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Monitored quantum circuits exhibit entanglement transitions at certain measurement rates. Such
a transition separates phases characterized by how much information an observer can learn from
the measurement outcomes. We study SU(2)-symmetric monitored quantum circuits, using exact
numerics and a mapping onto an effective statistical-mechanics model. Due to the symmetry’s
non-Abelian nature, measuring qubit pairs allows for nontrivial entanglement scaling even in the
measurement-only limit. We find a transition between a volume-law entangled phase and a critical
phase whose diffusive purification dynamics emerge from the non-Abelian symmetry. Additionally,
we numerically identify a “spin-sharpening transition.” On one side is a phase in which the mea-
surements can efficiently identify the system’s total spin quantum number; on the other side is a

phase in which measurements cannot.

I. INTRODUCTION

Traditionally, quantum many-body physicists have
been limited to studying closed systems in equilibrium.
Thanks to the maturation of quantum simulators [I], re-
searchers can now prepare and control open quantum
systems far from equilibrium with high precision. Quan-
tum simulators have helped answer foundational ques-
tions about quantum entanglement and thermodynamics
21 B]. Also, quantum simulators have the potential to
solve real-world problems in, e.g., materials science and
chemistry [3, [4]. These advances have spurred the devel-
opment of tools for studying open quantum systems far
from equilibrium [B]. Monitored quantum circuits form
one toolkit [6l [7]. A typical monitored quantum circuit
acts on a chain of L qubits (spin-1/2 particles). The
circuit contains two-qubit unitary gates, after each layer
of which every qubit has a probability p of being mea-
sured. Monitored circuits exhibit measurement-induced
phase transitions (MIPTs), due to the competition be-
tween chaotic dynamics and measurements [8H30].

Initially, an MIPT was cast as a transition between
phases characterized by volume-law and area-law entan-
glement scaling [31), B2]. Equivalently, the transition is
a purification transition between a mized phase and a
pure phase [§]. When the measurement rate p is low, the
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chaotic dynamics scramble information about the initial
state. Local measurements cannot extract that informa-
tion in this mixed phase. An initially mixed state be-
comes pure, conditionally on measurement outcomes, in
a time tp ~ exp(L), with L the number of qubits. In
contrast, at large p, the measurements can distinguish
different initial states efficiently. In this pure phase,
an initially mixed state purifies quickly, often at an L-
independent rate [31].

Few properties restrict the simplest monitored circuits’
dynamics: unitarity and locality. Monitored circuits can
be enriched, though. Enhancements include charge con-
servation [19H24], measurements of particular operators
(such as generators of the toric-code stabilizer) [25, [26],
and the replacement of qubits with free fermions [27-
130, 331 B4]. U(1)-symmetric monitored circuits exhibit a
charge-sharpening transition [21] between a charge-fuzzy
phase and a charge-sharp phase. These phases are distin-
guished by how quickly measurements collapse superpo-
sitions of different amounts of charge—how efficiently an
observer can learn from local measurements the amount
of global charge in the system.

Noncommuting symmetry charges have spawned a
growing subfield of quantum thermodynamics [35H37].
Noncommutation of charges has been shown to increase
average entanglement [38], decrease entropy-production
rates [39], and necessitate modifications to the eigenstate
thermalization hypothesis (ETH) [40, [41]. Researchers
have used trapped ions to bridge this subfield from the-
ory to experimental reality [42H44]. Motivated by this
subfield’s discoveries, we study monitored quantum cir-
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cuits with three noncommuting charges.

In this work, we explore monitored-random-circuit dy-
namics of one-dimensional (1D) qubit chains with SU(2)
symmetry. Equivalently, the circuits conserve three non-
commuting charges: the total spin angular momentum’s
components. First, we explore the purification dynamics
of a spin chain initially entangled with an ancilla spin.
We identify a purification transition between a mixed
phase, in which the ancilla purifies over an exponential-
in-L time, and a critical phaseﬂ with scale-invariant pu-
rification and entanglement growth. Above a critical
measurement rate (at p > p.), we observe an extended-
in-p critical phase in which the purification time scales
diffusively: tp ~ L2. Second, we examine the entan-
glement dynamics undergone by an initially unentangled
state. The purification transition doubles as an entangle-
ment transition between volume-law entanglement scal-
ing, at p < p., and subextensive (logarithmic or small-
power-law) scaling, at p > p.. The critical entanglement
dynamics p > p.—even in the measurement-only limit
(p = 1)—due to the local measurements’ noncommuting
nature. In fact, a Lieb-Shultz-Mattis-type anomaly pre-
cludes a simple area-law entangled regime [34], as would
arise when p = 1, absent symmetries.

Observing the purification/entanglement transition ex-
perimentally would require many instances of the same
set of measurement outcomes. Such instances occur with
vanishing likelihood in the thermodynamic limit. This
challenge is the postselection problem. To evade this dif-
ficulty, we explore a “spin-sharpening/learnability” tran-
sition. Denote by s the total spin quantum number. We
examine whether the dynamics collapse an initial super-
position of states in different s sectors. Unlike in the
U(1)-symmetric problem, the sectors generally cannot be
shared by the (extensive) charges: our system’s three
charges, failing to commute, share only one sector. We
identify a spin-sharpening transition at a measurement
rate p = py, which is numerically indistinguishable from
the entanglement-transition rate: pyx ~ p.. In the spin-
sharp phase (p > pg), an observer can, in principle, de-
termine the system’s s in a time scale t ~ L2, with a
probability tending to unity as L — oco. In contrast, if
p < px, the information about s is effectively hidden from
the observer, who requires an exponential-in-system-size
time to determine s. This “learning” perspective might
be used to probe the transition experimentally.

Finally, we interpret our results within an effective
replica statistical-mechanics model. We obtain the model
by averaging over the gates and measurement outcomes,
building on previous results about asymmetric and sym-
metric circuits [7]. This model casts dynamical proper-
ties of SU(2)-symmetric monitored quantum circuits in
terms of some effective Hamiltonian’s low-energy proper-
ties. We interpret our numerical results in terms of this

1 For the purposes of this discussion, we classify Goldstone phases
with long-range order as critical.
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Figure 1: SU(2)-symmetric monitored quantum
circuits. L qubits (circles) are prepared in the state p;.
Each “brick” in the brickwork circuit is an SU(2)-symmetric
unitary gate with a probability 1 — p and is a two-qubit
projective measurement with a probability p. The circuit
acts for some time (some number of layers) before the final
state, pg, is read out. One brick illustrates which bonds have
even (odd) indices.

effective-Hamiltonian model.

The rest of this paper is organized as follows. In
Sec. [II, we introduce SU(2)-symmetric monitored quan-
tum circuits. We present the purification/entanglement
transition in Sec. [[TI] and the spin-sharpening transition
in Sec. [Vl Section [V] contains our statistical-mechanics
mapping. Section [V]] finishes with opportunities estab-
lished by this work.

II. MODEL: SU(2)-SYMMETRIC MONITORED
CIRCUITS

Consider a brickwork circuit acting on a 1D chain of
qubits, as depicted in Fig. [I The number L of spins
is even for convenience. Denote by %3 the Pauli
matrices acting on qubit j. The total spin components

Sewz) =1 Zle aj(»w’y’z) generate the algebra associated

with a global SU(2) symmetry. We set h to 1. The spin-
squared operator S2 has eigenvalues s(s + 1) labelled by
the total spin quantum number s. We denote the eigen-
values of S(*) by m, the two-qubit singlet state by |sq),
and the two-qubit eigenvalue-m triplets by |t,,).

Each brick is, with a probability 1 — p, a gate, or, with
a probability p, a projective measurement. The gates
are chosen randomly from SU(2). The most general such
gate acting on spins j and j + 1, has the form

cos(@)L — i sin(@) Swj 41, (1)

up to an irrelevant overall phase. Sw; . swaps the states
of the spins j and k. We draw each gate’s parame-
ter ¢ independently from the uniform distribution on
[0,27). Each measurement projects a two-qubit state
onto the singlet (s = 0) or triplet (s = 1) subspace (fusion
channel). Crucially, two measurements fail to commute
when acting on overlapping spin pairs. Crucially, the
SU(2) symmetry precludes nontrivial single-qubit mea-
surements. One time step consists of a brick layer on



even-index bonds and a layer on odd-index bonds. In the
even-index-bond layers, a brick connects the first and L'"
qubits, effecting periodic boundary conditions.

III. PURIFICATION/ENTANGLEMENT
TRANSITION

We first explore the model’s entanglement and purifica-
tion dynamics. In Sec.[[IT A] we examine the purification
dynamics of initially mixed states. The spin chain’s state
begins scrambled and entangled with an ancilla qubit
A. The ancilla’s entanglement decreases over time. In
Sec. [T B] we examine the entanglement dynamics ex-
hibited by initially short-range-entangled pure states.

IIT A. Purification time

We determine the purification time as follows [9]. De-
note by |s,m,Ao) and |s,m, A1) two orthogonal states
from the same (s, m) sector. The last index distinguishes
degenerate states. We entangle an ancilla qubit with the
system’s L qubits, forming the (L + 1)-qubit state

W) = 25 (10) 4 [5.m. o) + 1) 4 ls.m M) . (2)

The subscript A distinguishes the ancilla from the system
qubits. A does not undergo gates or measurements.

We choose two system states that have s = 1 and
m =20. In |[s=1,m =0, o), qubits 1 and 2 are in the
triplet |to); and the remaining pairs of qubits, in singlets
|so). In |s =1,m =0, A1), qubits 3 and 4 are in |tg), in-
stead. These two system states are orthogonal, in the
same 52 sector, and in the same S(*) sector. However,
one can distinguish the states by measuring qubits 1 and
2. Such local distinguishability is undesirable. Therefore,
after preparing [i;), we scramble the system: the system
undergoes a unitary-only (p = 0) SU(2)-symmetric cir-
cuit for L? time steps. (The tp identified later in this
subsection motivates the L2.) The scrambling encodes
quantum information about the ancilla roughly uniformly
in many-body entanglement. This process prepares [1;).

|4) undergoes t = L? time steps under monitored-
random-circuit dynamics with p > 0. Denote by pa =
Tr 5(|b¢)a0¢|) the final state of A. We calculate the final
entanglement entropy between A and the system:

Sa = 8(pa) = —Tr[palog(pa)]. 3)

(All logarithms are base-e.) We anticipate that the mea-
surements will purify the system at an exponential-in-
t rate: Sa ~ e t/tr(L) Therefore, we plot log(S4) in
Fig. 2l Along the z-axes runs t/L%. At each p > p. ~
0.35, the different-L curves collapse. Hence this phase
purifies according to Sy ~ e~/ L* and so has a dynami-
cal critical exponent z=2. This z-value characterizes dif-
fusive scaling [45] and suggestively evokes ferromagnetic
spin waves’ dynamics [46, Ch. 33].

At lower measurement rates, p < p., we observe a
mixed phase. Figure [3| shows the purification time plot-
ted against L, at several p values. At p = 0.05, tp ~ el.
At p values between 0.05 and 0.35, the scaling is un-
clear from the numerics; we cannot conclude to which
phase this intermediate regime belongs. Still, the expo-
nential purification time resembles that of asymmetric
circuits [8]. We analyze this mixed phase analytically in
Sec.[V] using a duality between monitored circuits and a

statistical-mechanics model.

IIT B. Entanglement dynamics

To characterize the critical phase further, we explore
an initially pure state’s late-time bipartite entanglement
entropy, Sf. The purification transition manifests as a
qualitative change in the L-dependence of St at p = p..

We initialize the system in a short-range-entangled
state |1;), a tensor product of a triplet [to) and % sin-
glets |sg). This choice’s details are unimportant. How-
ever, we choose this state so that |¢;) is in the same s sec-
tor at all system sizes L. The state undergoes monitored-
circuit dynamics for L? time steps. This time suffices for
the entanglement entropy to reach a steady value, regard-
less of the measurement rate, p. Figure [6]in Appendix [A]
illustrates this point at the extreme values p = 0,1. We
measure the bipartite entanglement entropy, St, between
two equal-size halves of the chain.

Figure [ shows the dependence of St on L at different
measurement rates p. At p = 0, we observe the volume-
law phase common to monitored circuits: S¢ ~ L. Fig-
ure [7] in Appendix [A] supports this claim more precisely
than does Fig. At larger p Valuesﬂ the entanglement
scaling is less consistent with a linear fit. Better fits are
logarithmic and small-power-law (S¢ ~ v/L). One cannot
definitively distinguish these behaviors at the accessible
system sizes, as detailed in Appendix [A] The statistical-
mechanics model (Sec. provides stronger evidence for
the absence of a volume-law phase at large p.

Intuitively, the slow entanglement growth at large p,
even in the measurement-only (p = 1) limit, arises from
the noncommutativity of the charges measured. Simi-
lar logarithmic entanglement growth has been observed
under measurement-only dynamics previously: Majorana
fermions were subjected to noncommuting measurements
in [25].

Appendix [B] presents numerical results concerning the
correlations between local observables at different sites.
The limitation on system size makes it difficult to deter-
mine the functional form of the correlations’ decay with

2 According to [8], the entanglement phase transition is equivalent
to the purification transition. Our system’s purification transi-
tion happens at p. =~ 0.35, according to the previous subsection.
This section’s numerics are consistent with an entanglement tran-
sition at p &~ 0.35, but the transition’s exact location is unclear.
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Figure 2: The purification time reveals a z=2 phase. The entropy Sa quantifies the ancilla qubit’s entanglement with
the system. We plot log(Sa) for clarity, as Sa decays exponentially. ¢/L? runs along the z-axis to demonstrate the existence

of a phase in which the system purifies over a time scale tp ~ L?. The curves’ collapsing at p > 0.35 evidences this phase. We
used 30000 samples when L = 8 to 16; 10000 samples when L = 18; and 1500 samples when L = 20. The y-axis’s lower limit

is log (10%) ~ —6.91.
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Figure 3: The purification time tp grows
exponentially with L at small p. This mixed-phase
behavior characterizes p = 0.05.

distance. However, we find a qualitative change in how
the correlations decay at p > p. and at p < pe.

IV. SPIN-SHARPENING TRANSITION

Having explored the purification dynamics within an
s sector, we explore the purification of a superposition
spread across s sectors. We again entangle the chain
with an ancilla qubit. This time, the ancilla is in |0), and
the chain has a spin quantum number s, in superposi-
tion with the ancilla’s being in |1) and the chain’s having
s1. The dynamics may purify the ancilla in a given mea-
surement trajectory. In this case, the chain’s state has
collapsed onto the so (or s1) sector. Consequently, the
measurement outcomes’ probability of being compatible
with the system’s having s; (or sg) vanishes. An observer
can therefore, knowing the circuit, learn the spin quan-
tum number by monitoring the measurement outcomes.

Comparing spin sharpening with U(1)-charge sharpen-

Figure 4: The entanglement dynamics evidence no
area-law phase. The bipartite entanglement entropy
reaches the long-time value S¢. At p = 0, St is linear in L.
As p increases, Si gradually becomes logarithmic or
power-law with a small exponent. When L = 10 to 16, we
use 30000 samples; when L = 18 and 20, we use 10 000.

ing is illuminating. One can estimate as follows the total
charge of qubits undergoing a U(1)-symmetric hybrid cir-
cuit: Running the circuit, one obtains ptL measurement
outcomes (0s and 1s), on average. Consider averaging the
outcomes, multiplying by L, and rounding to the nearest
integer. If ¢ ~ L, this procedure estimates the charge
accurately [47]. If the dynamics are SU(2)-symmetric
on average (as in Sec. , sequential measurements fail
to commute. Hence later measurements render partially
irrelevant the information obtained from earlier measure-
ments. An observer cannot obviously learn s ever. Never-
theless, we numerically identify a measurement-induced
transition at a measurement rate px. We call this tran-
sition a spin-sharpening transition. It separates regimes
in which an observer can (p > py) and cannot (p < px)
identify s from the measurement outcomes, with a prob-
ability tending to unity as the L — co.

We diagnose the spin-sharpening transition using a



similar procedure to the one in Sec. [[lT_Al The differ-
ence is that, unlike in Eq. (2), we construct [t;) from
distinct S? eigenspaces:

[3) = 25 (10) 4 [s0,m, o) + [1) 4 [s1,m, M) (4)

We choose m = 0, sp = 1, and s; = 0 for convenience:
one can construct such a |¢;) by tensoring together sin-
glets and an m = 0 triplet, regardless of L. After prepar-
ing |vi), we scramble the system under a p=0 circuit
for L? time steps, as in Sec. This procedure pre-
pares a state |i;). Then, we evolve the system under
monitored-circuit dynamics with a fixed p. Anticipating
2=2 dynamical scaling, we evolve the system for L? time
steps. If the ancilla purifies after this short time, we say
that the spin has sharpened. We denote the final state
by [t).

Figure shows the ancilla’s final entanglement en-
tropy, Sa, plotted against p. Different curves correspond
to different system sizes L. The curves cross at py ~
0.28, suggesting that a spin-sharpening transition occurs
at pgx. Furthermore, Fig. displays a finite-size col-
lapse. We used the scaling form log(S4) = (p — px)L'/",
the correlation length exponent v = 3.0, and px = 0.28.

Our tentative identification of a spin-sharpening tran-
sition at px is subject to at least two caveats. First,
the crossing point drifts to larger p as L increases (per-
haps coalescing with the purification transition at p. as
L — o0). Second, the scaling ansatz we chose for the data
collapse in Fig. may not be valid. The ansatz implies
that the time scale for a size-L system to sharpen in-
creases more quickly than L? for p < px and more slowly
than L? for p > px. However, our data for p > py (see
Fig. 8] in Appendix is compatible with a sharpening
time scale ~ L? deep in the critical phase. If the sharp-
ening time indeed scales as L? throughout the critical
phase, the crossing in Fig. Ph must be a finite-size arti-
fact. Precisely identifying px and the sharpening tran-
sition’s nature is outside the scope of this work, due to
the paucity of L values accessible in exact computations.
We defer a detailed analysis of the spin-sharpening time
scales to future work.

Finally, the spin-sharpening transition suggests a
postselection-free means of observing a measurement-
induced transition experimentally [47H50]: identify
whether an observer can learn s from measurement out-
comes. This learning would require “decoders” for esti-
mating s from the outcomes. The decoders’ accuracy, as
a function of the measurement rate, would need to be
tested. In principle, one can learn s most accurately via
brute-force decoding [47]. One would, upon running the
circuit and obtaining the measurement outcomes, simu-
late the circuit, postselected on the observed outcomes
and operating on a state in the sg sector. One would re-
peat the simulation with an initial state in the s; sector.
From each simulation, one would infer the probability
that sg (or s1) had engendered the observed outcomes.

However, this approach generically costs exponential-
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Figure 5: A spin-sharpening transition exists. The
entropy Sa quantifies the ancilla qubit’s entanglement with
the system. Different curves correspond to different system
sizes L. (a) The curves’ crossing at p ~ 0.28 indicates a
phase transition. (b) We identify a finite-size collapse using
v = 3.0 and px = 0.28.

in-L time (even if a quantum computer performs the
simulation, due to the postselection). Special classes of
monitored dynamics [47H50] may allow for approximate
decoders that can be implemented efficiently on clas-
sical or quantum computers without postselection. In
this case, the transition’s nature will depend on both
the circuit and the decoder and may differ, in location
or universality class, from the spin-sharpening transition
observed under optimal decoding. We leave for future
work the problem of designing efficient decoders for spin-
sharpening transitions.

V. EFFECTIVE-HAMILTONIAN DESCRIPTION
OF THE MONITORED DYNAMICS

To complement the numerics, we derive an effective
statistical-mechanics model: a description of the mon-
itored evolution as imaginary-time evolution under an
effective Hamiltonian acting on copies (replicas) of the
system. In the rest of this section, we describe the model.
We elucidate its ground and low-lying excited states in
Sec.[VA] Leveraging these results, we elucidate the mon-
itored circuit’s purification transition in Sec. [V B] Sec-
tion [V_C] explains the circuit’s lack of an area law.

In the statistical-mechanics model, measurement out-
comes act as quenched disorder for a quantum trajectory.
A replica trick is needed to average nonlinear quanti-
ties, such as entanglement, over trajectories [10, [I1]. One
must average @ replicas of the density matrix, p®%. In
the replica limit, @ — 1. More precisely, we want to
calculate

p@(t) = Z/dU (Km,UPOKIn,U>®Q ’ (5)

dependent on the evolution operator Kggp =
?tzl Py »U,. U, denotes the unitary implemented by
circuit layer £. P, denotes the projector onto the sub-

space associated with the list m of outcomes yielded by



the measurements at time step 7. [ dU denotes an aver-
age over the SU(2)-symmetric gates (with the appropri-
ate probability measure).

An alteration to the circuit model will facilitate
the analytics: we deform the discrete-time, strong-
measurement circuit dynamics into a continuous-time
version. We replace the gates with Hamiltonian evo-
lutions over infinitesimal time steps, and infinitesi-
mally weak measurements replace the projective mea-
surements. We expect the continuous-time deformation
to preserve the purification/entanglement and charge-
sharpening transitions’ universal scaling properties. The
reasons are analogous examples [47] and the system’s lack
of time-translation symmetry.

Here, we summarize the resulting Hamiltonian de-
scription.  Appendix [C] contains a detailed derivation.
The effective Hamiltonian equals a sum of contributions
from the unitary dynamics and the weak measurements:
He® = " + H™. The terms are

2
HY=-J3) XQZ(?- Sty — S Sez )| and (6)
i a=1
D 5D SEC T 2 BT
i ab=1

The coupling constant J encapsulates the unitary dy-
namics’ scrambling power; and v, the weak measure-
ments’ strength. P, is the projector onto the singlet
sector of spins ¢ and j in replica copy a. Equations @7
@ have two kinds of summations over the replica index,
a. When a runs from 1 to @, the summation is over
forward copies of the replicas. a* represents the corre-
sponding backward copy. When a runs from 1 to 2Q),
the summation is over both the backward and forward
copies. The projector Il,, = 645 — i is onto inter-
replica fluctuation modes. The associated term in Eq.
is minimized when gz . §i+1 yields the same value, oper-
ating on any replica, as operating on any other. If the
measurements are projective, all the replicas must yield
the same measurement outcome. If the measurements
are weak, as above, this restriction is softened; a finite
energy cost accompanies inter-replica fluctuations in the

measured operator S - S.

The effective Hamiltonian has a left/right Sg x Sg
symmetry: H°% remains invariant under permutations
of the ) forward copies and permutations of the ) back-
ward copies. The monitored dynamics map to imaginary-
time evolution under H* (in the replica limit Q — 1).
Thus, we must understand this Hamiltonian’s low-energy
properties to understand the monitored dynamics’ late-
time properties.

V A. Ground state and collective excitations at
low measurement rates

We begin with a measurement-free model: v = 0
in Eq. . A ground state is a configuration that,

when acted on by Z(?:l (52‘ : §§1+1 — Sax. _;qil

¢ ) for any
nearest-neighbor pair (4,4 + 1), vanishes. Such a con-
figuration is achievable if and only if, for some pair-
ing of (a,b*), S¢ - S¢, = St .S, for all i. The
ground states thus can be labeled by all such pairings
(a,b*). Furthermore, the ground states are represented
by the elements o of the permutation group Sg such
that S¢ - S¢, | = Sota. S"f_ﬁ‘i)* To satisfy this condition
for all 7, the interaction must be ferromagnetic, preclud-
ing frustration. We show in Appendix [C] that the ground
space of H" is that of an SU(4) ferromagnet. The ground
states can thus be labeled as |®E ; o). The permutation
o € Sg, and the tensor product emphasizes the pairings’
uniformity across spaceﬂ Importantly, the ground space
breaks the discrete symmetry Sg x Sg to Sq.

We now briefly sketch the low-lying energy eigen-
statesﬁ If v = 0, the excitations over a symmetry-broken
state | @£, o)) are described by @ decoupled SU(4) fer-
romagnetic chains, each formed from two SU(2) chains.
Let us focus on one SU(4) chain. An SU(4) ferromagnet’s
Goldstone modes live on a 6-dimensional manifold. They
result in three gapless modes with energies vanishing as
L=% wherein z = 2. These gapless modes are of two
types: Two modes arise from fluctuations within single
SU(2) spin chains. The third mode arises from collec-
tive fluctuations of the two SU(2) chains. In summary,
Q replicas lead to 2Q diffusive (z=2) modes associated
with fluctuations within single SU(2) chains, plus @ diffu-
sive modes associated with inter-replica fluctuations. As
noted above, measurements affect only the inter-replica
fluctuations and thus couple the @ inter-replica modes
[Eq. (@)

Consider increasing the measurement parameter -y
from 0. As in U(1)-symmetric circuits [51], measure-
ments gap out some inter-replica degrees of freedom. Fur-
thermore, the inter-replica gapless modes reduce to one
diffusive mode (corresponding to the fluctuations in the
replicas’ average) and @ — 1 relativistic ballistic (z=1)
modes, which describe inter-replica fluctuations. These
ballistic modes cause the Rényi entropies with indices
n > 1 to grow ballistically in the presence of measure-
ments [21, BI]. The diffusive inter-replica modes are
well-defined only for symmetry-broken states whose for-
ward and backward copies are paired explicitly. Thus,

3 As noted, the ground space has a degeneracy labeled by the
ground states of the SU(4) ferromagnet. The label depends on
the initial state. We drop the label from our notation for sim-
plicity, as the label does not impact the following discussion.

4 The gaps between these eigenstates’ energies and the ground-
state energy vanishes in the thermodynamic limit but remains
nonzero at finite L.



these modes are expected to survive only in the replica-
symmetry-broken phase (volume-law phase). However,
the 2@ intrachain-fluctuation SU(2) modes do not de-
pend on such pairings. Hence these modes are expected
to exist at all measurement strengths and so in the crit-
ical phase. As we discuss below, these surviving gapless
z=2 modes likely underlie two circuit behaviors that we
observed: the L? purification time scale and the absence
of area-law entanglement.

V B. Purification

Using the formalism above, we can understand the pu-
rification of an initially maximally mixed state, | ®% | e).
The e € Sg denotes a permutation that pairs replica a
with a*. At a late time ¢, the density matrix’s trajectory-
averaged purity II(¢) is given by

L “BH | oL
H(t) — llm <<®’LL:19|6_[_}H9“| ®2:1 €>> .
Q-1 (@i ele | @i €)

(®)

g denotes the transposition that swaps replica 1 with 2*
and 2 with 1* while acting as the identity on the other
replicas [10, [I1I]. The purification time is when II(¢) be-
comes O(1). In the absence of measurements, v = 0 an
initially maximally mixed state will fail to purify and will
have II(t) = 5¢ for all times. Indeed, at v =0, | ®%, e))
is a ground state of H° and has vanishing energy. Thus,
H(t)|y=0 = limg1(®L 9| @, e) = 1/2F. Excita-
tions of the discrete-symmetry-broken phase are gapped
domain-wall configurations. Therefore, we expect this
phase to be stable under the strengthening of the weak
measurements to low rates . For the system to tran-
sition between different replica-symmetry-broken ground
states, a domain wall must tunnel across the entire sys-
tem. Such transitions are thus expected occur over an
exponential-in-system-size time, which we identify as the
purification time: tp ~ eX. The SU(2) symmetry has lit-
tle bearing on the replica-symmetry breaking; essentially
identical arguments apply in the symmetry’s absence.
This behavior contrasts with that of lattice magnets that
have continuous symmetries. There, a symmetry-broken
state can be deformed smoothly into another symmetry-
broken state over a poly(L) time scale. Interestingly,
monitored free fermions have an emergent, continuous
inter-replica symmetry (as opposed to our discrete Sg
symmetry), resulting in linear purification times [52H55].

The replica symmetry is restored at sufficiently high
measurement strengths; the argument for ¢tp ~ e’ breaks
down. Instead, the purification time depends on the ef-
fective Hamiltonian’s energy gap. We conjecture that
this gap scales as 1/L?, due to the gapless modes associ-
ated with the previous subsection’s 2QQ z=2 modes. This
gap scaling results in a purification time tp ~ L2.

V C. Absence of area law under strong
measurements

We can establish the absence of an area-law phase
at any measurement rate by adapting a Lieb-Shultz-
Mattis-type-anomaly argument to the spin model in the
replica trick with 2@Q) copies, as first argued in [34]. (See
also [56], [57], which generalize this result to statistical
symmetries.) FEach of the 2Q) copies has SU(2) sym-
metry, and the replica symmetry permutes the repli-
cas. Additionally, under averaging over the measure-
ments and circuit elements, the replica model has a Z
lattice-translation symmetry. Overall, the statistical-
mechanics model’s symmetry group is G = Z X
[(SU(2)*9 x Sq) x (SU(2)*? x Sq) x Zz] [52]. Each
site contains one (projective) spin-1/2 representation
of each replica factor of SU(2). Therefore, there is a
mixed anomaly between translation symmetry and the
SU(2) spin-rotation symmetry. This anomaly rules out
the possibility of a featureless (short-range-entangled,
symmetry-preserving) ground state. Moreover, naively
applying the Mermin-Wagner theorem rules out sponta-
neous breaking of the SU(2) symmetry (although sub-
tle examples may violate this principle in the replica
limit [58]). Furthermore, we observe no tendency towards
any spontaneous breaking of the lattice-translation sym-
metry. These arguments suggest that no area-law phase
can arise, even in the measurement-only limit.

We can obtain further insight into the strong-
measurement regime through our mapping to an
effective-Hamiltonian model. Each replica has an SU(2)
symmetry, which leads to gapless modes, as noted above,
with ferromagnetic interactions and thus z=2 dynamics.
These conclusions are consistent with the critical phase
observed in our numerics.

Using the formalism above, one can calculate Rényi
entropies of the reduced density matrix of an interval A.
Let p denote any single-copy pure state; and |p}), the Q-
replica defined on 2@ copies of the Hilbert space. We
focus on the Rényi index n = 2:

_ eff
~52(oa) _ pyyy $Bia e |p)
e = lim T Sy
Q-1 «®i:1€|€ o)

(9)

gt = e if i does not belong to the interval A, g/ =
(12)(34)...(2k—1 2k) if i € A, and @ = 2k + 1. We define
a “twist” permutation 7 such that 7 (®2,9) = @~ e.
Using 7, we can rewrite @ Since the initial state is
pure, 7|p) = |p)), and

1 apgett
e=5%(Pa) — 1im (@ elr e P 1]p)
- L —BHeff
Q-1 (@i ele lp)

(10)

7, operating on H°® introduces a twist operator at the
interval’s boundary, 0A: rle=BHY 1 = Toa e~ BH™
Hence a size-|A| interval’s Rényi-2 entropy is related to
the two-point correlator of the twist operator acting on
sites separated by a distance |A]. In the infrequent-
measurement phase with spontaneously broken replica



symmetry, this correlator decays exponentially, leading
to volume-law Rényi entropies. Intuitively, domain walls
in this discrete ferromagnetic phase have finite line ten-
sions. Hence creating a domain wall costs an extensive
(volume-law) amount of free energy. Under frequent mea-
surements, in the putative critical phase, the permutation
degrees of freedom are gapped. The twist operator should
likelly, instead, couple to the remaining low-energy SU(2)
modes. Analyzing the critical phase’s nature, requiring
the effective Hamiltonian’s replica limit, presents a clear
challenge for future work.

VI. OUTLOOK

We studied the dynamics of monitored random circuits
with SU(2) symmetry, i.e., with three noncommuting
charges: the total spin angular momentum’s components.
First, we numerically discovered a purification transition
between a mixed phase (at p < p. &~ 0.35) and a critical
phase (at p > p.). In the critical phase, the purifica-
tion time scales as tp ~ L2. The purification transition
doubles as an entanglement transition, which separates
volume-law (at p < p.) and subextensive (logarithmic or
small-power-law, at p > p.) entanglement scalings. Even
in the measurement-only limit (at p = 1), the symmetry’s
non-Abelian nature enables nontrivial entanglement scal-
ing. Additionally, we observed a spin-sharpening transi-
tion across which there is a parametric change in the time
at which one can (in principle) learn the system’s total
spin by monitoring measurements.

Finally, we interpreted our results within an effective
replica statistical-mechanics model. The model supports
the mixed-phase prediction that tp ~ e. Also, the
model also hints at a possible spin-wave mechanism for
the tp ~ L? dynamics in the critical phase. Furthermore,
a Lieb-Schultz-Mattis-type anomaly obstruction implies
the absence of an area-law phase. Instead, the entangle-
ment should scale logarithmically with L in the critical
phase, consistently with our numerics.

Our results open several opportunities for future work.
One is to understand the purification/entanglement and
sharpening transitions analytically. Second, one might
leverage spin sharpening to observe an MIPT experimen-
tally, avoiding the postselection problem (Sec. . The
thermodynamics of noncommuting charges have already
been observed experimentally with trapped ions [42].
Superconducting qubits, quantum dots, and spinful
fermionic atoms are natural candidates, too [43], [44]. Fi-
nally, efficient classical and quantum spin-sharpening de-
coders merit exploration.
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Appendix A ADDITIONAL NUMERICS
ELUCIDATING THE ENTANGLEMENT
DYNAMICS AND SPIN SHARPENING

In Sec. we claimed that L? time steps suffice
for the bipartite entanglement entropy, Sg, to plateau.
Figure[6]justifies this claim, presenting St as a function of
log(t) for < L? time steps at the extreme values p = 0, 1.
At both extrema, St stops changing (to within minor
fluctuations) by L? time steps.

Section [[IT Bl also discussed different fittings for St ver-
sus L. Figure [7| presents three fittings [L, log(L), and
VL] at each of three measurement rates (p = 0, p = 1,
and p = p.). At p = 0, the linear fit is the best. This
observation is consistent with the existence of a volume-
law phase at p = 0. At p = 0.35 = p., it is unclear which
fit is most accurate. However, the two nonlinear fits are
visibly best. The p =1 fits resemble the p = 0.35 ones.

Section M claimed that our p > p4 data are compati-
ble with a sharpening time scale ~ L? deep in the criti-
cal phase. Figure (8| justifies this claim. We plot log(S4)
against ¢/L? at various p values. The initial collapse oc-
curs at p > px. The L=8 numerics deviate from the
collapse when p € [0.35,0.45] U [0.8, 1]. We suspect that
these deviations arise from finite-size effects.
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Figure 7: Long-time bipartite entanglement entropy
vs. system size. At p =0, St ~ L, signaling a volume law.
At p = 1, the entropy scales logarithmically or as a small
power law: St ~ log(L), or Sy ~ /L.

Appendix B MUTUAL INFORMATION

In Sec. [[TI] we studied purification and entanglement
dynamics. We complement that numerical analysis by
studying mutual information. To introduce the mutual
information, we consider a quantum system in a state [i).
Let A and B denote subsystems. The reduced state of A
is pa = tr 1(|¥)Xv]). The reduced states of B and AB are
defined analogously. The mutual information between .4
and B is

I(A: B) == S(pa) + S(ps) — S(pas)-

The mutual information upper-bounds equal-time corre-
lators between local operators acting nontrivially on A

alone and on B alone [59]. We denote by I ](1,3 the mutual

(B1)

information between sites j and k. We denote by I](Qk) the
mutual information between the pair (j,j + 1) and the
pair (k,k + 1).

Figure |9| presents Ifn and Ifj), plotted against j, at

2]

L = 20. Il(lj) grows with p and rapidly decays with j

At all p, I J(lk) decays rapidly over distances |j — k| larger

than a few sites. This result is intuitive, since ](1,3 con-

. . . . . U
tains information about correlations between individual

5 Throughout these numerics, the last layer of gates was applied
on the odd bonds (sites 1 and 2, sites 3 and 4, etc.), leading to

larger I;}j)Jrl for odd j than even j.

spin components, whereas the measurements and uni-
taries correlate spin-fusion channels (a property of two
or more spins).

In comparison, IJ(Q,C) decays more gradually with the
distance |j — k| at all p > 0. For particular sites j and &,
IJ(Qk) may depend on p nonmonotonically (Fig. EI) How-
ever, the asymptotic decay rate monotonically decreases
as p decreases. To explore this decay rate, we exam-
ine the mutual information between antipodal pairs of
sites: Ifz/Q (Fig. ) Given the limitations on system
size, we cannot convincingly determine the asymptotic
decay’s functional form. A power-law decay fits the data
reasonably well (Fig. [L0b). The fitted power a gradu-
ally decreases with p. Furthermore, a changes qualita-
tively around p. = 0.35—from changing quickly with p,
at p < pe, to drifting slowly near —2, at p > p.. Given
the small range of system sizes available, exponential de-
cay fits the data reasonably well, too; we cannot rule out
this behavior. Yet, given the other critical scaling behav-
ior at p > p., we expect that power-law decay to be more
natural in this regime. The data also prohibit confident
distinction between (i) one power at p > p., with drifts
in the fitted exponent, due to finite-size corrections, and
(ii) continuously evolving power laws (as would arise in,
say, a Luttinger liquid).

Appendix C EFFECTIVE HAMILTONIAN

In this appendix, we map the monitored dynamics onto
the imaginary-time evolution of a replica effective Hamil-
tonian. Since the two-site gates are sampled indepen-
dently, the above average over U factorizes over averages
of two-site SU(2)-symmetric gates. We parameterize the
SU(2)-symmetric gates as

Uij=Pi+ePy =P, (C1)
P; and P, denote projectors onto the triplet and singlet
sectors of the SU(2) symmetry on two qubits. ¢ and j de-
note the qubits being acted on. We will suppress the sub-
script ¢ and j unless they are needed to avoid confusion.
This is similar Eq. , modulo a global phase factor.
The variable 6 is sampled from a random distribution—
for example, from a uniform distribution between 0 and
2. The Q moment of the unitary gates is

; (a) _ pla®)
UEU®Q®(UT)®Q:elza9(PS Py ) (02)
Ps(a) denotes the projector onto the singlet sector for
replica index a. The * symbol implies that the opera-
tor operates on the conjugate (backward) copy of the a
replica (with a =1,2,...,Q). We assume that 6 is sam-

pled from a Gaussian distribution P(0) = ﬁe_(ﬁ/(z‘])’

where J is a large constant controlling the unitary dy-
namics’ scrambling strength. Performing average over 6
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1
1)

Figure 9: Mutual information between sites. The
mutual information between (a) sites 1 and j decays more
quickly than between (b) sites (1,2) and (j,j + 1). The inset
highlights how I ](2,3 increases and then decreases as p grows,
for some j. The errorbars represent one standard deviation.

0 2
/d9 PO)U=exp|—J Z [PS(“) — P

a=1
(C3)
= exp(—HZ”j).

To model measurements in the continuum-time limit,
we consider the weak-measurement protocol of [51]. The
action of the measurement of a local operator O on the

@

2
log(Il(J)l/Z)

Figure 10: Mutual information at antipodal sites.
We call sites 1 and L/2 antipodal. (a) log (11(’22/2) is plotted
against log(L) at several L values. Using the fit function
log (1f22/2) = alog(L) + b, we identify the critical exponent
a in I£22/2 ~ L*. (b) Plotting a against p, we find that

I 1(22 /2 decays as a power law in both phases, where a seems
to be drifting.

replica density matrix is described as

Zngp(Q)ng (C4)
_ Q “_m a*
. / dm e~ Se [0 =m)? (0" —m)?] (@
2Q
=exp [ —v Z 0°11,,0" | p'@ (C5)
a,b=1



= exp(—yH™)p(@.

m denotes the weak measurement outcome, and Il ;, =
dab —1/(2Q). We have identified (a*) with index (Q+ a)
and a = 1,2,...,Q. From now, on this identification
will be implicit whenever the replica index a is summed
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spin-1/2 particles at replica a and o(a), to form a funda-
mental representation of SU(4). The Hamiltonian’s uni-
tary part, in this identification, can be written as [the la-
bel o signifies that we have combined replicas (a,o(a)) to
form an SU(4) representation] H" = 4 (Ho[o] + V"[0]).
The Hyo] are @ copies of the SU(4) ferromagnet, and

from 1 to 2. As in the main text, v denotes the weak-
measurement strength. For SU(2)-symmetric systems, Vo] = Z Z (SW‘? _ ch_f(_a)*) <Sw}»’- B qu(_b)*) .
we measure the operators O = S - gj. T ash e v e v
The expressions above are for averages of single 2- (C7)
site unitary gates and measurements. We combine
these local averages and assume a Trotter decomposi-
tion. The monitored evolution of the density matrix’s
averaged Q'™ moment is given by imaginary-time evo-
lution under an effective Hamiltonian HT: p(@)(t) =
eftHefpr)Q).

Heff:Z

SW?,J» denotes the SWAP operator between the spins at

sites 4 and j in replica index a: Sw; ; =1/2+ 252- . §j. In
terms of these SWAP operators, the SU(4) ferromagnet
is

The effective Hamiltonian decomposes as
(HPipq + HP ), with

[ 7

Hlol =305 [t (wta) (5905)] (09
a=1 1

The measurement part of Hamiltonian also decom-
poses into two terms. One part is the SU(4) ferromagnet,

Yy =30 (S-S0 Ty (S22 5) . (co)
a,b

The long-time properties of p(?)(t) are thus described by prm — 2 f1 [o] — 2L V™[0], where
low-temperature/ground-state properties of H°®. The Q 2Q
Hamiltonian has a Sg x Sg symmetry, corresponding to . .
the global permutati(?n amgng the @ forward replicas and Vo] = Z Z (Swtil,i-s-l + Swzgj—)l ) (SW?,iH + SW?EI—J&-)I) :
Q backward replicas. ioaFb

A more illuminating way of understanding the struc- (C9)
ture of the Hamiltonian’s ground states is to combine
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