one with commuting charges
and the other with noncommuting charges [§]. Fig-
ure [4] describes the models. They do not actually in-
volve dynamics, so the observables of interest are not
technically charges. However, the authors modeled
states resulting from chaotic dynamics: Haar-random
states were sampled from (approximate, when neces-
sary [2, [7, [0]) microcanonical subspaces. Page curves
were estimated numerically via exact diagonalization
and analytically via large-N approximations of combi-
natorics. The noncommuting-charge Haar-averaged Page
curves lay above the commuting-charge analogs. The dif-
ference was of O(N];[i;\‘hg), in the simplest comparison. A
possible reason centers on the least entangled basis for
each model’s subspace. If the local charges (), commute,
they share an eigenbasis. Hence the global commut-
ing Q! share a tensor-product eigenbasis for the sub-
space. If the local charges fail to commute, this argument
breaks, and the subspace’s least entangled basis is entan-
gled. One might therefore expect more entanglement of
the noncommuting-charge model on average across the
subspace.

Other works concern non-Abelian symmetries’ effects
on entanglement entropy but focus less on what charges’
noncommutation changes. For example, a non-Abelian
symmetry raises the entanglement in Wess—Zumino—
Witten models, (14 1)-dimensional conformal field theo-
ries with Lie-group symmetries [78), [79]. Second, holo-
graphic calculations highlight another correction that
non-Abelian symmetries introduce into entanglement en-
tropy [80, 81}E| Third, algebraic-quantum-field-theory
calculations agree that non-Abelian symmetries raise

8 This correction appears to be negative. However, [80, [81] con-
cern symmetry-resolved Page curves, in contrast with the con-
ventional Page curves of [8]. A symmetry-resolved Page curve

FIG. 4: Analogous noncommuting-charge and
commuting-charge models: Each model consists of N
sites, each formed from A and B qubits. Local observables
distinguish the models. The noncommuting observables are
Q1 =Xa®1lp, Q2=Ya®lp,and Q3 = Z4 ® 1. The
commuting observables are Q1 = X4 ® X5, Q2 = Y4 ® V5,
and Qs = Z4 ® Zg. The local charges, summed across the
chain, form global observables that define the (approximate)
microcanonical subspaces. (Adapted from [g].)

Page curves [82].

These works suggest several research opportunities.
The entanglement entropy’s increase merits checking
with more comparable models a la Fig. Addition-
ally, one might adjust the Page-curve calculations fol-
lowing Marvian’s revelation that local charge-conserving
unitaries constrain global U’s tightly [69]. Under local-
ity constraints, the Haar distribution may model chaotic
dynamics inaccurately. Finally, the entanglement en-
tropy of [8, [78-82] differs from the thermodynamic en-
tropy of [3]. Still, noncommuting charges’ increase of
the former conceptually conflicts, somewhat, with their
decrease of the latter.

IV. ADJACENT WORK IN OTHER FIELDS

Noncommuting charges have arisen in other
thermodynamics-related contexts, usually under the
guise of non-Abelian symmetries. We discuss four
contexts: First, integrable systems have more charges,
which might fail to commute, than the thermodynamic
systems of Sections[[HITI] Second, noncommuting charges
destabilize a thermalization-avoidant phase of quantum
matter: many-body localization (MBL). Third, gauge
theories naturally have non-Abelian symmetries, albeit
local ones. Fourth, hydrodynamics describes the flow
of some non-Abelian charges, including in heavy-ion
collisions. Two more connections, we mention briefly:
Noncommuting charges may impact quantum informa-
tion scrambling [83]. Also, pnars helps explain phase
transitions [84H86].

models the entanglement, averaged over time, of a system whose
charges move only within A and within B, not between the sub-
systems. Conventional Page curves model less-restricted ther-
malization.



Conventional integrable systems: Garden-variety in-
tegrable systems fail to thermalize. Each has exten-
sively many nontrivial charges, which constrain the dy-
namics significantly. In contrast, our thermodynamic
setup (Sec. [I) entails a number of charges, ¢ < N,
much less than the number of DOFs. Integrable
and near-integrable systems with noncommuting charges
have been studied. Models include the GGE equal to
PNATS . Several works assess how the GGE’s ac-
curacy grows with the number of @Q,’s included in the
state [86H89]. Outside of GGE studies, an integrable
system can exhibit anomalous transport—diffusion with
a diffusion constant D ~ /N [0, O1]. The system
studied in [90] is the one-dimensional nearest-neighbor
Heisenberg model . The anomalous transport can
be explained with Bethe-ansatz calculations and the z-
axis magnetization [92H94]. Can all three noncommut-
ing charges (0, .) predict anomalous transport alter-
natively? Another open question follows from increas-
ingly breaking a noncommuting-charge system’s integra-
bility [95]. How do the system’s behaviors transmute into
thermodynamic behaviors described in this Perspective?

Many-body localization: Disordered, interacting quan-
tum systems exhibit MBL. Examples include a qubit
chain subject to the disordered Heisenberg Hamiltonian
Hgs = XN (G960 4 o). The disorder
term, Zjvzl hjaij ), acts as an external field whose mag-
nitude h; varies randomly across sites. Denote by h the
disorder’s standard deviation. If the disorder is much
stronger than the interaction, A > J, the system lo-
calizes: Imagine measuring each qubit’s o,. The qubits
approximately maintain the measured configuration long
afterward. This behavior contrasts with how thermal-
izing systems, such as classical gases, change configura-
tions quickly. Hence MBL resists thermalization for long
times. The reason is, the Hamiltonian decomposes as a
linear combination of quasilocal DOF's [26].

Noncommuting charges destabilize MBL [06]. Con-
sider forcing a non-Abelian symmetry on Hyo%5; . The re-
sulting Hamiltonian, H{%b, ,, will have degeneracies, by
Schur’s lemma (App. . So will the quasilocal DOFs,
which can therefore become “excited” at no energy cost.
Consider adding to Hf?%, , an infinitesimal field that vio-
lates the symmetry. The resulting Hamiltonian, Hi?%, ,/,
can map H2%. , eigenstates [¢)) to same-energy eigen-
states |1): (P|HE% ,[1h) # 0. Two such eigenstates can
be zero-energy “excited” states of neighboring quasilo-
cal DOFs. Hence H{2%: ,» can transport zero-energy “ex-
citations” between quasilocal DOFs—across the system.
Such transport is inconsistent with MBL. Therefore, non-
Abelian symmetries promote a thermalizing behavior.

Gauge theories: Classical electrodynamics exempli-
fies a gauge theory, a model that contains more DOF's
than does the physical system modeled [97]. Choos-
ing a gauge eliminates the extra DOFs. The transfor-
mations between gauges form a Lie group G. The el-
ements U € G preserve the theory’s action, .. That

is, U : . — . Gauge theories model elementary-
particle physics and condensed matter, both of whose
G’s can be non-Abelian. For example, quantum chromo-
dynamics, which describes the strong force, has SU(3)
symmetry. Hence elementary-particle physics should re-
alize noncommuting-charge thermodynamics naturally;
pNATs might be observable in high-energy and nuclear
systems [98]. Granted, confinement prevents quantum-
chromodynamic systems from having nonzero (QI°%)’s.
Still, noncommuting charges raise the average entangle-
ment entropy in spin systems with (Q%°") = 0 Va [§]. Fur-
thermore, subsystems j can contain positive and nega-
tive charges, (fo )) # 0, that can undergo dynamics [28].
Gauge symmetries are local, though, unlike the global
symmetries covered in this Perspective. The contrast
raises the question of how much noncommuting-charge
quantum thermodynamics ports over into gauge theories.

Hydrodynamics and heavy-ion collistons: Hydrody-
namics models long-wavelength properties of fluids that
are in equilibrium locally [99]. The theory describes
condensed matter, certain stages of heavy-ion colli-
sions [100], and more. Noncommuting charges can flow
similarly to the more-often studied energy and par-
ticles [I0I]. A few effects of charges’ noncommuta-
tion have been isolated; examples include non-Abelian
contributions to conductivity [102] and entropy cur-
rents [103]. Also, non-Abelian symmetries can shorten
charge-neutralization times in heavy-ion collisions [104].
More such effects may be discoverable. Also, quantum
thermodynamics might assist with longstanding ques-
tions about heavy-ion collisions: by what process the sys-
tem thermalizes, how the initial state should be modeled,
whether the (non-)Abelian ETH explains the thermaliza-
tion, and why the thermalization time is so short [I05].

V. OUTLOOK

Noncommuting charges pose a quantum challenge to
expectations about thermodynamics. Charges’ non-
commutation impedes derivations of the thermal state’s
form [I1 2], eliminates microcanonical subspaces [2], and
decreases thermodynamic-entropy production [3]. Dy-
namically, noncommuting charges limit the global evo-
lutions implementable with local interactions more than
commuting charges do [72]. In many-body physics, non-
commuting charges underlie steady-state degeneracies
that might be employed to store information [62]. Non-
commuting charges also conflict with the ETH [24] and
can increase average entanglement entropy [8],[78, [79] [82].
These discoveries suggest rich research opportunities, of
which we detail five.

First, the predictions merit experimental testing. The
first test of noncommuting-charge thermodynamics was
performed with trapped ions [9]. Other potential plat-
forms include superconducting qubits, quantum dots, ul-
tracold atoms, quantum optics, and optomechanics 3] [7,
28].



Second, existing results present a conceptual puz-
zle.  Evidence suggests that noncommuting charges
hinder thermalization to an extent: They invalidate
derivations of the thermal state’s form [II 2], decrease
thermodynamic-entropy production [3], clash with the
ETH [24], and uniquely restrict the global unitaries im-
plementable via local interactions [72]. Other evidence,
however, suggests that noncommuting charges enhance
thermalization: They destabilize MBL [96] and increase
average entanglement entropy [8]. These results do not
conflict with each other, stemming from different setups.
Yet the results clash conceptually. Reconciling them—
and identifying whether the enhancement or hindrance
of thermalization wins out, overall—presents a challenge.

Third, to what extent can classical mechanics repro-
duce noncommuting-charge thermodynamics? Observ-
ables’ noncommutation underlies quintessentially quan-
tum phenomena including uncertainty relations, mea-
surement disturbance, and the Einstein—Podolsky-Rosen
paradox. Yet classical mechanics features quantities that
fail to commute with each other—for example, rotations
about different axes. How nonclassical is noncommuting-
charge thermodynamics (achievable only outside of clas-
sical physics), beyond being merely quantum (achievable
within quantum physics)?

Fourth, every chaotic or thermodynamic phenomenon
merits re-examination. To what extent does it change
under dynamics that conserve noncommuting charges?
Example phenomena include diffusion coefficients, trans-
port relations, thermalization times, monitored cir-
cuits [I06], out-of-time-ordered correlators [I07], opera-
tor spreading [I0§], frame potentials [I09], and quantum-
complexity growth [I10].

Finally, noncommuting-charge thermodynamics merits
bridging to similar topics in neighboring fields. Non-
Abelian gauge theories, non-Abelian hydrodynamics,
GGE studies, and dynamical phase transitions overlap
with noncommuting thermodynamic charges. To what
extent can these areas inform each other?

For decades, conserved thermodynamic quantities were
assumed implicitly to commute with each other. Non-
commutation, however, is a trademark of quantum the-
ory. The identification and elimination of the assump-
tion, though initiated where quantum information theory
meets quantum thermodynamics, have potential ramifi-
cations across quantum many-body physics.
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Appendix A SCHUR’S LEMMA IMPLIES
DEGENERACY OF HAMILTONIANS THAT
HAVE NON-ABELIAN SYMMETRIES

Consider a quantum system associated with a Hilbert
space H. Let H'*' denote the Hamiltonian, which has
a symmetry associated with a Lie group G. Let k label
the irreducible representations (irreps) of G. For exam-
ple, G = SU(2) has irreps labeled by s = 0,1/2,1,... A
corollary of Schur’s lemma states that [19, p. 9]

H=EPHe® M (A1)
k

‘Hji denotes a representation space. The multiplicity
space M}, has a dimensionality equal to irrep k’s dimen-
sion.

Correspondingly, H'"" decomposes as [I11} Sec. 3.2.3]

H'"' = B Ey 1. (A2)
k

E. denotes an eigenenergy. 1 denotes the identity op-
erator acting on the multiplicity space M. If G is non-
Abelian, then some of the irreps k& have dimensionalities
> 1. Consequently, some 1;’s act on multidimensional
subspaces M. Those Mj’s are degenerate eigenspaces
of Ht,
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