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There are several mathematical formulations of quantum mechanics. The Schrodinger picture ex-
presses quantum states in terms of wavefunctions over, e.g., position or momentum. Alternatively,
phase-space formulations represent states with quasi-probability distributions over, e.g., position
and momentum. A quasi-probability distribution resembles a probability distribution but may have
negative and non-real entries. The most famous quasi-probability distribution, the Wigner func-
tion, has played a pivotal role in the development of a continuous-variable quantum theory that
has clear analogues of position and momentum. However, the Wigner function is ill-suited for
much modern quantum-information research, which is focused on finite-dimensional systems and
general observables. Instead, recent years have seen the Kirkwood-Dirac (KD) distribution come
to the forefront as a powerful quasi-probability distribution for analysing quantum mechanics. The
KD distribution allows tools from statistics and probability theory to be applied to problems in
quantum-information processing. A notable difference to the Wigner function is that the KD distri-
bution can represent a quantum state in terms of arbitrary observables. This paper reviews the KD
distribution, in three parts. First, we present definitions and basic properties of the KD distribution
and its generalisations. Second, we summarise the KD distribution’s extensive usage in the study
or development of measurement disturbance; quantum metrology; weak values; direct measure-
ments of quantum states; quantum thermodynamics; quantum scrambling and out-of-time-ordered
correlators; and the foundations of quantum mechanics, including Leggett—Garg inequalities, the
consistent-histories interpretation, and contextuality. We emphasise connections between opera-
tional quantum advantages and negative or non-real KD quasi-probabilities. Third, we delve into
the KD distribution’s mathematical structure. We summarise the current knowledge regarding the
geometry of KD-positive states (the states for which the KD distribution is a classical probability
distribution), describe how to witness and quantify KD non-positivity, and outline relationships
between KD non-positivity and observables’ incompatibility.

I. INTRODUCTION

Negative energies and probabilities should not be considered as nonsense. They are well-defined concepts
mathematically, like a negative sum of money.

~ Paul Dirac in 1942 [1].

Phenomena such as non-commutation, coherence, and entanglement fundamentally distinguish quantum mechanics
from classical physics. However, knowing exactly when an experiment lacks a classical analogue is notoriously difficult.
If, and only if, an experiment can be described classically, one can describe the corresponding system’s preparation,
manipulation and measurement with joint probability distributions [2H12].

Common strategies for pinpointing, understanding and developing quantum phenomena rely on quasi-probability
distributions. A quasi-probability distribution enables the mathematical representation of a quantum state in terms of
a joint distribution over the eigenvalues of possibly incompatible observables. Quasi-probability distributions satisfy
some, but not all, of Kolmogorov’s axioms of joint probability functions [I3]: they may be negative or even non-real.
Such ‘anomalous’ values enable a probability-like description of quantum experiments and often herald non-classical
phenomena.



In 1932, Wigner discovered his eponymous function, which has become the best-known quasi-probability distribu-
tion [, 14H16]. Cousins of the Wigner function include the Glauber—Sudarshan [I7), 18] and Husimi [I9] representa-
tions. All three represent quantum states with distributions over the eigenvalues of conjugate observables that have
continuous spectra, such as position and momentum, or an electromagnetic field’s real and imaginary components.
In many settings, the Wigner function assumes negative components when there is no classical description of the
quantum state in a measurement scenario [20, 21]. Thus, the Wigner function has become a popular tool for studying
quantum phenomena in continuous-variable systems—most notably in quantum optics [22].

Most modern quantum-information research, particularly quantum computing, concerns discrete-variable systems
(e.g., systems of qubits) and arbitrary observables (e.g., not position and momentum). The Wigner function is not
defined with respect to arbitrary observables, so it is ill-suited for such scenarios. Instead, one can employ the
Kirkwood-Dirac (KD) distribution. Before we introduce the KD distribution and summarise its use cases, we briefly
introduce its history.

In 1933, John Kirkwood was inspired by the then-one-year-old Wigner function. He suggested a phase-space
methodology for calculating thermodynamic partition functions [23]. Doing so, he introduced the quasi-probability
distribution now known as the KD distribution. Shortly afterwards, in 1937, Terletsky independently introduced the
real part of this distribution [24, 25]. In 1945, Paul Dirac published an article that highlighted an ‘analogy between
classical and quantum mechanics’ [5]. In this work, he independently rediscovered the KD distribution. Dirac argued
that the only difference between classical and quantum mechanics stems from non-commutation [2, B} [5]. Furthermore,
he showed how the KD distribution can be used to calculate expectation values of functions of observables in a (quasi-
)probabilistic framework [5].

After its original construction, the KD distribution received little attention. It was rediscovered again in 1968, by
Rihaczek, within a classical signal-processing framework [26]. The KD distribution’s real part, too, was rediscovered,
by Margenau and Hill in 1961 [25] 27, 28]. Not until the recent development of quantum information theory did the
KD distribution enjoy a substantial revival (e.g., [28H30]). It is now a standard and indispensable mathematical tool
in quantum theory. The reason relates to Kirkwood’s and Dirac’s original motivations: the KD distribution provides a
statistically inspired framework for quantum calculations that are burdensome within the Schrodinger and Heisenberg
formalisms.

Recent years have seen the KD distribution deployed to study or develop several areas of quantum mechanics. This
Article’s purpose is to review these past results. In quantum metrology (Sec. , non-real KD quasi-probabilities
are essential for accessing unknown information encoded in quantum states. Further, it is sometimes useful to distil
metrological information from several quantum states into a few. If an underlying KD distribution contains negative
values, the rate of this distillation can exceed classical limits (Sec. . An example of such a technique is weak-value
amplification (Sec. , which can improve the signal-to-noise ratio of measurements of weak-coupling parameters.
Weak-value amplification achieves this improvement via the ability of KD negativity to boost of a pre- and post-
selected ‘average’ of an observable, such that the average lies outside the observable’s spectrum. As an alternative
to tomography, measurements of KD distributions (Sec. enable direct and/or efficient reconstructions of quantum
states. In quantum thermodynamics (Sec. , KD non-positivity allows engines to operate in ways forbidden by
classical theories. Furthermore, classical thermodynamics entails probability distributions over the possible amounts
of work or entropy exchanged during a stochastic process. A KD distribution replaces such probability distributions
in quantum thermodynamics. In quantum chaos (Sec. , a generalised KD distribution can signal scrambling,
the spreading of information about a local perturbation via many-body entanglement. Finally, the KD distribution
surfaces also in foundational settings (Sec. [VIII). ‘Temporal Bell inequalities’, or Leggett-Garg inequalities, can be
violated only when underlying KD distributions are non-positive (Sec. . Moreover, in the consistent-histories
interpretation of quantum mechanics, cross-terms in a KD distribution govern whether a classical phase-space history
can be ascribed to a quantum state (Sec. . A rigorous notion of non-classicality is quantum contextuality.
Several proofs of experimental contextuality rely on non-positive KD distributions (Sec. .

Thanks to this growing interest, it has become crucial to understand the mathematical properties of the KD
distribution. Sufficient and necessary requirements for the Wigner function to be negative have been known since
1976 [7]. However, such requirements for pure states’ KD distributions were mapped out only recently [31H33]. The
extension to mixed states is not yet fully understood [34]. Section reviews mathematical results about positive
and non-positive KD distributions. We summarise the current understanding of the geometry of KD-positive states.
Also, we outline how to witness and quantify KD non-positivity.

One can read this review in its entirety, to gain a holistic view of the current understanding and uses of the KD
distribution. Alternatively, one can read individual sub-sections about uses of the KD distribution in specific settings.
Before providing the use-case review, we introduce the KD distribution and outline its basic properties.



II. DEFINITION AND BASIC PROPERTIES

In this section, we define the KD distribution. The KD distribution is a versatile and adaptable object. For
simplicity, we introduce, first, the most common form of the KD distribution. Then, we describe how to construct
a general KD distribution. The KD distribution is applicable to discrete and continuous-variable systems. However,
this review centres on discrete systems. Section [V A]covers continuous-variable systems in the context of wavefunction
measurements. Indeed, the KD distribution has been applied most to discrete systems. Section [[X]introduces further
properties of the KD distribution.

A. Build-up

To emphasise the generality of the KD distribution’s structure, we take a brief mathematical detour, introducing the
two-basis representation. Pragmatically minded readers can skip this detour. Afterwards, we specialise this structure
to represent quantum states with KD distributions.

Denote by H a complex Hilbert space of finite dimensionality d. We define two orthonormal bases in H: {|a;)} and
{|b;)}, where i,5 = 1,...d. Typically, {|a;)} and {|b;)} are the eigenbases of Hermitian observables A and B. For
now, we assume that these observables are non-degenerate. They, and the identity operator, eigendecompose as

A= Zal la;Xa;|, B= Zb |bj)}b;| and ﬂ:Z|ai><ai\:Z|bj><bj|. (1)

We write discrete sums here for simplicity. However, we can generalise the equations to continuous bases by replacing
the summations with integrals over an appropriate measure (see Sec. [V A). Suppose that (a;|b;) # 0 for all 4,5. One

can express an arbitrary operator C in terms of both bases:

C= (ZI%X%I) ¢ Zlbijjl = {ai| C1b) laidbil =D (bjlai){ail € Ib;) ZC ai,bj) Aay i, - (2)

2] (]

The coefficients and normalised outer products are

Clairby) = (biladial Clby) and Ry, = 2801 3)

The parameter tuple (a;,b;) labels a spanning set {Aai’b].}. The spanning set forms a basis for the space of bounded
operators defined on H [35]. In terms of this basis, C has the component representation C' (@i, b;).

The basis elements f\ai_’bj are unit-trace, rank-one projectors. They project onto the one-dimensional space spanned
by |a;). Moreover,

Aai,b]‘|ai> = |ai>7 vj'

The basis elements Aai,bj are generally not orthogonal. Neither are they generally projectors, as they are generally
not self-adjoint. The components C(a;,b;) form a distribution over the parameter plane (a;,b;). Furthermore, the

components are normalised to the trace of C'. In mathematical terms,

(bjlai)
(bjla:)

ZC(az,b]) = Z <b]| l2|al><al|

%

=1, A2 —Aai’bj and

a;,b,

Tr(Aa,p,) =

Cloj) = (b Clby) = Tx(O). (4)

J

Consider an operator that is diagonal with respect to one of the two bases, e.g., C = A. The component representation
simplifies to the A eigenvalues a;, weighted by the overlap probabilities |(a;|b;)|?:

A(ai, by) = (bjla)(ai| Alb;) = a;[{as|bs) |*. (5)



Consequently, marginalising over |b;) yields the eigenvalues: ) j A(a;,bj) = a;. More generally, consider marginalising

C over one basis. A diagonal matrix element, labelled by the remaining index, results:

an“ = (a;|C'la;) and an,, = (b;] C'|b;) . (6)

Consider interchanging the roles of {|a;)} and {|b;)} when expanding C. A dual basis and a dual component
distribution result:

Slesesl | ¢ (Z|ai><ai|> = Sl Clad i) P = 3 Oy R @)

Jri Jyi

In accordance with Eq. (3),

: bl
C(bj, ai) = (bj| C'la;){a;lb;) and Ay, o, = <;}|b4> : (8)
i10j
The dual basis and components follow from conjugating the originals:
A [b; Xail o ]
Rojor = Gy = Ron Clbprai) = (4] C lai) ailts) = C*(asby). (9)

Both bases, {/A\al.,b].} and {f\b].,ai}, are orthogonal with respect to the Hilbert-Schmidt inner product. However, they
are not unit-normalised:
Tr(|b;)(ailai) (V1) {aalai) (BjIb;)  Oasardb; b,

Aai,bj, Aa/., s = Ab]-,aiy A rayus = Tr /A\ZA A p) = = = . (10
< oy Jas = vag)ns = T,y o) = =000~ taly W~ Tl )

Thus, we can calculate the components C(a;,b;) from C via an inner product, together with a normalisation-factor
correction:

Clai,bj) = Tr(AL , C) [(aslb,) [ (11)

Consider, similarly, the inner product between any two operators C and D. The inner product equals a sum over the
(a;,b;) space. The measure p(a;,b;) = 1/|{a;|b;)|? corrects for the overlaps between the two bases’ elements:

(C, Dyns = Tr(CTD) = Y~ plai, b;) C(by, a;) D(as,b Z el |b *(ag, b;) D(ai, bj). (12)

ai,,bj

The two component representations—C/(b;,a;) and C(a;,b;)—are dual. This duality is analogous to a duality
between s-parameterised phase-space representations in quantum optics. There, an s-distribution is paired with a
dual (—s)-distribution in the inner product [36]. Famously, the Husimi and Glauber—Sudarshan representations form

such a dual pair. The Wigner W representation is self-dual. The representation C(a;,b;) of C is self-dual to within
complex conjugation.

B. The standard KD distribution

Suppose that the observable C’, in the discussion above, is a quantum state p. The components C(a;,b;) form the
standard Kirkwood-Dirac (KD) distribution. The standard KD distribution Q(p) of a quantum state p, with respect
to bases {|a;)} and {|b;)}, can be represented with a d x d-dimensional matrix. The entries have the form

Qij (p) = (bjlai) (ail p1bs) - (13)

This definition holds irrespectively of whether {|a;)} and {|b;)} are discrete or continuous. As aforementioned, this
review focuses on finite dimensions; the continuous KD distribution appears only in Sec. Suppose that (bj|a;) # 0
for all 4,j. Q(p) enables an informationally complete description of p:

p=> Nas,Qij(p). (14)



As above, {[\ai,bj} = {|a;)bj|/(bjla;)} forms a basis. Now, suppose that some (bj|a;) = 0. The KD distribution can
still convey useful, albeit partial, information about p. Examples surface in weak-value experiments (Section ,
where one need not necessarily apply an entire KD distribution.

The KD distribution satisfies several of Kolmogorov’s axioms [13] for joint probability distributions:

Z Qz,j ZQz,J al|p|az and ZQi,j (pA) = <b]‘lé‘bj> : (15)

However, the KD distribution is not always a joint probability distribution. Whilst |Q;; (4)]| € [0,1], @;,; (p) can
assume negative or non-real values. Such values are sometimes called ‘non-classical’. What is considered non-classical
differs from setting to setting (and author to author). Therefore, we refer to negative or non-real values simply as non-
positive. We call Q (p) positive if all its entries are positive or zero. The most common measure of KD non-positivity
is [37]

0)] = Z Qi ()] - (16)

N[Q(p)] = 1 if, and only if, the KD distribution is a classical joint probability distribution. Further properties of
N [Q(p)] are outlined in Sec.

C. Quasi-probabilistic Bayesian update

The KD distribution obeys a quasi-probabilistic version of Bayes’ Theorem [38H41]. To see this, we define the
conditional quasi-probabilities Q;);(p) and Q;;(p) by

Qij ()
P(bjp)

Qi (P
P(aip)

We have defined P(b;j|p) = >, Qi ; (p) = (bj|p|b;) as the probability of obtaining the outcome b; upon measuring the
state p in the {|b;)} basis. We have defined P(a;|p) analogously. If Q(p) is positive, then |Q,|J(ﬁ)| € [0,1] for all 4, j,
as expected from classical probability theory. However, a KD distribution can assume negative values. Therefore,
the denominator in Eq. can have a lesser magnitude than the numerator. Consequently, |Q;;(p)| € [0,00), in
general. As we review below, such anomalous Bayesian updates explain several non-classical advantages in quantum-
information processing. Moreover, the conditional-KD-distribution formulae suffice for reformulating a quantum
evolution as a quasi-probability update for classical (eigen)values [40], 42]. Bayesian evolution of the KD distribution
was experimentally demonstrated via direct measurement [43], a method described in Sec.
More generally, one can condition Q; ; (p) such that j assumes a value from a subset F of indices [44] [45]:

Qijljer (P) = 5 ,eflljé)p) )
7 ,2 )

~~

Quy (p) = and  Q;; (p) = (17)

=

(18)

if j is in F and 0 otherwise. The denominator is the probability that, if p is prepared and {|b;)} is measured, the
outcome j will be in F.

D. Generalisations of the KD distribution

The distribution in Eq. is, from a fundamental perspective, the most studied and mathematically understood
KD distribution. Nevertheless, generalisations of the standard KD distribution have been used frequently in applica-
tions. The first generalisation [Bl 23] allows one to decompose a quantum state with respect to more than two sets of
measurement operators. The second generalisation [31} [41] [46] allows for these sets to be not only rank-1 projectors,
but general positive-operator-valued measures.

Consider k non- degenerate observables A = ZZ: (l)|a(l)>< (l)| wherel = 1,2,..., k. We denote the correspond-
ing eigenbases by {|a >} The k-extended KD distribution [41] is

~ k k—1 k 1 k—2 1 k
Qi () = (@[l Dy (@ V10l D) @D ey (19)



The second generalisation of the KD distribution involves measurement operators that are not necessarily rank-1
projectors, but form general positive-operator-valued measures. A positive-operator-valued measure is a set {M;}
of positive-semidefinite operators M; > 0 that are normalised: 3, M; = 1 [47]. Positive-operator-valued measures
represent arbitrary quantum measurements, not only projective measurements. In terms of k positive-operator-valued

measures M) = {]\Zfi(ll)}, where [ = 1,2,...,k, the measurement-generalised KD distribution is

Qi () = T [ NNV 1] (20)
Equation shows the most general form of a KD distribution (yet defined). The extended and measurement-
generalised KD distributions satisfy trivially extended versions of the properties listed in Egs. and (17). The
non-positivity of {Qi,,.. i, (p)} is often quantified by N'[Q(p)] = >2;, ;. |Qir,...i ()], as outlined in Sec. In
this review, we denote by Q(p) standard, extended and measurement-generalised KD distributions. The context and
the number of indices will specify a distribution further.

E. Optimisation with the KD distribution

A common use of the KD distribution is the evaluation and optimisation of operational formulae. Consider some
physical formula of interest, F(j). Recasting the formula in terms of a KD distribution might be possible: F[Q(p)].
If so, one can optimise F[Q(p)] with respect to a classical probability distribution or a general KD distribution:

FP= opt {F[Q}, or F"=opt{F[Q(p)}, (21)
Qi,;€[0,1] Q(p)

respectively. Here, opt could entail a maximisation, a minimisation or some other optimisation procedure. If F™P
differs from FP, then non-commutation (in the form of KD non-positivity) can break the bound on the value achievable
in scenarios describable with classical probability distributions. Moreover, the optimised KD distribution,

Q*(p) = arg opt {F[Q(p)]}, (22)
Q(p)

guides the construction of an optimal experiment. In the next sections, we will see several examples.

III. THE KD DISTRIBUTION AND QUANTUM METROLOGY

Metrology is the science of measuring or estimating unknown physical parameters. When one estimates parameters
that characterise quantum processes, it is natural to use quantum systems as probes. Measurements of unknown
parameters, using quantum systems, fall under the domain of quantum metrology. In quantum metrology, non-
classical phenomena, such as coherence, entanglement and non-commutation, can boost estimation abilities beyond
classical bounds [44] [48-56]. Below, we review how non-real entries in KD distributions play a fundamental role
in quantum metrology. We also show how KD negativity can break classical bounds on metrological quantum-
information distillation [44]. For simplicity, we focus on pure states, Stone’s-encoded unitaries (explained below) and
single-parameter metrology. However, generalisations extend the results beyond these restrictions [45] [46] [57].

A. Measurement disturbance

Before we review the KD distribution’s connection to quantum metrology, we describe how imaginary KD quasi-
probabilities encode the disturbance of a quantum state. Let 6 denote a real parameter that we wish to measure.
Suppose that a unitary U(6) obeys Stone’s theorem [58]: U(0) = e 4% wherein A = >, ailag) (a;] denotes a
Hermitian generator. We assume that the eigenvalues a; are non-degenerate. Consider evolving a state |¥y) under
U(6) to the output state |¥g) = U(6) |¥o). Finally, consider measuring some basis {|f;)}. (See Fig. ) This process
yields a probability distribution {P(f;|%s) = | (f;|¥e) |?}.

A natural question to ask is how much do changes in 6 disturb the measurement-outcome probabilities? The question
invites us to differentiate:

B9 P(f;|%4) = 06| (Vo) I*
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FIG. 1. Standard quantum metrology. The goal is to use a quantum system as a probe to learn an unknown parameter
of a unitary. Initially, the probe state is [¥o). The probe undergoes a unitary U(6), which encodes the unknown parameter 6
in the probe state: |Ug) — |¥g) = U(0) |¥o). Measuring the state in a suitable basis yields information about 6.

— i (f;| A1) (Dol f;) + i (f51Ta) (To| Al f;)
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We have defined the KD quasi-probability Q; ;(Vg) = <fj|fl|\119) (Tglfj). A generator’s ability to disturb a quantum
state is related to of a KD distribution’s imaginary part. For further results on this topic, see [59], which describes
how imaginary weak values (which must stem from imaginary KD distributions, as outlined in Sec. underlie a
von Neumann measurement’s disturbance of a quantum state.

B. Standard quantum metrology

Again, we consider a unitary evolution U (0) = e "% where # is now an unknown parameter. To estimate 6,
one can prepare a probe state |¥), evolve it under U(f) and measure the final state, |¥g) = U(6)|¥). Again,
the measurements are of some basis {|f;)}. Repeating this process across many trials provides metrologically useful
statistics (see Fig.|1)). The measurement outcomes obey a probability distribution {P(f;|¥s) = | (f;|%s) [*}.

Sampling from this distribution, one observes the probabilities {P,(f;|¥s)}. An estimator 6, is a function that
maps the sample space (the set of possible outcomes that may be outputted during the experiment) to a sample
estimate (the 0 estimate inferred from the observations). In other words, given observed data, one can construct an
estimate 0. ({Po(fj|¥o)}) of the unknown parameter .

The precision of any unbiased estimator, classical or quantum, is lower-bounded by the Cramér-Rao inequality:

1
NI(6)

Var (6,) > (24)

N denotes the number of samples (measurements) drawn from the probability distribution, and I(6) denotes the
Fisher information [60} [61]. The Fisher information of a probability distribution {P(f;|¥s)} is

10-3 W | (25)

Inequality saturates for large N and reasonable estimators. Thus, one can improve an estimate in two ways.
First, one can increase the number N of measurements. Second, one can choose the initial state |¥() and the
final-measurement basis {|f;)} such that the Fisher information is large.

For any metrological estimation to be possible, the Fisher information about 6, obtained from measuring |¥g),
must be non-zero. Such a non-zero Fisher information is directly connected to the KD distribution. In Eq. , the

numerator is the square of the derivative of the outcome probability (23]). Since Q“j (Ty) = g(;(‘g‘;)) [Eq. (17))], we
J
can re-express Eq. (25)) as

2
100) =4y 2t Q8oL 4 5™ pj ) (26)

P(fj|Yo)

Z a;Im(Q;; (¥o))
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FIG. 2. Post-selected quantum metrology. The goal is to distil the metrological information from many quantum systems
into a few. Information about an unknown parameter 6 is encoded in quantum states, as in Fig. [} The information-carrying
states then undergo a two-outcome positive-operator-valued measure {Fl =F , F=1- F‘}, which acts as a filter. Probes that
pass the post-selection, yielding the By outcome, are retained (post-selected). Probes that do not are discarded. If F is chosen
appropriately, the quantum Fisher information of a post-selected state \\IIGPS) can be significantly higher than that of |¥g).
The post-selection probability ensures that, on average, the post-selective filter creates no information. Moreover, consider
operating on n states with the post-selective filter, and suppose that m states pass the post-selection. In certain cases, the
amount of information retained in the post-selected states can nearly equal the total amount of information available initially
[45].

Thus, a non-zero Fisher information (obtained by measuring |¥s)) requires non-real components in a conditional KD
distribution Qi\ ; (¥g). Consequently, {|f;)} cannot equal {|a;)}, if an experiment is to extract information about 6:
such equality would lead to a positive KD distribution.

Reference [62] discusses further links among the Fisher information, KD distributions and weak values.

C. Post-selected quantum metrology

In some quantum experiments, probe systems are more easily prepared than measured. This is the case, for
example, in many optics experiments, where heralded single photons can be created significantly faster than they can
be measured [46, 63]. The difficulty in measuring single photons stems from particle detectors’ saturation-intensity
limit, or dead time: After a detector successfully detects a particle, it experiences a time lag (dead time) until it
can detect another particle. Moreover, there is a maximum energy intensity under which a detector can operate
successfully (the saturation intensity). In metrology experiments where probes can be prepared more ‘cheaply’ than
they can be measured, it can be advantageous to distil the quantum information from many particles into a few,
prior to measurement [44H46] 57, 64H67]. Ideally, all the information from a high-intensity beam of probes would be
distilled into a weak beam, without the loss of any information. This feat was recently shown to be possible, with
KD negativity being the enabler [45] [57].

Consider altering the general protocol outlined in Fig. Between the unitary and the measurement, we insert
a post-selective filter. The filter discards or retains an experimental trial, depending on a positive-operator-valued
measure’s outcome (Fig. . The measure has the form F = {F} = F,F, = 1 — F}. Only if the filter yields the
F outcome is the probe sent to the final detector. Otherwise, the probe is discarded. After the post-selection, the
(renormalised) quantum state is

1
\/Pe°

S = (V) F |¥y) denotes the post-selection probability (the probe’s probability of passing the filter). We have
introduced a Kraus operator K such that FF = KTK.

Consider any parameterised quantum state pg. The maximum amount of Fisher information one can extract from
it (by making the optimal final measurement) is the guantum Fisher information:

wy°) = K |W). (27)

Tq (pa) = Tr (1%, 50) = max {1 (0]0)} (28)

I';, is the symmetric logarithmic derivative, implicitly defined through 9ppy = (f‘ﬁgﬁe + ﬁefps) /2 [48, 149]. The

quantum Fisher information for [WES) is

1 A A a 1 . 2
o (V%) = 4| ps (Wl A A|w0) - (w4710 | (29)



The post-selected quantum Fisher information [Eq. ] can be recast in terms of an extended KD distribution.
To this end, we define the 2-extended KD distribution

Qij.x (Vo) = (Wolas) as| F |ay) (a;] W) . (30)

The ¢ and j indices label two instances of the eigenbasis of the generator A. The k index labels the elements of the
post-selective positive-operator-valued measure. To fully incorporate the post-selection into the KD distribution, we
implement a quasi-probabilistic Bayesian update (see Sec. |II C|):

Qz,j,k 1 (‘1’9)

PS
(‘119) Zz 7 Q%J k= 1(\119)

= (Wolai) (asl F'lag) (a;| Vo) /p5°. (31)

Equipped with the extended KD distribution PS(\IJQ) we can rewrite Eq. :

2
To (U55) =4 | aia; Q5 (Ve) —

4,J

Zal PS \Ile

(32)

T (V) is (four times) an element of a quasi-probabilistic covariance matrix [45]. If QPS(Wy) is a classical probability
distribution, then Zg (\Ilgs) is upper-bounded by four times the maximum variance, in any state, of A:

er?g[)é . I (T5°) < 4max {Varp {fl} } = (Aa)® . (33)

Aa denotes the spectral gap of A.

On the other hand, if QPS(\II@) contains negative elements, Zq (\IJQPS) can be arbitrarily large. There is no funda-
mental bound on how much Fisher information can be distilled from many quantum states into a few, if the probability
of obtaining information-dense states is correspondingly small. Moreover, Refs. [45] [57] show that this distillation
can be approximately lossless, such that Zg (\Illgs) X plgs ~ Zg (Pg). In summary, the quantum Fisher information

about 6, encoded in |¥g)®", can be losslessly compressed into |\I/9PS>®m, where m/n can be made arbitrarily small. In
practice, systematic errors in the post-selective filter prevent unbounded information distillation [57]. These results
can be extended to multiparameter metrology, where 6 — (01,6, ...,03/), and to mixed states [45] 57].

The exact relation between the KD non-positivity [Eq. } and information distillation has not been mapped out.
Nevertheless, Ref.[68] derives the relation in the context of optimal post-selected metrology, which we now outline.
Consider preparing a quantum system in the optimal state for probing a unitary U (0) parameterised by an unknown
f. Assume that the post-selection filter is optimal. The rate of Fisher-information distillation is directly proportional

to the KD non-positivity [Eq. (16)]: Zg (V55) oc N [QPS(\IIQ)]

Post-selected quantum metrology has been realised experimentally. Examples of such realisations include weak-
value-amplification experiments [69} [70], which we describe in Sec. and experiments with partially post-selected
filters. In a recent proof-of-principle demonstration [46], Lupu-Gladstein et al. used a partially post-selective filter to
improve the single-photon measurement of a wave plate’s birefringent phase. They increased the Fisher information
per measured photon by over two orders of magnitude. Thus, the single-photon detectors could measure a low-intensity
beam of single photons (a beam below the detector’s saturation threshold), whilst garnering Fisher information at a
high rate. Figure |3[shows data from their experiment.

IV. WEAK VALUES

Several quantum-mechanical concepts involve post-selection. One of the earliest, and the most famous, example
concerns weak values [64] [7TT), [72]. The weak value has the form of an average of an observable, conditioned on a
pre-selected initial state and a post-selected final state. Weak values are related to several concepts in the foundations
of quantum mechanics (see, e.g., Sec. . Below, we define the weak value and describe a protocol for measuring it
(Sec.[IV A)). Then, we outline its close relation to the KD distribution (Sec.[[V B)). Finally, we describe how weak-value-
measurement experiments can boost the signal-to-noise ratio in metrological estimation of small unknown parameters

(Sec. [IV CJ).



10

QO QFl experiment w  NO()]
{?\ 102 — QFI theory
©
(©
et
S
= 10t
©
-
-
o
y—
k=
100 — 6 =10.0257
102 1071 109
|t]?

FIG. 3. Post-selected quantum metrology in optics experiment. The figure is reproduced from data collected during
an optical realisation [46] of Fig.[2l On the horizontal axis is |¢|>—the filter’s post-selection probability, modulo small correction
terms. The vertical axis shows the Fisher information, per measured photon, about an unknown birefringent phase 6. If no
filtering is applied (if |¢|*> = 1), the maximum Fisher information (for any input state and final measurement) is 1rad~2 per
photon. As the filtering strengthens (as [t|*> — 0), the retained photons’ information content increases. The solid line shows
theoretical predictions, the circles show experimental data points, and the stars show the underlying KD distribution’s non-
positivity [Eq. ] The stars and circles are hard to distinguish because of their overlaps. The true value of 6 is 0.0257 rad.

A. Definition

We first review the theory of weak values [64] [7T] [72], from the perspective of von Neumann’s measurement
model [73]. Consider a meter that interacts with a system of interest. For simplicity, we assume that the meter
interacts impulsively with the system via a unitary generated by the Hamiltonian Hiy = gd(t) p ® A. p denotes the
meter’s momentum, and A = 37, a;|a;)a;| is an arbitrary Hermitian system operator. The parameter g denotes the
interaction strength, which controls the measurement strength. The system—meter interaction results in an entangling
unitary,

USM = eiigﬁA. (34)

We define the initial system and meter state to be |¢) ® |¢) = |¥)|¢). We take the weak measurement limit, assuming
that ¢ is much less than the meter state’s width (in position space). We will express the meter state in terms of the
position basis {|zy,)}. After the interaction, the joint system-meter state assumes the form

/ Aol Ussild, 6) = Y / 0 (m — 905)[03) | ) (35)

where ¢(z,, — ga;) = (xm — ga;|¢) and ¢; = (a;|¥). The joint state is a superposition of system-and-meter products.
The meter’s position-basis wavefunction, ¢(z,, — ga;), encodes a shift by an amount ga; dependent on the system
state.
After the weak interaction, the system is post-selected. The weak value is defined as the average shift undergone
by the meter during the post-selection. Assume that the meter’s initial wavefunction, relative to the position basis,
2

is Gaussian: ¢(x) x ek, [Although we illustrate with a Gaussian example, the following derivation holds for many
forms of ¢(x).] We model the system’s post-selection as an arbitrary projective measurement, II; = [¢)(¢)|. The
conditional meter state ¢S has the form

7S (amlth) = (@ (wmle™ A |)|6)
~ (@l (1 - igpd) [0)l6) (36)
= (Y1) p(xm) — ig (P Alp) (xm|p|6)
~ (D) (w974 |g) (37)
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= <’¢~}|¢>¢(wm - gAw)'

In line , we have Taylor-expanded to first order in g. In line , we have factored out the quantity (1L|1/J> and

re-approximated the linear-order Taylor expansion as an exponential function. The weak value of the operator A is
defined as

_ (WlAp)
(Wl)

Under the approximations above, the meter’s position-basis wavefunction remains Gaussian after the post-selected
weak measurement. Thus, the meter’s state undergoes an update

(38)

w

—(zm—Aw)? [#m —gRe(Aw)]? ; zmglm(Aw)

Orm) x €75 = P (al) e BT e ozt el R L O(g). (39)

One recognises, in the right-hand side, a position shift of gRe (A ) and momentum shift glm(A)/c? applied to the

original wavefunction. Figure |4| provides a schematic overview of a weak-value experiment. R
The weak value [Eq. (38)] is defined in terms of a ‘pre-selected’ initial state |)) and a ‘post-selected’ final state (1)|.

To facilitate the interpretation of the weak value, we let the post-selected-on state [¢)) = |bj+) be one state in the

basis {|b;)} of an observable B. The weak value can be rewritten as

(b | AlY) _ (Wlbj-) by | Al)

A =T T P v

To interpret the denominator, we imagine that the system is prepared in [¢), the weak interaction occurs, and Bis
measured. In the limit as ¢ — 0, we obtain outcome b;« with a probability P(bj«|¢)) = |(bj«[1)|?>. The weak value
satisfies the summation condition

D P(bje|9) Aw(t,b50) = > (W[bj) (b | A ) = (] A ). (41)
J J
Thus, the weak value Ay, (b;+, %) is a conditioned expectation value of A.

A, has several more interesting properties:

o A, [Eq. ] is symmetric with respect to the exchange of |¢) and |1ZJ>, up to a complex conjugation related to
the weak value’s time-reversal symmetry.

e A, can be a non-real number. As is apparent from Egs. and , the real part of A, shifts the me-
ter’s position-basis wavefunction. The imaginary part of A, shifts the meter’s conjugate, momentum-basis
wavefunction [59).

e Re(Ay) can lie outside the spectrum of A.

e The amplitude of ¢S (zy,|t)) is reduced by the overlap between the system’s initial and final states [74]. Post-
selecting on a final state re-normalises the amplitude.

B. Connection between weak values and the KD quasi-probability distribution

Whilst the above-outlined explanation of the weak value is commonly found in the literature, the connection to the
KD distribution is not obvious. To further unpack the weak value’s structure and reveal the connection to the KD
distribution, we recall the spectral expansion A = Y, a; |a;)(a;|. Substituting it into Eq. (40)), we expand the weak
value to

AR~ Bpladlaly) o o) 2 _y-,
Avbie) = S =2 Ty N g T 2 |w =2 aiQu (¥

%

(42)
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FIG. 4. Weak-value amplification. In (a) and (b), the system particle is initialised in an eigenstate corresponding to the
minimum or maximum eigenvalue of A. Initially, the meter particle is moving. The meter has a spatial degree of freedom
associated with an axis perpendicular to the motion. That degree of freedom is prepared in a state represented, relative to the
position eigenbasis, by a Gaussian. The system interacts with the meter. A screen detector then measures the meter’s position
wavefunction. The difference between the maxima in (a) and (b) can be used to estimate the coupling strength g. In (c¢), the
system is prepared in |¢), and (1[)\ is post-selected on. Only if the post-selection succeeds is the meter measured. Then, the
shift in the meter’s position can lie outside the range defined by the spectral gap of A. We have re-normalised the position
profile in (¢) by the post-selection probability.

We have defined the KD distribution @Q; () = (bj]a:){a:|¥){¢|b;). Conditioning on j = j* yields @“J« (¥), in
accordance with Eq. . The last equality in Eq. shows that the weak value is an average of the A eigenvalues
with respect to a conditional quasi-probability distribution [75]. Marginalising the joint distribution @; ;(3) over 4
yields the post-selection probability. Furthermore, suppose that A is a rank-1 projector: A= |a1) {a1]. The weak
value equals a conditional KD quasi-probability: Ay (1), bj«) = Qi:” i+ ().

An intuitive operational meaning of the weak value is a conditioned average of the outcomes of weak measurements
of the observable A. This intuition is supported by the weak value’s formal equivalence to both a conditioned
expectation value and a conditioned quasi-probabilistic average of the A eigenvalues. Conditioning a von Neumann
measurement in the weak-coupling (small-disturbance) limit yields the KD distribution as the joint distribution over
the outcomes of the two ordered measurements performed. Moreover, the last equality in Eq. highlights how
Ay (9, bj+) lies between the minimum and maximum A eigenvalue if Qi,;(¥) is a classical probability distribution.
However, if @Q; ; (1) is non-positive, Ay, (¥, b;«) can lie outside this range. In some experiments, such anomalous weak
values witness the non-classical phenomenon of contextuality (Sec. [VIIIC]). Moreover, anomalous weak values have
been used to amplify signal-to-noise ratios in experiments (see Sec. [[V C)).

Importantly, the connection between conditional KD quasi-probabilities and measurable weak values allows the
quasi-probabilities to be experimentally measured. Thus, despite their anomalous behaviour, KD quasi-probabilities
are empirically meaningful as testable predictions. Moreover, by Eq. , a quantum state’s KD representation
decomposes into conditional quasi-probabilities

Qi () = Qi (V) P(bj]9). (43)

Consequently, to infer @; ;(¢) one can measure Qi‘ ;(¥) and P(b;|Y) independently. As we saw above, we can infer
QZ‘U (1) and P(b;|¢) via a weak measurement of A = |a;)(a;|, by initialising the system in |1) and post-selecting on
|b;). To infer an entire KD distribution Q(%), one can perform a set of weak-measurement experiments, scanning
through the values of 4 and j. If (a;|b;) # 0 for all 4 and j, then Q(1) is informationally complete about | [Eq.
114]. This quasi-probability method for measuring quantum-state amplitudes has allowed states to be determined
and even experimentally tracked through successive dynamical updates via Bayes’ rule [43]. Thus, the connection
to measurable weak values elevates the KD distribution from an abstract state representation to an experimentally
significant and practical representation. Section [V] contains further details about the KD distribution in relation to
quantum-state measurements.

C. Weak-value amplification

Perhaps the best-known application of weak values is weak-value amplification (Fig. . Consider the weak-value
experiment discussed in Sec. [VA] Assume that the interaction strength g is small and unknown. Weak-value ampli-
fication improves measurements of g. The fact that the meter degree of freedom can be shifted arbitrarily far may
be viewed as an amplified response of the combined system. If the resulting signal is re-scaled by the weak value, the
parameter g can be measured precisely. This technique is now widely used and is applied to many record-breaking
metrology experiments [69], [70] [76].
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Weak-value amplification falls under the above-reviewed topic of post-selected metrology (Sec. . However, in
its simplest form, weak-value amplification is most easily understood not in terms of Fisher information, but in terms
of the signal-to-noise ratio (SNR).

We can compare the final meter state (described in Sec. realised in experiments that involve post-selection
and experiments that do not. We can estimate g by measuring the meter’s position on a detector. We assume that
experimental repetitions are uncorrelated. The SNR, quantifies the estimation’s sensitivity:

Var[z,]
Var[zm] = (#2) — (zm)? is the variance in the position-measurement outcomes. N > 1 denotes the number of
experimental trials. RSNR quantifies our ability to distinguish the detected signal’s mean from the measurement

noise.

We can apply these concepts to the weak-value-amplification protocol and contrast it with a weak-value-free al-
ternative. Let us return to the state in Eq. . Let the system be prepared in the eigenstate associated with the
maximum A eigenvalue amax = 1. Let the meter distribution, be Gaussian with a width (z2) = ¢2. The SNR has

the form

RINE = VN (45)
o

We have defined N as the number of weak-measurement trials (Fig. . The trials begin with the same initial system

and meter states. We assume that all meter—system interactions have the same strength g, for simplicity.

In contrast, consider the weak-value-amplification protocol. For simplicity, suppose that the weak value is real and
positive: Ay, = Re(Ay) > 0. The SNR almost has the form of . However, we must replace g with Ay,g and N
with Npg, the number of trials that pass the post-selection (the meter Gaussian’s width remains unchanged in the
simplest weak-value amplification):

Ry = VAR Avd (46)
o

By Eq. , the meter wavefunction’s peak is shifted by an amount Ay g > g, exhibiting signal amplification. The
meter’s final wave function has the same width as its initial wave function. The post-selection’s probabilistic nature
implies that the number Npg of data points, collected from N trials of the experiment, will vary from batch of trials
to batch of trials, if we run multiple batches of N trials. We calculate the post-selected SNR by replacing Npg with
the expected number of data points, N|(¥|¢)|? + O(g?), the post-selection probability times the number of trials (to
within a small correction). The SNR becomes

RN = RED[A[) = REV(P|Al). (47)

In many cases, the coefficient <1/~1|/1\1/1> of proportionality can be made to lie close to 1, matching the standard
measurement’s SNR. This calculation was first published (to the best of our knowledge) in Ref. [77].

The conclusion of this calculation is that, at best, weak-value amplification achieves the standard technique’s
precision. However, something remarkable has happened: We can obtain the same precision of the standard case,
but by performing final measurements in a tiny fraction Npg < N of all the trials. This calculation relied on an
assumption: initiating trials is easy, whereas the ability to perform the final measurement is a valuable resource.
Often in optics, for example, the limiting resource is not the amount of power that a laser can emit, but the amount of
power that a detector can receive. From this perspective, if we regard the number of detected photons as the limiting
resource, weak-value amplification achieves a huge advantage: consider matching the number of photons detected in
the standard scheme to the number detected in the weak-value-amplification scheme. We boost the SNR by a factor
equal to the weak value, A, > 1.

Additionally, weak-value amplification offers many other advantages. Some are:

e Often, the weak-value experiment’s setup is more robust with respect to technical noise than a standard experi-
ment’s setup is. A simple example involves optical-beam-deflection measurements. In such measurements, slight
turbulence can limit the precision of the measurement of a beam-deflection angle. The standard measurement
technique focuses down an optical beam, to reduce the surface area of the exposed transverse region of the
detector. A slight beam deflection translates the beam laterally by the greatest possible amount, relative to
the beam profile, giving the measurement the greatest sensitivity. The weak-value method (in this case, relying
on the weak value’s imaginary part) makes the beam profile as large as possible. In principle, both techniques
offer the same shot-noise-limited precision. However, the weak-value-amplification method vastly outperforms
the standard method in the presence of turbulence [78].
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o If the system suffers from systematic error, averaging over more trials does not suppress it. The reason is that
systematic error affects accuracy, not precision. Weak-value amplification can benefit also this situation [79].
Consider amplifying the signal by the weak value. Dividing by the weak value, to estimate the parameter g, can
suppress the systematic error by the weak value. A simple example concerns bias offset. Suppose that we aim
to measure the origin g of a meter. Let the meter’s true origin differ from the assumed origin by a small amount
e. Consider averaging over measurement outcomes from the set {xﬁﬁ)} No matter how much data you have,
the average will deviate from the true g value by e, which affects each measurement. Under the weak-value-
amplification scheme, however, the measured average is Ay g, which has the same error, £. Consider dividing
the measured data by Ay, to estimate g. The systematic error is reduced from € to €/A, < &, improving the
accuracy. We stress that this reduction is independent of the amount of data. However, if a systematic error
obscures the to-be-measured parameter g, the weak-value-amplification method will not help: the systematic
error will be amplified along with g.

e In weak-value amplification, one post-selects the data that satisfy the post-selection criterion. Yet you need not
discard the remaining particles, which need not even be measured destructively. They can be reused in another
context [80] or recycled. Indeed, optimal experiments have realised the following outcome: even in the ideal case
of no technical noise, the re-injection of non-post-selected photons into an optical interferometer has improved
the SNR [81H84].

V. THE KD DISTRIBUTION AND DIRECT MEASUREMENTS OF QUANTUM STATES

In this section, we discuss ways of measuring a quantum state’s KD distribution, focusing on the direct measurement
method. Conceiving of a practical experimental procedure for determining a quantum state is not trivial. The task
intrigued and eluded some of the great quantum physicists, including von Neumann [85], Pauli [86] and Fano [87].
The quantum state seemed abstract—a complex-valued amplitude distribution, of which only limited features could
be glimpsed in a measurement. Not until the 1990s was quantum tomography invented [88] and demonstrated [89].
The first studies centred on a light wave’s quantum state, but tomography of other systems followed quickly.

The term quantum tomography is sometimes used to mean quantum-state determination. However, it is actually a
specific procedure. It involves measuring in diverse bases (of the Hilbert space directly associated with a system) that,
together, span the density-operator space. Performing these measurements on an ensemble of identical systems, one
can infer real-valued probability distributions that resemble shadows of the complex state. From these distributions,
one can reconstruct the state [90][7] A measurement that directly outputs the KD distribution (up to a normalisation
factor) removes the need for such a reconstruction. We show that this elimination is of practical and fundamental
interest.

Direct measurements of quantum states are used to infer several quasi-probability distributions, not only the KD
distribution. Direct measurement comprises a wide range of measurement procedures, which can be ‘direct’ in some
or all of these senses:

1. The procedure does not require a complicated mathematical reconstruction (as described just above).

2. The procedure is local: it measures the state’s quasi-probability amplitude [e.g., Q; ;(p)] at a given point in
phase space (a;, b;).

3. That amplitude’s value appears directly on a measurement apparatus.

4. The experimental procedure is simple and general. For example, one might measure A and then B. Tomography,
in contrast, requires many measurements, potentially in exotic bases that are not easily accessible experimentally.

Direct measurement based on weak measurement has all these properties. The laws of quantum physics (e.g., the
no-cloning theorem [91]) require that, to determine an arbitrary quantum state, we must measure an ensemble of
identical systems. Thus all direct-measurement procedures involve averages over measurement outcomes from an
ensemble, similarly to quantum tomography. However, direct measurement offer advantages over tomography.
Direct measurements of discrete and continuous KD distributions determine quantum states. The most prominent
results have concerned direct measurements of continuous-variable quantum states. We summarise a few properties of

I The word tomography stems from tomos (slice) and graphy (writ-
ing). In medicine, two-dimensional X-ray shadows (slices), taken
at different angles, are used in the computer-aided tomographic

reconstruction (a CAT scan) of a three-dimensional object—for
example, a skull.
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the continuous KD distribution in Sec.[V'A] Then, in Sec.[VB] we outline how to measure quantum states directly. We
describe two strategies: one involves the Husimi distribution and no weak measurements, and the other involves weak
measurements and the KD distribution. In Sections [V C|and [VD] we review generalisations of, and other procedures,
for direct measurements.

A. Continuous-variable KD distribution

For continuous-variable quantum states, the KD distribution is typically constructed in terms of the phase space’s
canonical conjugate observables: position,

= /:cfrmdxz /m|:17><:17|dz, (48)

and momentum,
p= / pitpdp = / plpXpldp. (49)

The operators satisfy [Z, p] = ihl. The corresponding spanning elements of Eq. (with A=3and B= p) have the
form

A, p) = NPl _ g imarn i) (50)

(plz)

In terms of them, we can expand the density operator:

o= [[ .0 QGapi ) dod. (51)
Q(x, p; p) denotes the continuous-variable KD distribution:

Q(x, p; p) = (pl) (x[ plp) = Tr [Tp7ap] - (52)

In the next section, we interpret this formula. As for discrete KD distributions, any marginalisation (an integration
over momentum or position) completes the Fourier transform. The position probability density, Prob(z) = Tr [7,],
or the momentum probability density, Prob(p) = Tr [7,p], results.

Consequently, a pure state |¢)) has a KD distribution of the form

e—ipw/h

V2mh

Q(z,p; ) = (plx)(z|y)(|p) combines the position wavefunction t(x) = (x]tp) and the momentum wavefunction

Y(p) = (p|v) with the Fourier kernel that connects the two bases. In summary, despite subtle differences, the
continuous KD distribution is a straightforward extension of the discrete KD distribution.

Q(x, p; ) = (pla)(z[v)(Plp) = Y(@)d" (p). (53)

B. Direct quantum-state measurements

Measuring a classical point particle’s position and momentum directly determines its state. In quantum physics,
one cannot simultaneously measure a particle’s position [Eq. ] and momentum [Eq. ] Nor can one even
ascribe precise values to & and p simultaneously. One can measure position and momentum simultaneously [92],
if the information obtained about both quantities is imprecise. Consider imprecision in the form of uncertainty:
x £ Az. Reference [93] concerns minimal measurement-device uncertainty, which is balanced between simultaneous
measurements of position and momentum: Az = Ap. The outcome (z’,p’) corresponds to a projection onto a
coherent state |o’ = z’ + ip’). This outcome’s probability is proportional to the Husimi quasi-probability distribution:
Prob(z/,p") = Tr[|&/) (/| p] x Hyr 4 (p). The Husimi distribution H, ,(p) is a faithful representation of the quantum
state p [93]. In this sense, one can extract information about the quantum system, as from a classical particle, at a
phase-space point (2’,p’), using imprecise measurements. One thereby directly measures the state.

Similarly to the Husimi distribution, the KD distribution corresponds to the measurement of a point in phase
space. However, the KD distribution does not correspond to projections onto a state such as |«), which has finite
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uncertainties, Az and Ap. The rightmost side of Eq. (52), Q(z,p;v) = Tr[#,#,p], appears to correspond to an
expectation value of the measurement of 7,7,. This observation suggests that the KD distribution corresponds to
projecting onto a position eigenstate |x) and a momentum eigenstate |p), (Az = Ap = 0), at least intuitively. However,
pTy is not Hermitian and thus not an observable. If it were an observable, a measurement of 7,7, would violate
uncertainty principles, as it would simultaneously fix position and momentum. But a direct measurement of the KD
distribution need only output the expectation value of ,t,—output Tr [7,7,p]. This value need not be determined
from a precise measurement in a particular trial. Rather, one can determine the value by averaging the imprecise
results of a sequence of measurements performed on an ensemble of identically prepared quantum systems. In this
sense, as we discuss next, the non-Hermitian operator 7,7, can be can be ‘measured’. In turn, the KD distribution
can be directly measured experimentally.

One way to measure the average of 7,7, and directly determine the KD distribution, is to use weak measurements.
(For details about weak measurements, see Sec. ) Weakly measuring 7, leaves a quantum state p = |1)(¢p| mostly
unchanged. Therefore, one can perform a subsequent strong (ordinary) measurement of 7,, obtaining information
about the initial state. Post-selected on a momentum value p (in a sub-ensemble of the ensemble of all momentum
states), the position-projector weak measurement’s average result is the weak value, Eq. :

) (ol [9) (olp)
men (0 P) = ey T T Tl 2

[We have reproduced Eq. (38), with A =7, and (¢| = (p|.] In what follows, we denote the system’s momentum and
position by z and p. We denote the meter’s position by z,. As outlined in Sec.[[VB] the conditional KD distribution
is related to an observable’s weak value. When the observable is a projector, as here, the weak value equals a pure
state’s conditional KD-distribution density: Q(z;¢|p).

There is an even tighter connection between the KD distribution and weak measurements. Consider performing
a weak measurement, without post-selecting on the sub-ensemble that realises outcome p. This non-conditioned
weak measurement’s average result is sometimes called the weak average. We denote it by (7,7,), and define it
below, in Eqs. and . Recall that the weak value probes whether the system first had the position x, given
that it subsequently had momentum p. In contrast, the weak average probes whether the system had properties z
and then p. In Sec. we derived an expression [Eq. ] for a meter’s late-time position-basis wavefunction.
The meter’s wavefunction was initially a Gaussian, and then the system was pre- and post-selected. We can apply
this result to calculate the meter’s final spatial probability density in a weak-value experiment intended to measure

2
Tow (0, 0): |75 (xm|p)|? o efw + O(g?). Again, g denotes the weak measurement’s strength. In
other words, Prob(zy,|p) = |¢75(2m|p)|? is the probability density associated with the meter’s being at position
Tm, if the system’s momentum was post-selected on being p. For simplicity, we assume that the weak value is
real. One experimentally infers the weak value from the shifted meter’s mean final position, Z,, (see Sec. and
Fig. . The average is calculated over the conditional joint system—meter measurement distribution Prob(zy,|p).
That is, %ﬂ'zw(w,p) R Ty = (Im) = [@mProb(zm|p)de,. The weak average manifests similarly but depends on

the unconditional joint distribution, Prob(zm, p) = Prob(zm|p)Prob(p) = |67 (zm|p)|? |(p|¢)|*. That is, (TtpTre),, o<
(Zmfp) = [ mProb(@my,, p)dzm,. Consequently, the weak average is

(fpa)y = Taw (¥, p) - Prob(p) = (p| Fx [¢0) (¥[p) = Tr (7p7ra [¢0) (1) - (55)

Q(z;¢|p). (54)

The generalisation to mixed states follows from the linearity of p:
(Fpfta)y = Tr[Fpfap] = Q(z,p; ). (56)

These results were proved in [94] [05]. In summary, a weak measurement of 7., followed by strong measurement of 7,
directly yields the KD representation of the state.

How, then, are weak measurements enabling the simultaneous measurement of position and momentum? As alluded
to above, one must forfeit precision. However, unlike in the direct measurement of the Husimi distribution, the
imprecision must not be in the form of position or momentum uncertainty, Az or Ap. After all, we are now nominally
measuring 7, and 7, eigenstates, which respectively have zero momentum and position uncertainties. The answer
was presented in [96]. It comes from the fact that, in the weak-measurement regime, the average meter shift is small,
compared to the meter’s original position uncertainty (i.e., the system-meter coupling g is small). Consequently, in any
given trial, little information is gained from a weak measurement: weak measurements are inherently imprecise. For
example, measuring a system observable 7, weakly reduces a type of precision called predictability, Prob(x|z,) [96].
(Recall that x denotes the system’s position and z,, denotes the meter’s position.) If x and z,, are such that
Prob(z|zy,) < 1, the meter’s position reveals little about the system’s position in any one trial. Only by averaging
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FIG. 5. Experimental direct measurement of a photon’s spatial wavefunction with weak measurement. See [97]
for details. (a) The photon has an unknown transverse-position wavefunction ¥ (x). Instead of using another particle as
the weak measurement’s meter, one can use an internal degree of freedom of the photon: the photon’s spin (polarisation).
(See [08], [99] for details about using spin as a meter.) Let &; denote the Pauli-i operator, for i = z,y,z. The meter begins
in the vertical polarisation state, in which (0.) = +1. One couples the observable 7, = |z) (x| to the photon spin by placing
a waveplate at the position z. The waveplate rotates the polarisation by a small amount, implementing the system-meter
measurement interaction Usm = exp (ig7z0y). Next, the photon passes through a Fourier-transform lens. At the lens’ focal
plane, a slit effectively projects the momentum with 7, = |p) (p|, where p = 0. Consider the rotation of the polarisation
from the vertical, averaged across the photons that pass through the slit. This average rotation is proportional to the weak
value Tow (¥, p) [98, 99] (analogously to the position shift of a position meter). Particularly sensitive to this rotation is the
difference signal, the number of 45°-polarised photons, minus the number of —45°-polarised photons. Indeed, Eq. implies
that Re[¥(z)] « Re[mew(®,p)] x (6z) = Prob(45°) — Prob(—45°). Similarly, the meter rotation in the conjugate basis is
the difference signal between the right-hand circular (RHC) polarised photons and the left-hand circularly (LHC) polarised
photons: Im [¢(z)] o< Im [m2w (¢, p)] x (6y) = Prob(RHC) — Prob(LHC). These two difference signals are proportional to the
wavefunction’s real and imaginary parts at . Suppose that the waveplate’s position, z, is scanned along the z-axis. The two
signals reveal the full complex distribution of the wavefunction ¢ (z). (b) Various v (z) distributions were measured directly.
In one example, experimentalists prepared a ¥ (z) by beginning with photons that were in the fundamental spatial mode
(approximately Gaussian in shape) of an optical fiber. The photons were then transmitted through a reverse bulls-eye filter
(narrowing the Gaussian), then through a collimating lens, and lastly through a glass plate that covered roughly half the extent
of ¥(x). (c) ¥(x), as given by the two measured difference signals. The measured 1 (z) exhibits an abrupt phase shift at  ~ 75
mm. This shift resulted from the extra phase accumulated during the passage through the glass plate. This demonstrates
that direct measurement is sensitive to phase, unlike a strong measurement of position: () = Prob(z). (d) Despite this
phase discontinuity, the inferred probability distribution, |¢(x)|* = Re [¢(z)]* 4 Im [(2)]?, is smooth. One should expect this
smoothness, since the glass transmits the photons. For examples of other directly measured v (z) distributions, see [97].

over many trials can the reduction in per-trial information be overcome and can (7,7,), = Q(z,p; p) be determined
with little statistical uncertainty.

The direct measurement of the quantum wavefunction was first proposed as a process involving weak measurements.
It was first experimentally demonstrated for a photon’s transverse spatial wavefunction ¥ (z) (Fig.[5]) [97]. If one weakly
measures 7, and post-selects on p = 0, Eq. gives the weak value: 7, (¢, p=0) = (p=0|z){z|¢) / (p=0[¢)) =
¥(x)/[(0)v/2rh] = Ky(x). We have combined the constant factors into K. Thus, the weak value is proportional
to the complex wavefunction. Unlike in quantum tomography, however, the wavefunction appears directly on the
measurement apparatus here. In the experiment, the photon’s spin degree of freedom (polarisation) served as a
meter. The spin was coupled to the photon’s transverse position z as follows with help from a small waveplate.
The waveplate was placed so as, at a chosen position x, to slightly rotate the photon’s linear polarisation. Then, a
Fourier-transform lens and slit measured 7,—9. As the waveplate was moved along z, the weak value was recorded
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FIG. 6. Experimentally measured KD distributions of a photon’s the transverse-position state. See [43] for
details. The experimental setup resembles that in Fig. []] However, the slit is replaced by a camera, so that the polarisation
differences are observed at every momentum value p. The observed KD distributions for the pure state in Fig. (top) and
a mixed state (bottom). To prepare the mixed state, one vibrates the glass plate in Fig. The vibration creates phase
decoherence between the spatial photon state’s two halves. On the right-hand side is the density matrix calculated from the
KD distribution. As expected, the mixed state’s density matrix exhibits no coherence between the two spatial regions (the
off-diagonal elements vanish). Only the real components are shown, for simplicity.

for each value of z, giving the real and imaginary parts of ¢(z). In this sense, one can directly observe the complex
wavefunction associated with an ensemble of identically prepared quantum particles, up to the constant normalisation
factor K.

C. Generalisations of direct measurement

Soon after the first demonstration of direct measurement, generalisations began appearing. Different photon quan-
tum states have been measured directly; examples include the polarisation [T00HI02], 2D-spatial [103], orbital-angular-
momentum [104], 105] and time-frequency states [I06]. Non-photonic systems have also been measured directly;
examples include matter waves [107] and a nuclear-magnetic-resonance quantum processor [108].

Alternatively, one can generalise the post-selection. Consider measuring the weak average for every p value, rather
than solely at p = 0. (One could, for example, use a camera instead of a slit.) Then, as Eq. shows, one would
directly measure the KD distribution, rather than the wavefunction [95].

Moreover, direct measurement generalises straightforwardly to discrete quantum states. Hence the KD representa-
tion of a photon’s polarisation state was soon measured directly [I00]. Using all p enables the direct measurement of
mixed quantum states.

A central concept in imaging and optical coherence is a photon’s transverse position. One of the first determinations,
by any method, of the mixed state of a photon’s transverse position was accomplished via direct measurement of the
KD distribution [43]. Figure |§| shows the procedure, which leveraged weak measurement. By extending the concept
to a sequence of k weak measurements, Ref. [95] showed that a k-extended KD distribution could be measured.
Reference [95] reported on a sequence of three weak measurements of projectors in two complementary bases, {|a;)}
and {|b)}. The following density matrix was obtained:

Paj,a; = <ai|ﬁ|aj> X <7}a¢ﬁ'bkﬁ-aj >w =Tr [ﬁaiﬁbkﬁa;’ﬁ] = Qi,k,j (ﬁ) (57)

Reference [109], I10] reported on the measurement of the real parts of weak values of two-photon entangled states.
Although these papers’ procedure and results corresponded to direct measurement, the paper predate the concept and,
thus, do not refer to it. Not until [T11] were entangled states’ full complex amplitudes explicitly measured directly.
In summary, diverse states and systems can be measured directly.
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On the practical side, unlike tomography, direct measurement requires only two bases. The modesty of this require-
ment can significantly simplify experiments. The simplification is particularly valuable in the context of quantum
states whose dimension d is high: state tomography typically requires measurements of O(d) bases. States with dimen-
sions as high as a billion have been experimentally determined with generalisations of direct measurement [104] 112
1T4]. Many of these experiments benefited from numerous practical refinements of direct measurement: increases
in weak measurements’ low SNRs [II5HIT9]; enhancements of the procedure’s directness [120, [121], particularly for
multipartite systems [122]; and simplifications of the procedure (e.g., an avoidance of the scanning of the position
measurement) [1T3] [123] [124]. These improvements have enabled further applications, as we now discuss.

Like quantum tomography, direct measurement has been generalised to fully characterise detectors and processes.
Direct measurement was used to determine the projection effected by each outcome of a detector [125]. The number
of bases measured is important for quantum-process determination. The number scales as O(d?) in standard process
tomography: in different trials, one must input each element of each of the d bases and, for each state, measure all
d bases. Direct measurement allows one to circumvent this rigmarole. As few as two measurements are required for
each process parameter [102] 126, 127]. More recently, the ubiquitous Feynman propagator was observed via direct
measurement [12§]. Fundamentally, as for the wavefunction, direct measurement allows us to experimentally observe
quantities that have been typically regarded as abstract mathematical elements of quantum physics.

D. Other direct-measurement procedures

Other ways of measuring the KD distribution do not involve weak measurements [I29H134]. An early characterisa-
tion of a photon’s transverse wavefunction relied on balanced homodyne detection [129]. This procedure determined
the state with the use of a reference system (a local oscillator) in a superposition of position eigenstates [129]. The
interference signal was proportional to the KD distribution.

Another direct method is based on optimal quantum cloning. After being proposed in [130], the method was
experimentally demonstrated in [I32]. According to this method, imperfect copies of the unknown quantum state
are produced. These copies are optimal-universal-symmetric quantum clones [I30], created via a controlled SWAP
gate. See Fig. 7] for a distinct but related scheme. After this optimal cloning, one measures one copy’s position while
measuring the other copy’s momentum. The distribution over the possible joint outcomes gives the KD distribution’s
real part: Prob(x, p; p) = Re[Q(z, p; p)]. If a phase in the cloning process is changed, the protocol gives the imaginary
part: Prob(z,p; p) = Im[Q(z, p; p)].

The three direct-measurement methods—the weak-measurement method and these latter two—can be seen in a
common light. In each method, every trial involves measurements that project, to some degree, onto a superposition
of position and momentum eigenstates. The projection onto |z,p) = |z) + exp(id) (p|x) |p) occurs with probability
Prob(x,p) = (z,p|plz,p) = (z|p|z) + (p| p|p) + Relexp(i®)Q(x,p; p)]. By varying the phase ¢, one finds the KD
distribution’s real and imaginary parts.

We have described many ways in which direct measurement and its generalisations have been applied. Through
direct measurements, one can observe elements of quantum physics, including wavefunctions, mixed states, processes
and detection. In a practical sense, direct measurement simplifies the characterisation of these elements. In a
fundamental sense, direct measurement allows us to observe these elements in their barest form as ensemble averages,
sidestepping standard quantum tomography’s shadows and inference.

VI. THE KD DISTRIBUTION IN QUANTUM THERMODYNAMICS

The KD distribution has benefited the modern quantum formulation of thermodynamics [30] 135HI48]. Below, we
review the treatment of classical thermodynamic work as a stochastic quantity. We then show how describing quantum
work probabilistically produces inconsistencies. Conversely, the KD distribution satisfies reasonable requirements for
a distribution describing work and heat fluctuations. Furthermore, the KD distribution underlies contextuality—
provable physical non-classicality. Although we lack space for the following topics, the KD distribution has found
thermodynamic applications also in a consistent-histories framework for work fluctuations [I36], an extension of
quantum thermodynamics to quantum field theories [I40], full-counting statistics [I35] 141] and quadratic fermionic
models [146].

The first and second laws of thermodynamics concern work, heat, and entropy. These quantities, when exchanged
by small systems, fluctuate by amounts comparable to their averages. Fluctuation theorems are breakthroughs in non-
equilibrium statistical mechanics (e.g. [149, 150]). In a prototypical example, a classical system has a Hamiltonian
H (M, z) dependent on a time-varying control parameter \; and on a phase-space point z = (¢,p). In a ‘forward
protocol’, the system is prepared at a time ¢ = 0 in a canonical ensemble {exp(—BH (\g,z))/Z(0)} at an inverse
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FIG. 7. Quantum circuit for measuring the KD distribution. H denotes the Hadamard gate, and P = diag(1,1).
The variable s = 0,1 determines whether P = diag(1,4) is implemented. The central unitary gate is a conditioned version of
Ua,...,y, which cycles the quantum states such that |¥) [pa) 4 |6B) 5 -~ |Oy)y = |®y )y |[¥) 4 |Pa) g - |dx)y . (For a k-extended

KD distribution, [A]AW_’Y can be implemented with O(k) conditioned SWAP gates.) If s = 0, the probability of finding the top

0o_ 1+Re((yilog) - (bjlai) as|plyr))

5 . Similarly, if s = 1, the imaginary

qubit in |0) yields the KD quasi-probability’s real part: Py~
L+Im( (o) 2 Jai) (ailplve)

part can be measured: P§=! = . This protocol was developed by Wagner et al. [134]. The protocol
is closely related to, but more general than, an earlier protocol [130], whose experimental implementation is reported on in [97].
The original protocol features a controlled SWAP gate used for optimal-universal-symmetric quantum cloning (see main text
for details).

temperature 8 = 1/kgT. The partition function Z(t) = [ dx exp(—BH (A, x)) normalises the distribution. The
parameter is then ramped along an arbitrary traJectory )\t arbitrarily quickly: Ao — A.. In each trial of the protocol,
the system absorbs a random amount W of work. After many trials, one can infer a probability distribution p§ (W) over
the possible W values. Similarly, define a ‘reverse protocol’ in which the canonical ensemble {exp(—SH (A, x))/Z(T)}
is prepared at ¢t = 0. The parameter is ramped as A; — A along the trajectory Ar—t. One can infer a reverse

work distribution p(CI)(W). Each canonical ensemble has a free energy —4 ln(Z (t)). Define the difference AF =
-3 LIn(Z(1)/Z(0)) between the initial and final Hamiltonians’ equilibrium free energies. In terms of AF, Crooks’
theorem reveals a symmetry of the two distributions [I50]:

Z;%l(W) — SW-AF) (58)

pR(—W)
To understand this equality intuitively, consider a large work value W > AF. The exponential e” is enormous.
Hence p& (W) > pd(—W): one is far more likely to pay a large amount W of work, during a forward trial, than to
recoup an amount W during a reverse trial. Crooks’ theorem implies Jarzynski’s equality, (e~ ?W)p = e 7#2F which
implies the second-law-like inequality (W)r > AF [149] [I51]. [The averages are with respect to p$(W).] Hence
Crooks’ theorem and Jarzynski’s equality are said to strengthen the second law. They are also called fluctuation
theorems. Using either, one can infer AF from out-of-equilibrium experiments [I52]. This fact is useful, as AF is
difficult to measure [I53].

Measurement disturbance complicates a quantum extension of this protocol. One approach, the two-point-
measurement scheme, involves the following forward protocol (Fig. . Consider a quantum system prepared in a
canonical state p oc exp(—ﬁf[ (Mo)) and evolved under a quantum Hamiltonian H (A\t) dependent on a parameter ;.
H()\;) eigen-decomposes as H()\;) = > Ei() I1;(\;), with eigenvalues E;()\;) and eigen-projectors IT;()\;). At time
t = 0, one measures the energy, obtaining an outcome E;()\g) and projecting the state onto IT;(Ag)/ Tr(IL;(Xo)). From

(W—AF)

t = 0 tot = 7, the unitary U = Te~iJd HOOdt/h eyolves the system. 7T denotes the time-ordering operation. At
t = 7, one measures the energy, obtaining an outcome Ej(\,) and projecting the state onto Il (A, )/ Tr(Ilx(A,)). The
joint probability of obtaining outcomes E;(Xg) and Ejx(\;) is

pik(p) = Te(UT T (Ar) U TL; (o) AI15(N0)). (59)
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The probability density associated with spending an amount W of work during any given forward trial is

ij, )6(W = [Ex(Ar) — Ej(M)])- (60)

One can define pr (W) similarly for a reverse protocol, then prove Crooks’ theorem.

This two-point-measurement scheme faces a problem if p has coherence with respect to the initial energy eigen-
basis [the H(\g) eigenbasis]. The initial measurement dephases j, affecting the marginal probability > Pik(P)-
One might expect this marginal to equal the probability Tr(II,(\,) UpUT) of obtaining the final-measurement
outcome Ej(A;), in the absence of any initial measurement. Yet the two probabilities do not equal each other:
> Pik(p) # Tr(Ix(\,) UpU'). This lack of equality stems from measurement disturbance, caused by the mutual

non-commutativity of p, H (Ao) and H (A+). Nevertheless, a KD distribution—a set of quasi-probabilities—has the
desired marginal Tr(I1;(\,) U pUT), as well as the similarly desired marginal Tr(IL;(\o) p):

Qjx(p) = Te(UT T () U TLi (M) p) - (61)

In terms of this joint KD quasi-probability, one can define the KD work distribution [30]

ZQ]k )6(W = [Ex(Ar) = Ej(M)])- (62)

A Jarzynski-like equality (Sec. depends on an extended KD distribution over analogues of work [29].

The two-point-measurement joint distribution and KD joint distribution share several properties. We
recover the marginal p; ,(p) from Q; x(p) if p is block diagonal with respect to H ()\0) eigenbasis. Therefore, Q; 1 (p)
leads to fluctuation theorems for such states p. We recover p; () from @, x(p) also if one measures coarse-grained
observables [I37]. As shown in Sec. Qjx(p) has marginals equal to the Born-rule predictions about preparing p

and evolving the state under U:

> Qi) = Te(I(Ar) UpUT), ZQM =Te(l(X0) p) and > Qjx(p) =1. (63)

3,k

Additionally, a work distribution should lead to an average work value equal to the usual definition (W) =
Tr(H () UpU) = Tr(H(Xo) ). The two-point-measurement distribution [Eq. (60)] does not always satisfy this con-
dition: >, pr(W) W # (W), generally. Yet the KD work distribution does, due to Egs. (63): 2 r(W)W = (W).
The KD average differs from the two-point-measurement average, and the KD variance differs from the two-point-
measurement variance, whenever j has energy coherences [144]. Furthermore, when [UTH(\,)U, H()\g)] # 0, the KD
work variance can assume values only from a subset of the values achievable if work is a classical random variable [139].

No-go theorems demonstrate the incompatibility of reasonable criteria for work probability distributions p(W) [139]
[I43, 154]. One criterion is convex-linearity in p [I38, 139, [I54], a property that @Q,x(p) satisfies. Yet, if
[UTH(A)U, H(X)] # 0, one cannot define a joint probability with convex-linearity and the marginal prop-
erty [143]. Another no-go theorem replaces the marginal property with two alternative criteria [I54]: (i)
> owpP(W)W equals the average energy change (W). (ii) If p is block-diagonal with respect H(\o)’s eigenbasis,
then p(W) = pr(W). No probability distribution satisfies the convex-linearity criterion in addition to criteria (i) and
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FIG. 8. Work protocol and two-point-measurement scheme. (a) Quantum work protocol: The system is prepared
in a state p. An external control system, represented by the linear gear, alters the time-dependent parameter A: in the
Hamiltonian H():), by performing work. The system evolves under the unitary U. (b) Two-point-measurement scheme:
Energy measurements interrupt the protocol before and after U.
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(ii) [I54]. However, the KD work distribution gr(W) is convex-linear in p and satisfies the marginal property and
criteria (i) and (ii), as well as other reasonable criteria [I47]. Alternative work-distribution criteria are satisfied only
by a Terletsky—Margenau-Hill distribution (a KD distribution’s real part) [142] [147].

In addition to satisfying the criteria above, KD distributions signal non-classicality in a quantum engine’s linear-
response work output. Linear-response theory describes how systems react to small perturbations. Consider a quantum
system subject to a static Hamiltonian Hy perturbed by a time-dependent potential gV (t), where g < 1. Let the po-
tential be cyclic: V(0) = V(7) = 0. In the interaction picture, the potential has the form V;(t) = etHot/hy ()~ iHot/h
and the time average V(1) = 1 [ Vi (t)dt. The system is prepared in p and evolved unitarily under H(t) = Ho+gV (t).

T

On average, the system produces an amount of work [155]
29T P .
(W) = =i (Te(HoVi(r)p) ) + O () - (64)

If Im (Tr(fIOf/[(T)ﬁ)) # 0, then the average work is first-order in the perturbation strength: (W) = O(g). The lack

of equality translates into a condition under which a KD distribution signals contextuality (rigorous non-classicality),
as detailed in Sec. VIILC]

_ Complementary to work expenditure is heat exchange. Consider heat baths A and B, with respective Hamiltonians
H* and H®, isolated from their environment. Let the initial state p*® be a tensor product of thermal states with
inverse temperature 8* and 8% < B4 p*B oc exp(—BAH*) @ exp(—FBHEB). Consider any unitary U that conserves the
global energy: [U , H* + [ B] = 0. The second law of thermodynamics implies that heat flows from the hotter B to
the colder A on average. The net heat Q transferred from B to A satisfies an exchange fluctuation theorem [156]:
pr(+Q)/pr(—Q) = exp([#® — 34]Q). This equation governs classical and quantum baths alike, if we define Q through
projective energy measurements. A

Non-classical heat flows may occur if p*B has thermal local marginals, Trg(p*®) = exp(—B*H*)/Z* and Try(p*®) =
exp(—BBH®)/ZB, but is correlated. The correlations can drive heat from the colder A to the hotter B on average.

Quantum correlations can do so at a rate unachievable classically: Let A and B have d-dimensional Hilbert spaces.
An amount of heat Q < log(d)/(8® — B*) constitutes an anomalous backflow, requiring entanglement [I57 [158].
The required correlations disappear under strong energy measurements, a la the two-point-measurement scheme.
Measuring weakly preserves the anomalous backflow and suggests a KD heat quasi-probability distribution [137].
Negative and non-real KD quasi-probabilities signal non-classical heat [I37] and work flows [I43]. Aside from energy,
A and B can exchange other quantities, such as particles [I59]. The quantities need not commute with each other,
as exemplified by the a-, y-, and z- components of spin [I60]. An extended KD distribution characterises such
non-commuting quantities’ fluctuations, which can signal contextuality [145].

VII. THE KD DISTRIBUTION BEHIND THE OUT-OF-TIME-ORDERED CORRELATOR

The out-of-time-ordered correlator (OTOC) [29] is a witness of many-body quantum chaos. In addition to elu-
cidating superconductors [161] and black holes [162HI65], the OTOC has been observed with nuclear magnetic res-
onance [I66HIGY], trapped ions [I70HI74] and other platforms [I75HI8S]. The OTOC equals an average over an
extended KD distribution [29] [41]. We present the distribution after reviewing the OTOC. The distribution un-
derlies a fluctuation-type theorem—resembling an extension of the second law of thermodynamics (Sec. —that
contains the OTOC [29]. The fluctuation-type theorem suggested new techniques for measuring the OTOC exper-
imentally [29], 4T], 189, 190]. Also, the extended KD distribution distinguishes between chaos and decoherence [37].
Further applications lie beyond the scope of this review: the extended KD distribution diagnoses a quantum kicked
top’s chaos [I91] and features in an uncertainty relation for quantum chaos [192].

The OTOC signals scrambling, the spreading of initially localised information through many-body entangle-
ment [193]. Consider a quantum system of N > 1 degrees of freedom. Let a non-local, non-integrable (‘chaotic’
Hamiltonian H govern the system, which is in a state p. Denote expectation values by (e) = Tr(e ). Figurelé
illustrates scrambling with an N-qubit chain in a thermal state pg = exp(—ﬁﬁ )/Z. The inverse temperature is 3,
and the partition function Z normalises the state. Denote by W and V unitary or Hermitian operators localised far

apart In our example, we denote by &((Lj ) component a = z,y, z of qubit j’s spin. The spin chain can have W = &g(cl)

2 P % Hian: .- -
Some OTOC results require W and V' to be Hermitian; some, for both. The quasi-probability results highlighted here are general,
the operators to be unitary; and some, for the operators to be holding if W and V' are merely normal and thus diagonalisable.
That is, W and V can be Hermitian or unitary.
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and V = 6§N) W could be a perturbation, whereas V could be an observable measured later, in an attempt to recover
information about the perturbation. The operators eigendecompose as W = Y ow L Wj HW and V = D L HV Under
the unitary U = exp(—iHt/k), W evolves to W (t) = UTWU in the Heisenberg picture. The more W( ) spreadb, the
more [W(t), V] grows. Yet the simple correlator ([W(t),V]) can vanish at late times, due to cancellations between p
eigenstates in the average. The average C(t) = (|[W(t), V]|?), being of a non-negative squared magnitude, avoids this

pitfall. C(t) more reliably certifies scrambling—the spreading of the information initially localised in W. If W and V
are unitary, C(t) decomposes as C(t) = 2[1 — 2Re(F'(t))]. The OTOC therein is defined as

F(t) = (WHOVITW OV = Te(WH VI @) T 5). (65)

A decay of F(t) to ~ 0 signals scrambling, 111ustrated in Fig. @(a The OTOC decays exponentially at early times
under highly non-local interactions: Re(F(t)) ~ 1 — = exp(ALt). Ar resembles a Lyapunov exponent, which controls
how phase-space trajectories diverge under classical chaos [194].

Yunger Halpern et al. decomposed the OTOC in terms of an extended KD distribution [29] [4T],

wo V2 w1 v 1

Qo v [9(0)] = Tr (TLLOTL IO, ) (66)

In illustrative qubit-chain examples, Q[4(¢)] typically has a negative real component and a small imaginary compo-
nent [4I]. The OTOC equals an average over Q[4(¢)] [41]:

Fit)= > 01wiv3w} Qu, wnwews [H()] = (1w1v3w3) gpace) - (67)

V1,W1,V2,W2

In the spin-chain example, since W and V are Pauli operators, each sum runs over the eigenvalues 1. The OTOC’s
decomposition motivated the 21st-century rediscovery of extended KD distributions [29,[41]. More thermodynamically,
the OTOC decomposes also in terms of the distribution’s characteristic function, or the Fourier transform of the

distribution: <e'31”1 +B1w1+B2v; +B5w3 >

function:

ol I More precisely, the OTOC follows from differentiating the characteristic
Qlp(t

84
9p1 0P 0B2 013,
Equation resembles Jarzynski’s equality (Sec. [VI), an extension of the second law of thermodynamics, in two

ways. First, Eq. and Jarzynski’s equality suggest schemes for extracting difficult-to-measure quantities from more-
easily-measurable quantities: using Jarzynski’s equality, we can infer a free-energy difference AF from a probability

F(t) =

<651U1 +B1w1+B2vs +Brws >

3 51761752aﬂé eR. (68)

Qlp(1)] 181,81,82,85=0

(@ (b)
14 1% Re (F(t))
_ \
W) — - t
t. = scrambling time

FIG. 9. Information scrambling. (a) Operators W and V are localised on single spins. W evolves to W(t) in the
Heisenberg picture. Information scrambles as W (t) and V increasingly fail to commute. (b) The decay of the OTOC F(t)
signals scrambling. Re(F(t)) starts at 1 and relaxes to ~ 0 around the scrambling time ¢..

3 This expression technically contains a Laplace transform, rather

> ) than imaginary. However, the fluctuation-theorem community
than a Fourier transform, since the s are real numbers, rather

calls such transforms ‘Fourier’.
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distribution over the possible amounts of the work spent on a non-equilbrium protocol [I49] 195]. Similarly, one can
infer F'(t) from Q[p(t)] [29], as explained in the next paragraph. Second, each equation casts the object of interest [AF
or F(t)] in terms of a moment-generating function. Equation inspired a fluctuation theorem for the spreading of
correlations from a system into an environment [196].

The Jarzynski-like equality enables new methods for measuring Q[p(¢)] experimentally. Equation shows
that the OTOC is neither a probability nor an expectation value. How to measure the OTOC was therefore unclear
for a while. The initially proposed measurement schemes rely on interference [197], Ramsey interferometry [19§]
and a quantum clock [199]. Linking the OTOC to Q[5(¢)] unlocked new toolkits for measuring the OTOC [29, 41].
First, the OTOC can be inferred from weak measurements [29, 41]. Second, if W(t) and V square to the identity,
W(t)> = V2 = 1, then one can infer the OTOC from arbitrary-strength measurements [I89, 190]. Pauli operators
illustrate this property: ([7((1] ))2 =1.

A numerical study established Q[p(¢)] as a scrambling witness more robust than F'(¢) [37]. An experimentalist may
measure F'(t), observe a decay, and conclude that their system likely contains many-body entanglement. Yet this decay
may stem from decoherence, rather than scrambling [185] [200H202]. If used to detect scrambling, therefore, F'(¢t) can
lead to false positives. Q[p(t)] overcomes this pitfall, distinguishing scrambling from integrable Hamiltonians despite
decoherence [37]. Gonzélez Alonso et al. simulated N = 5 superconducting qubits undergoing Lindblad dynamics.
The qubits evolve under a transverse-field Ising model with or without a longitudinal field:

N-1 N N
H=-7Y 6D60th -3 60 —n> 50 (69)
Jj=1 j=1 j=1

In the absence of the longitudinal field, if (h/J, g/J) = (0.000, 1.05), H is integrable. In the presence of the longitudinal
field, if (h/J,g/J) = (0.500,1.05), H is scrambling (non-integrable). The local operators used were W = 47 and
V = 6%. Figure[10|shows the quasi-probability non-classicality, N'(t) = 3> |Q[4(t)]| (Sec. , plotted against time.
N (t) begins at 1, grows, peaks, returns to 1, and then keeps oscillating. Denote by ti,; the time interval from N (¢)’s
first peak to the next 1. tj,; distinguishes scrambling from integrable behaviour: in the presence of decoherence, ¢,y
is an order of magnitude longer under scrambling than under integrable dynamics. Q[p(t)] thus witnesses scrambling
more robustly than F(t) does.

VIII. THE KD DISTRIBUTION AND THE FOUNDATIONS OF QUANTUM MECHANICS

One way to define the notion of a classical experiment is to say that joint probability distributions describe the
corresponding system’s preparation, manipulation and measurement [2H12]. Under this definition, an experiment has

— Ideal | — Ideal
----  Decoherence ---- Decoherence

Total nonclassicality
-

t (s)
(a) Integrable case (b) Nonintegrable case

FIG. 10. Total non-positivity AN (¢) vs. time. Figure (a) follows from evolution under an integrable Hamiltonian; and
Fig. (b), from evolution under a scrambling (non-integrable) Hamiltonian. Blue traces indicate the behaviour of the KD non-
classicality, N/ (¢), in the absence of decoherence; and brown traces, N'(t)’s behaviour in the presence of decoherence. Shading
under a trace highlights the time interval tins. Figures reproduced from [37].
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been proven to be classical if, and only if, it is non-contextual [I1] (we define this term below). Thus, if every quasi-
probabilistic description of an experiment is non-positive, the experiment is non-classical. Every experiment admits
of infinitely many quasi-probability representations, however. Therefore, any single quasi-probability’s non-positivity
often cannot help with proving non-classicality. Nevertheless, operationally defined KD distributions’ non-positivity
have been linked to non-classical physics in several settings. In this section, we outline several examples.

A. Generalised Leggett—Garg inequality

Leggett and Garg designed a Gedankenexperiment for testing the limits of macroscopic coherence and notions of
‘quantumness’ [203]. In the spirit of Bell, Leggett and Garg formulated an inequality for data acquired from sequential
measurements. The inequality is satisfied under the assumptions of macroscopic realism and non-invasive detectability.
However, quantum experiments generally can violate the inequality. Thus, the Leggett—Garg inequality has become
a popular tool for distinguishing macro-realistic theories from quantum mechanics. Williams and Jordan [204] have
connected anomalous weak values [71] with violations of the weak-measurement version of the Leggett—Garg inequality
[205H207]. (For details about weak values and weak measurements, see Sec. [[V]) Such violations have been observed
experimentally [208-211]. We now elaborate on this connection.

In experimental tests of the weak-measurement version of the Leggett—Garg inequality, three measurements are
performed: a strong, followed by a weak, followed by another strong measurement. This set-up allows one to verify
quantum behaviour using one experimental configuration, rather than the three or four configurations needed for
the original Leggett—Garg approach [203]. The three outcomes are M @) and r3). One analyses the correlation
functions K;; = (r(i)r(j )>. The superscripts label when a measurement takes place. The measurement outcomes are
scaled such that the statistical average (r1) = (1| AJ)), where A denotes a measured observable and |¢) denotes the
prepared quantum state. Analogous statements concern 73 and r3, together with observables B and C.

The simplest case involves a two-level system. The three observables are A = |a; ¥a1|—|az)az|, B = |b1}Xb1|—]b2){b2|
and C = |e1)X(e1]—]e2)cz|. The observables’ eigenvalues are a; = by = ¢; = +1 and as = by = ¢ = —1. The generalised
Leggett—Garg inequality is

L=Kis+ Koz — K13 < 1. (70)

One can achieve the classical upper bound if the first and the second measurements are completely correlated, as are
the second and third: K75 = Ks3 = 1. Classically, also the first and the third measurements would consequently be
completely correlated: K13 =1, so £ = 1. Classically, no other configuration can supersede this value of £ = 1.

When the intermediate measurement is weak, we can express £ in terms of the KD distribution Q; x(|a;)Xai|) =
(ailer) (cx|bj) (bjlas). For simplicity, we suppose that the quantum system begins in an A eigenstate |a;). The first
strong measurement yields the eigenvalue a;. It is followed by a weak measurement of Band a strong measurement
of C. In this weak-measurement limit, we can replace the correlation function with the approximation

L ~Re [(ai\le +BC - Aé|ai>} . (71)

This is the form of the correlation function considered by Leggett and Garg [203]. We stress that the B measurement’s

weakness allows us to neglect that measurement’s influence on the AC correlator. If the intermediate measurement
is of finite strength, this assumption breaks down. Reference [204] describes the measurement’s influence on the
corrrelator. Let us insert the operators’ spectral expansions into Eq. . We obtain an expression dependent on the
KD distribution:

L~ RelQ)r(lai)ai])] (aibj + bjex — aick) . (72)
3k
The rightmost parenthetical factor is upper-bounded by 1. Hence we see that, for the right-hand side to exceed
the upper bound of 1, some joint KD quasi-probability @; x(|a;) (a;|) must have a negative real part. This bound
violation was observed experimentally. Furthermore, this connection between Leggett—Garg-type inequalities and
quasi-probability negativity was observed also in Refs. [212] 2T3].
The Leggett—Garg inequality further underscores the connection between weak values and the KD distribution.

Weakly measuring the intermediate observable B, given strong pre- and post-selective measurements, is equivalent to

measuring the weak values By (a;,cx) = %

as

[Eq. . Thus, in the weak measurement limit, £ can be expressed

£~ 3" Plegla){ (i + cn)RelBulai, cx) — aici ). (73)
k
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The P(cgla;) = |(ck|a;)|? denotes the conditional probability that, if the first measurement yields a; and the B
measurement is weak, the final measurement yields cg.

The right-hand side of Eq. is a convex sum. Therefore, for the right-hand side to exceed the classical upper
bound of 1, the factor in curly brackets must exceed 1 for some a; and c;. When Re[By] > 0, this condition can be
met only when a; = ¢ = +1 (when ¢ = k = 1). Otherwise, the factor in curly brackets is negative. In such a case,
the bound-violation condition simplifies to 2Re [By (a1, ¢1) — 1] > 1, or Re[By(a1,c1)] > 1. That is, the weak value’s
real part must exceed the greatest B eigenvalue. If, instead, Re[By] < 0, the classical bound £ < 1 can be violated
only when a; = ¢, = —1 (when ¢ = k = 2). In this case, the condition necessary for violating the Leggett—Garg
inequality simplifies to —2Re [By(ag,c2) — 1] > 1, or Re[By/(asg, c2)] < —1. Again, the weak value must lie outside
the B spectrum.

These relations establish a one-to-one correspondence between a Leggett—Garg-inequality viola-
tion and an anomalous weak value. Expanding the conditions in terms of KD quasi-probabilities
yields 3. bjRe[Qjr=1(la1) (a1])] > 32;Re[Qjr=1(la1) (a1])], implying Re[Qj—2r=1(la1)(a1])] < 0, or
5,05 Qincallas) (asl)) < — %2, Re[Qjaca(las) (aa])], implying Re[Q;x—a(las) {aa])] < 0. We can now inter-
pret, in terms of KD quasi-probabilities, the conditions necessary for violating the Leggett—Garg inequality’s classical
upper bound of 1, as has been observed experimentally. At least one of two KD quasi-probabilities, Q=2 r=1(|a1) (a1])
or Qj=1,k=2(|az) (az|), must have a negative real part. Each such negative real part causes a corresponding weak
value, Re[By (a1, ¢1)] or Re[By(az, ¢2)], to lie outside the B spectrum.

B. The KD distribution and the consistent-histories interpretation of quantum mechanics

The mathematical framework of quantum mechanics is well-established but not a complete physical theory. The
role of an interpretation of quantum mechanics is to append to the mathematical formalism a theory of real underlying
(ontic) physics that results in the quantum phenomena we observe in laboratories. Such interpretations include the
many-worlds interpretation [214] [215], de Broglie-Bohm mechanics [216] and the consistent-histories interpretation [9].
The latter has a deep connection with the KD distribution. We review this connection below.

The consistent-histories interpretation of quantum mechanics predicts the same measurement probabilities as text-
book quantum mechanics. The Copenhagen interpretation, however, suggests that quantum states have well-defined
properties only when measured. In contrast, the consistent-histories interpretation provides a framework that (some-
times) describes properties of quantum particles between observations. The interpretation was developed by several
scholars [217H220], most notably by Griffiths [9 221].

In the consistent-histories interpretation, properties (or physical attributes) of quantum states are defined in accor-
dance with von Neumann’s theory [9] [73]. A property is associated with a projective operator onto a subspace of a
Hilbert SpaceEI For example, ‘position’ is not a property. However, ‘the particle is at position z’ is. Consider two sets

of projective measurement operators, A = {f[gl)} and B = {12[52)} Quantum theory struggles to describe quantum
states’ underlying because the question does the state have properties ﬁgl) and ﬁgz) ? seems difficult to answer when

[ﬂgl), 1:[:())2)] # 0. Under certain consistency conditions, the consistent-histories interpretation facilitates a description
of underlying physical properties of a quantum state’s time-evolution through Hilbert space.

Next, we review the technical framework for the consistent-histories interpretation. Afterwards, we connect the
consistency criterion to a KD distribution. Finally, we provide an example.

Consider a pure initial quantum state p;. Consider also a set of times tg < t; < ... < tx < tr. We work in the
Heisenberg picture, in which quantum states are constant in time and observables evolve unitarily. Define k£ sets of
projector-valued measures A% = {ﬂgf)(tl)}, where >, ﬂgf)(tl) =1and!=1,2,...,k. We convert a Schrodinger-
picture observable X to a Heisenberg-picture observable through X (t;) = Uf(to, ;) XU (to,t;). Finally, consider a
final rank-1 observable ﬁf(tf)ﬁ A history is defined as

H (pi 00,0 o) = = T (40) = T2 (1) = - = T (1) — (). (74)

i1 0 i 0 i1 ik

The history means that a quantum system is initialised in a state p; at time ty; at time ¢1, the system has a
property corresponding to Hgll)(tl); at time t9, the system has a property corresponding to Hg) (t2); and so on,

4 The theory accommodates more-general positive-operator-valued
measures, however. Via Steinspring dilation, a positive-operator-
valued measure defined one one Hilbert space is equivalent to a

projector-valued measure on a larger Hilbert space. (Non-unique
dilations are problematic for ontic interpretations.)
5 Generalisations of this setting are described in [9} [221].
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until, at the final time ¢¢, the system has a property corresponding to pf. Given an initial state p; and a final

observable p¢(t¢), one can write down several potential histories. Two histories, H (ﬁi,f[gll),f[g), .. ,ﬂg?,,@) and

H* (ﬁi, flgfl), 12[,532), . ,fI,l(.i:), p}), are said to be consistent with respect to one another if, and only if, their (normalised)

Hilbert—Schmidt inner product vanishes:

Q(H, H")

7T[A ) () - 0D () AT (1) - - T (1) e (2 }:0. 75
T g pe(te) 1L, (tk) i (L)ALl (t) i (tk) e () (75)
Q(H ,H*) is a KD quasi-probability representing the strength of the quantum interference between two paths (histo-
ries) in Hilbert space.

A family f = {H;} of histories consists of all the histories

f= {p} —C (A(l)) —C (A(2)> — = C (A(k)> — ﬁf}, (76)
where C (.A(l)) represents any projector in A®. A family f = {H,} of histories is consistent if, and only if,
Q(H;, Hy) =0 and H;, H; € f, Vi# j. (77)

If f is consistent, then Q(H;, H;) is a classical conditional joint probability distribution for all H; € f. Within the
context of a consistent family, one can ask if an individual history has happened. Given consistency, one can regard

Q(H;, H;) as the probability that H; happened.
Often, one is interested only in whether a single history happened. In this case, one need only consider the minimal

W ﬂ“‘”,m) is

i1 7 i 7 ? 1k

Foin (H) = {ﬁi N ({ﬂgp, ﬂ-ﬁEj’}) e ({H<2) ﬂ—ﬁgf)}) RN, ({H(’“) ﬂ—ﬁgfj)}) - ,af}. (78)

If fmin (H) is consistent, then the history H is also said to be consistent. In this case, one can meaningfully ask, did
H occur, or not?

To illustrate the consistent-histories interpretation, we provide an example. Consider a Mach—Zehnder interferome-
ter [222) [223] as shown in Fig. [T1]. We associate the lower paths (green) with the state |0) and the upper paths (blue)
with the state |1). At time tg, a quantum particle is prepared in the state p; = [0)0]. Just before time ¢;, a 50-50

s

beam-splitter implements the unitary operator ﬁBs(to, t1) = e~ 1% Just before time t3, another 50-50 beam-splitter
implements Ugg (ta,t3) = e %%, In a final event, the particle has the property ps(t4) = [1X1] at time .

We wish to say something about the particle’s position property at time to, between the two beam-splitters. Ac-
cording to the Copenhagen interpretation, we cannot say anything about this property at to, because no measurement

was made. Let us now analyse the problem from the consistent-histories perspective. We want to ask, at ¢, if the

family of which that history can be a member. The minimal family of H (ﬁi, II

to 2] %) i3

€ \

FIG. 11. Mach—Zehnder histories. A Mach—Zehnder interferometer. The quantum particle is initialised in the lower path.
Hollow rectangles represent 50-50 beam-splitters; shaded rectangles represent mirrors.
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particle had the property I1° = |0)(0] (was on the lower path) or had the property IT' = [1)(1] = 1 — [T° (was on the
upper path). Define the histories

Hy = p; — 11°(ty) — pe(ts) and (79)
Hy = py — Y (t2) — pe(ts). (80)

{Hy, H,} forms the minimal family for Hy and for Hy; we call this family £V, We can calculate Q(Ho,Hl) =

Q(Hy, Hy) = 1. Thus, according to the consistent-histories interpretation, one cannot ask, in a meaningful way, if

the particle was in the upper or lower path at t,. .
Instead, let us define |+) = % (|0) £ |1)). We now ask whether, at ¢5, the particle had the property It = |+)+|

or the property I~ = |=)Y—| = 1 — II*. Each of the histories
H, = py — I (ty) — pe(ts) and (81)
H_ = ﬁi — ﬂi(tg) — ﬁf(tg) (82)

has the minimal family f(+/=) = {H,, H_}. We can calculate Q(HJF,H,) = Q(H,,H+) = 0. Thus, according to
the consistent-histories interpretation, one can ask meaningfully if the particle had the property of a |+)-type or a
|—)-type superposition at t. In fact, Q(H,, Hy) = 1. Therefore, the consistent-histories interpretation implies that
a particle initially in p; = [0)(0| and finally in ps = |1)(1| definitely had the property It = |+)(+| at t,.

C. Generalised contextuality

According to a useful notion of non-classicality, an experiment is called non-classical when it provably requires
explanations involving radical departures from the classical world-view [224]. Bell non-locality [225] is arguably the
strongest notion of non-classicality. However, it can be provably identified only in experiments involving space-like-
separated systems. A more widely applicable notion is (generalised) contextuality [226] 227].

Below, we introduce generalised contextuality. We then explain that, if a particular protocol for measuring the KD
distribution yields non-positive values, then the protocol is contextual. Afterwards, we discuss how KD distributions
witness contextuality in enhanced work extraction and in the breaking of bounds on thermodynamic currents.

Non-contextuality, in its generalised form [226] 227), is the property that a physical theory does not introduce
distinct mathematical representations of operationally indistinguishable phenomena within a class of theories known
as ontological models. In other words, if two things cannot be distinguished, they are the same thing within the
ontological model. For example, Einstein, in his ‘On the Electrodynamics of Moving Bodies’ [228], criticised the way
in which electrodynamics (as understood at the time via the notion of ether) assigns distinct physical descriptions
to a metallic ring moving towards a magnet and to a magnet moving towards a ring. After all, the two experiments
are impossible to tell apart by any measurement. One can argue that the theory-selection principle being applied is
non-contextuality [229].

The word ontological labels a theory of an underlying physical reality. The underlying physical reality may be
inaccessible (hidden). An experiment consists of preparation procedures P, transformation procedures T', and mea-
surement procedures M. These generate a set {p(k|P,T, M)} pr m of outcomes statistics. p(k|P, T, M) denotes the
probability of observing outcome k, given that we prepared the system according to P, transformed it according to
T and measured it according to M. An ontological model associates to operational procedures (preparations, trans-
formations and measurements) probabilistic representations over a measurable state space A [226], the set of physical
states. We model a preparation procedure P by sampling A € A according to a probability distribution pp(A). Each
transformation T is modelled by a matrix; each element pr (N |\) equals the probability of jumping from A to A’. Each
measurement procedure M is modelled by another matrix; each element pys(k|)\’) equals the probability of obtaining
outcome k, given the ontic state \'.

The maps P — pp, T — pr and M — pj; must be convex-linear. This property ensures a reasonable probabilistic
interpretation. For example, imagine tossing a fair coin to decide whether we follow the preparation procedure P;
or P,. The ontological model must assign the probability [pp, (A) + pp,(A)]/2 to the physical state A. From the
propagation of probabilities, an ontological model predicts that outcome k will occur with a probability

p(k|P,T, M) = /A i /A AN ot (k) pr (VA pp() (83)

See Ref. [230] for an introduction to ontological models.
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Ontological models, unless otherwise restricted, can reproduce nearly anything. For example, consider a quantum
experiment. In the quantum formalism, P is represented by a pure state |1/) € C¢, T by a d x d unitary U and M by a
projective measurement {|k) (k|}¢_,. By the Born rule, p(k|P, T, M) = |(k|U|¢)|?>. The right-hand side of Eq. can
reproduce this function if A consists of normalised pure states. In this model, whose ontic states are normalised pure
states, the following assignments are made: py(A) = (A — ), pr(N|A) = (N — Uv) and par(k|N) = |[(k|N)|? [231].
On can represent, within the ontological model, a general preparation procedure P with a probability measure on A:

A) = ané()\ — ) = anpd,n(/\), such that an =1. (84)

Hence a general ontological model can model any quantum experiment. Ontological models need not be deterministic.
For example, in the above model, A determines the measurement outcome probabilistically.

Non-contextuality can restrict ontological models to satisfy a notion of classicality. Imagine preparing two copies of
a system according to two different procedures, P and P’. Suppose that we obtain the same measurement statistics,
no matter which measurements M we conduct: p(k|P, M) = p(k|P’, M) for all k¥ and M. This condition, known
as an operational equivalence, is denoted by P ~ P’ [227]. Non-contextuality requires that the ontological model
assign the same distribution over A to both preparations: pp(\) = pp/(A) for all A\. For example, consider forming
a non-contextual description of the preparation of a density operator p. We must represent p by the same p;(\),
independently of the pure-state mixture used to prepare p. The previous example of an ontological model for quantum
mechanics is contextual (is not non-contextual). Indeed, pp can differ from pp: [see Eq. }, while

anwjn ¢n = pp = an|wn wn| (85)

In other words, in contextual models, different procedures P can yield different pp, while nevertheless yielding the same
density matrix [see Eq. ] and hence the same experimental outcomes. In non-contextual models P ~ P’ implies
pp(X) = pp/(N). Similarly, consider two transformations that realise the same quantum channel C. Non-contextuality
requires that the transformations be assigned the same pc(A'|A\). A similar rule governs two measurements associated
to the same positive-operator-valued measure M. The measurements are assigned the same pa((k|A) in any non-
contextual model. In short, non-contextuality is the property that operational equivalence implies ontological identity.

From an experimental viewpoint, operational equivalence need not be checked exactly. In fact, they cannot be.
Fortunately, contextuality proofs can accommodate experimental imperfections, e.g., [232H234]. Experimental contex-
tuality tests must check operational equivalences for a tomographically complete set of preparations and measurements.
To achieve this complete testing one can rely on quantum mechanics to tell us what these tomographically complete
sets are. Alternatively, we can perform theory-agnostic generalised-probabilistic-theory tomography [235] 236]. For
other questions related to generalised contextuality and its experimental testing, see Ref. [237].

If an experiment {p(k|P,T, M)} p 7 um is contextual, no non-contextual ontological model satisfies Eq. . Contex-
tuality has been identified in (specific aspects of) experiments that involve state discrimination [232],[238], approximate
cloning [233], uncertainty relations [239], interference [238], randomness certification [240] and more. However, we
focus on the link between contextuality and quasi-probabilities—specifically, the KD distribution.

A positive quasi-probability representation of quantum mechanics (or of a subtheory of quantum mechanics) as-
signs to each density operator p, quantum channel C and positive-operator-valued measure M = {Mk} probability
distributions p;(A), pe(N|X) and pag(k|A) over a measurable space A [35]. Density operators, channels and positive-
operator-valued measures can be understood as equivalence classes of preparation procedures, transformations and
measurements. (The equivalence refers to the above sense of operational equivalence.) Hence, two conditions are
equivalent: the existence of a non-contextual ontological model for an experiment and the existence of a positive
quasi-probability representation of the experiment [11]. In other words, contextuality is equivalent to the negativity
or non-reality of every quasi-probability representation of the experiment. A particular quasi-probability’s negativ-
ity does not suffice for proving contextuality, generally. (However, the condition can suffice in some subtheories of
quantum mechanics [241].) Nevertheless, there exist surprisingly direct connections between the KD distribution and
generalised contextuality.

Suppose that a KD distribution has negative real part:

Re (Q,(p)) = Re(Tr(II{P 11V 5)) < 0. (86)

The following sequential-measurement scheme (the weak-value experiment described in Sec.[IV A)) is therefore contex-
tual [234], 242): weakly measure {f[;A)} (measuring the meter’s position eigenbasis), then strongly measure {fI,(CB)}.

No non-contextual ontological model can explain the set {p(k|P,T, M)}pr a of outcome statistics (including the
statistics that support the operational equivalences) [242]. Therefore, KD negativity implies the negativity of every
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quasi-probability representation of this experiment. Similarly, suppose that Im (Q; x(p)) # 0. An analogous scheme,
in which the meter’s momentum eigenbasis is measured, is contextual [234]. Even if a continuous meter’s outcomes
are coarse-grained (even if a qubit replaces the meter), the results hold [234]. In conclusion, KD non-positivity and
contextuality characterise an experiment that reports an anomalous weak value [234] [242].

The KD distribution also witnesses contextuality in the context of work extraction (and injection), in the linear-
response regime discussed in Sec. [155]. We have already mentioned that the work scales as O(g) only when a
the imaginary part of an average with respect to a KD distribution is non-zero. Otherwise, the work scales as O(g?).
More precisely,

(W) = 29%11{11 [Tr(HoVi(1)p)] + O (9°) - (87)

This expression connects the work’s O(g) behaviour with a KD quantity’s being non-zero: Im [Tr(HoV;(7)p)] # 0.
This result says nothing directly about contextuality. However, a work-extraction transformation 7' (a unitary in
quantum mechanics), in the presence of an extra condition called stochastic reversibility, can generate O(g) behaviour
only if the experiment is contextual [I55]. Stochastic reversibility is the condition under which one can reverse a
transformation, up to first order in g, via probabilistic mixture with another operation 7. That is, there exist
transformations 7% and 7" such that

1 1
ST+ 5T ~ (L= pa) +paT", (33)

where [ is the trivial (identity) transformation and p; = O(g?). Qubit systems always satisfy the above operational
equivalence, according to quantum mechanics.

Complementary to work is heat. As discussed in Section [VI} KD distributions satisfy many desirable criteria for
distributions characterising measurements of fluctuating work, heat and entropy. Moreover, we have seen that KD
non-positivity witnesses contextuality in experiments that report anomalous weak values. The connection between
such experiments and contextuality has led to theoretical bounds on the average heat [I37] and average work [I43] that
can flow during a sequential-measurement protocol admitting of a non-contextual ontological model. These bounds
can be broken only if the sequential-measurement process is contextual. Like heat and work, entropy production is a
thermodynamic quantity that fluctuates from trial to trial. A notion of stochastic entropy production can be defined
via KD distributions [I45]. A non-real stochastic entropy production signals the contextuality of a thermodynamic
process that involves sequential measurements [145].

IX. MATHEMATICAL STRUCTURE OF THE KD-POSITIVE STATES AND PROPERTIES OF KD
NON-POSITIVITY

If Q (p) has neither negative nor non-real components, it is a classical probability distribution. A KD distribution’s
ability to assume negative and non-real values allows the distribution to describe quantum experiments that cannot be
described and analysed with classical probability theories. Recall that we refer to negative or non-real values simply
as non-positive, and that we call Q (p) positive if all its entries are positive or zero. Consider a KD distribution defined
with respect to two operators’s eigenbases. For the KD distribution to contain non-positive values, a necessary but
insufficient condition is that the operators do not commute [31]. Thus, KD non-positivity can be seen as a property
related to, but stricter than, non-commutation.

As we saw in previous sections, experiments described by non-positive KD distributions can often generate data
that cannot be generated via sampling from classical joint probability distributions. It is, therefore, important to
understand when a KD distribution is non-positive. In this section, we summarise the literature on this topic.

A. KD positivity

Consider a d-dimensional Hilbert space H, as well as k projective positive-operator-valued measures M) = {]\}[le 1
where [ = 1,2,..., k. We call a state p KD-positive if, for all indices, Q;,... ;, (p) > 0. In this case, Q(p) defines a
probability distribution over the set of indices. KD positivity of § depends on the choice of positive-operator-valued
measures M. In what follows, we will not indicate this dependence, the choice being clear from the context.

We denote the set of all KD-positive states by Ekp+. Ekp+ is a convex, bounded, closed set. We denote by EZS n
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the set of extreme pointsﬂ of Ekp4. Further, we denote the set of pure KD-positive states by Eﬁgi. We denote by
conv (&) the set of all convex combinations of the elements of a set £. A convex combination is defined as a weighted
ﬁn(iite;um of elements p; € &, of the form }°; a;p;, such that 3 a; = 1 and a; > 0. One has that Egp5 C &5,
and thus

pure

conv (ERpY) C conv (5, ) = Ekp+- (89)

The last equality follows from the Krein-Milman theorem [243].
The following lemma links positivity of the KD distribution of all states to commutativity of the positive-operator-

valued measures M) = {Mz(ll)} used in the distribution’s construction.
Lemma IX.1. The two following statements are equivalent:

e For all quantum states p, the KD distribution is positive: Q(p) > 0.

o All positive-operator-valued-measure operators pairwise commute: [Mi(ll), Mi(ll//)] =0 for all 1,1" and all i}, .

The lemma excludes the occurrence of negative or non-real complex values of the KD distribution of any state

p when all the positive operators Mi(ll) commute. By contraposition, the lemma also guarantees the existence of a

quantum state p for which Q(p) is not a probability distribution, when there exists at least one pair (I,1’) and one
pair (iz,4;) such that Mi(ll) and ]\Zfi(ll,) do not commute. So non-commutativity of measurement operators, a typical

quantum feature linked to incompatibility [244], is a prerequisite for the existence of at least one state p that is not
KD-positive. Further links between incompatibility and non-commutativity of observables, uncertainty of states with
respect to observables, and non-positivity of the KD distribution are elaborated upon in Sec. (see [31H33]).

Proof. First, we prove that the lemma’s first point implies the second point. For ease of notation, and without loss of
generality, we focus on [ = 1 and I’ = 2. Since Q(p) > 0 for all quantum states p,

V(ir, i), Te(M NI p) > 0. (90)

i
This statement governs all pure states, in particular. Therefore, Mi(f)Mi(ll) > 0 for all (i1,142). Consequently, Mi(f)]\;[i(ll)
is self-adjoint; and thus,

MO = §O N (91)

12 11

which concludes the proof. . .
Now, we prove that the lemma’s second point implies the first. Recall that, if X and Y are non-negative operators
(if X > 0and Y > 0) and if they commute, then XY > 0. Therefore, under the hypothesis of the lemma’s second

point, for all (i1,...,1x), Mi(f) e Mi(ll) >0. O

B. Characterising the set of KD-positive states

A precise and simple characterisation of the KD-positive states is not easy to come by. Most efforts have focused

on the standard KD distribution [Eq. (I3)], for which k& = 2. We now discuss these efforts in some detail. We further
suppose that the measurement operators Mi(ll), with [ = 1,2, form complete sets {f[gll)} of 1-dimensional orthogonal

projectors in a d-dimensional Hilbert space. In other words, there exist two orthonormal bases, {|a;)} and{|b;)}, such

that ﬁgl) = |a;)a;| and 1215.2) = |b;}b,|. For simplicity, we set i = i1 and j = i5. We introduce
A= {lai)ail} and B = {[b;)b;|}. (92)

The union of the projectors onto the basis vectors forms a subset of the pure KD-positive states, which form a subset
of the extremal KD-positive states:

AUBC R C £33 (93)

6 A convex set’s extreme points are the points that do not lie on any open line segment that connects two points in the set
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Indeed, one can straightforwardly check that all the basis states are KD-positive. In view of Eq. , in the simplest
situation,

AUB = R = £35.. (94)

In this situation, Ekp4 = conv (A U B), and Ekp4+ forms a polytope.

We define a unitary transition matrix U whose entries are U; ; = (a;|b;). The following result sums up multiple in
which Eq. holds [34].

Theorem IX.2. Suppose that m4p = min, ; [(a;|b;)| > 0. Equation is true under any one of the following
conditions:

1.d=2.
2. d is a prime number, and the transition matriz U equals the discrete-Fourier-transform matriz.
3. In any dimension d, for a set of transition matrices U that has probability 1 in the set of all unitary matrices.

A more detailed statement, as well as proofs of parts (1) and (2), appear in [34]. There, part (3) of the theorem
is conjectured. The proof of part (3) appears in [245]. Part (3) of the theorem also implies that, in all dimensions
d > 2, the property

AUB = &R (95)

holds on a set of transition matrices U that has probability 1 in the set of all unitary matrices. In other words, in the
three scenarios covered by the theorem, the only pure KD-positive states are the basis states belonging to A or B.
The theorem’s condition m 45 > 0 can be interpreted as a weak form of incompatibility for the measurements
associated with A and B [33]. As mentioned above, m 4 g > 0 also implies that the KD distribution is informationally
complete: it determines p uniquely [see Eq. }
In specific cases, the structure of Expy as a convex set can be considerably more complicated than when the
equalities of Eq. hold. Figure |12 shows a schematic representation of the situation where

AUBC ERme C £, . (96)

In this case, some pure KD-positive states are not basis states, and some extreme KD-positive states are mixed. Such
states cannot be expressed as convex combinations of KD-positive pure states. This situation arises in dimension
d = 3, e.g., for spin-1 systems: one can choose for {|a;)} the eigenbasis of the angular-momentum operator J, in
the z-direction and, for {|b;)}, the eigenbasis of the angular-momentum operator .J; for an appropriate rotation axis

7 [34]. More information about £, when the transition matrix is a Hadamard matrix (|<ai\bj>\2 =21 =myp for

all 4, j), appears in [32], [33], [246].

C. DMeasure of KD non-positivity

If, and only if, a KD distribution is a classical joint probability distribution, >, . Qi .. i (p)] = 1. Thus, a
popular measure of a KD distribution’s total non-positivity is

N[Qilv'uxik(ﬁ)] = Z |Qi1,~~,ik (ﬁ)| > 1, (97)
T yeenslke
as defined in [37]. We now list a few properties of this non-positivity measure. Details appear in [31].

1. Positivity: A KD distribution is a classical probability distribution if, and only if, N'[Q;, ..., (p)] = 1.

2. Stricter than non-commutation: Tf N'[Qi, i, (p)] > 1, then [A, B] # 0, [A,p] # 0 and [B, ] # 0. However,
even if [121,3] #+ 0, [/1, p] # 0 and [B,/}] # 0, the corresponding KD distribution may be positive, such that
N(Qi,...i,,(p)] = 1.

3. Conwvezity: The total non-positivity is a convex function with respect to mixed states: N [Qi,,....i, (3, pepr)] <

Zt ptN [Qih...,ik (ﬁt)]
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Ib1) (s conv (AU B) | Ib1) (b1 conv (£25°

|b3> <b3 \b3> (bs

|b2) (b2

|b1) (br]4:

|b3> <b3

FIG. 12. Geometry of the set of KD-positive states. Schematic representation of the situation in which AU B C
eﬁgﬁ C £R%. and the Hilbert space is 3-dimensional. The black circle represents the set of pure quantum states. The point
C represents a pure KD-positive state different from the basis states. The point D represents a mixed extreme state of Exp.
The (grey) shaded area represents the set conv (AU B). The (orange) horizontally hatched area represents the set conv (E85%)-

The (green) dotted area represents the set Exp.

4. Extension dependence: A KD distribution @, ... ; (p) may follow from the marginalisation of another KD distri-
bution, Q;, ..., (p), where k > I. In this case, N'[Q;,,....i, (p)] > 1 implies that N'[Q, ... i, (9)] > N [Qiy,....ii ()] >
1.

5. Coarse-graining: A KD distribution @, ... s, (p) may represent a state p in terms of measurement operators that
result from coarse-graining the operators in another KD distribution, Qg,l il (p), where k' > k. In this case,

N(Qiy....ir (D)) <N [in’l,...,ik,(ﬁ)}'

6. Mazimum value: Consider the KD distributions defined in terms of projective positive-operator-valued measures
MO MB) (see Sec. [IID)). For such KD distributions, the maximum value of A’ depends on both the
Hilbert-space dimension d and the extendedness k:

ax  AN[Qi,, i (p)]} = d* /2, (98)

m
pMD) L M)

To elucidate when the maximum, Eq. (98), attains, we review mutually unbiased bases. Bases {|a;)} and {|b;)} are
mutually unbiased if

| {ailbj) | =1/Vd, (99)

for all 4,j. For details, see Ref. [247]. Suppose that a basis {|az(ll))} is mutually unbiased with respect to {|a§ll§il)>},
for all I =1,2,...,k. The @ represents addition modulo k. Suppose, further, that p is pure and that (agll)|ﬁ|agll)> =
<az(-f)| ﬁ|a§f)> = 1/d for all 4; and i,. This situation achieves the maximum Eq. . Conceptually, the neighbouring

vectors in Eq. (19) should be mutually unbiased.
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D. KD-positivity witnesses, uncertainty and (complete) incompatibility

As pointed out in Sec. [[TE] whether a KD distribution is positive or non-positive can be of operational importance.
A witness of this property is the total non-positivity, defined in Eq. (97). A state p is KD-positive (p € Ekp4) if and
only if N'[Qy, ...i. (p)] = 1. Thus, N'[Qy,.... 4, (p)] faithfully witnesses KD non-positivity, much as the Wigner negative
volume faithfully witnesses Wigner non-positivity [248]. However, to compute N [Q;,.....;, (p)], one must know the full
KD distribution. One might therefore seek a witness whose computation requires less information. Below, we review
such witnesses.

From a theoretical perspective, an interesting witness is a state’s support uncertainty, which we now introduce and
study further. We, again, restrict our analysis to the standard KD distribution with respect to orthonormal bases
{la;)} and {|b;)}. Let $X denote the cardinality of the set X. Let |i)) € H denote a pure state. We define as follows
the support uncertainties of |¢) in the bases {|a;)} and {|b;)}:

na() =t{ie[l,d | (aly) # 0}, and np(y) =1{j € [1,d] | (b;|¢) # 0} (100)

To interpret these definitions, we imagine expanding |¢) in the basis {|a;)} [{|b;)}]. The number of non-vanishing
expansion coefficients is n.4(¢)) [np(1)]. na(¥) and np(w) enable the construction of an inequality [249] that can be
viewed as an uncertainty relation:

na()ns(¥) = M2, where M = max|(a;lb,)]. (101)
2y

The more |¢) is localised in the {|a;)} basis, the less the state must be localised in the {|b;)} basis, and vice versa.

Figure|13|illustrates the lower bound Ineq. with three examples of mutually unbiased bases. The set of points
(na(¥),np(1)) in the n_4-np plane maps out an uncertainty diagram for the two bases. It is known that, for any bases
{la;)} and {|b;)}, any state |¢) that saturates Ineq. is KD-positive [32]. The reverse implication is not generally
true, however [32]. If the bases are mutually unbiased (M = map = 1/ \/8), nevertheless, saturating Ineq.
is equivalent to [1)’s being KD-positive [I25]. The three panels of Fig. reflect this relation. As a result of this
relation, for mutually unbiased bases in prime dimension, the only pure KD-positive states are the bases’ elements.
For further results about the geometric structure of the set of KD-positive states, see Sec. and [34].

Let us further explore the links amongst incompatibility, uncertainty and KD non-positivity in the general case—
when the bases are not necessarily mutually unbiased bases. A different, additive uncertainty relation is more pertinent
than Ineq. (L01)). The support uncertainty [32] is defined by

nas(¥) = na(v) +np(¥). (102)
This quantity is linked to KD positivity through the following theorem [32].
Theorem IX.3. Suppose that m 4 g = min, ; [(a;|b;)| > 0. If [ 9| € Ekp4, then nap(Y) < d+1.

The theorem implies an uncertainty relation: if the uncertainty n4 (1) > d+ 1, then the KD distribution must be
non-positive. The bound of Theorem holds even when m4 g = 0, such that the matrix with elements (a;|b;) has
zeroes, if there are not too many zeroes [32]. In the absence of constraints on the two bases, other than that none of
the |b;)s are parallel to any of the |a;)s, the upper bound becomes n4 5(¥) < 3d [31]. Intermediate estimates of the
type na (1)) < d+s, with 1 < s < ¢, were recently proven in [250] under suitable conditions on the structure of the

transition matrix U. Reference [31] encompasses also scenarios in which the KD distribution is expressed in terms of
projectors other than rank-1 projectors.

Theorem implies that the support uncertainty is a KD-positivity witness for pure states: if n4 () is large,
then |¢) is not KD-positive. However, n.4 5(1) is not always a faithful witness: there may exist states |¢) for which
na () < d+ 1 but that are nevertheless KD-non-positive. See the three panels of Fig. for an example. The
support uncertainty nevertheless has an advantage over the total non-positivity: limited information about the pure
state |¢) suffices to determine the support uncertainty. An extension of this result to mixed states appears in [251].
The extension involves the convex roof of the support uncertainty.

Theorem @ states that pure KD-positive states have low support uncertainty n 4 5: no pure KD-positive state
can lie above the line nyp = d + 1. Figure illustrates this observation. Further examples appear in [32] [33].
Theorem [[X23] as such, evokes quantum optics. There, the Glauber—Sudarshan function of pure states is positive only
for coherent states, which minimise (Ax)? + (Ap)? (the sum of two conjugate quadratures’ squared uncertainties).
Unlike in quantum optics, however d + 1 does not necessarily minimise the support uncertainty n4 5. Figure
evidences this fact. Nevertheless, the analogy with quantum optics can be sharpened through complete incompatibility,
introduced in [32] [33], to which we now turn our attention.
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ng

nA nA nA

FIG. 13. Uncertainty diagrams for three mutually unbiased bases. Solid line: n4(v) + ng(v)) = d + 1. Dotted
curve: na(¢¥)ng(¥) = d. Blue dots correspond to KD-non-positive states, and green stars correspond to KD-positive states.
The left diagram is for the Tao matrix [252] in dimension 6; the middle diagram is for the discrete-Fourier-transform matrix in
dimension 7; and the right diagram is for the discrete Fourier-transform matrix in dimension 6.

Two observables are said to be incompatible when they do not commute. This notion is weak: in the context of
Eq. (1), it means that at least one of the elements in {|a;)} and one of the elements in {|b;)} satisfy 0 < [{a;|b;)| < 1.
This property is satisfied if the bases are not permutations of one another. A slightly stronger requirement is that
M4 g = max;; |(a;]|b;)| < 1, which is implied by m g = min;; |{a;|b;)| > 0. This latter statement guarantees that all
la;)s are distinct from all |b;)s. The latter statement also entails that, if a measurement of {|a;)} yields the outcome
a;, then a subsequent measurement of {|b;)} can yield any value b;. The uncertainty in this outcome is maximal for
mutually unbiased bases, for which M43 =m45 = ﬁ [see Eq. ] For this reason, mutually unbiased bases are
sometimes called mazimally incompatible. To introduce complete incompatibility of the bases {|a;)} and {|b;)}, we
proceed as follows.

We consider measurements of I14(S) and II(S). We regard these measurements as coarse-grained measurements
of the observables A and B. For every S,T C {1,2,...,d}, we let

() = lai)(@| and TI5(T) =) |b;)(byl. (103)

ieS jeT

Suppose that a system is prepared in a state |1¢), a measurement of the projector I 4(8) yields the outcome 1, and
a subsequent measurement of ITz(T) also yields 1. The system is then in the non-normalised state IT(T") IT4(S)[4).
Suppose, now, that a subsequent measurement of II A(S) yields the outcome 1 with probability 1. In other words,
suppose that the measurement of ﬂB(T) has not disturbed the outcome of the previous measurement of I A(S). This
condition is met only if TI;5(T)TT4(S) |¢) € [14(S)H—in other words, provided that

LA (S)H NTIs(T)H # {0}. (104)

IT4(S)H denotes the I14(S) eigenspace associated with the eigenvalue 1. Iz(T)H is defined similarly. Subsequent
measurements of I 4(S) and IIp(T") will then consistently yield the outcome 1. Two successive measurements can be
compatible in this way even if II 4(S) and IIg(T") do not commute; see [33] for examples.

Bases A and B are said to be completely incompatible when the above-described situation [Eq. (104)] is never
realised [32, [33]. That is, A and B are are completely compatible when, for all S, T with |S| + |T| < d,

ILA(S)YH NTIs(T)H = {0}. (105)
The restriction |S| + |T| < d is needed since, whenever |S| + |T| > d, TI4(S)H NTIz(T)H # {0} for dimensional
reasons: sufficiently coarse-grained measurements are always compatible in the above sense [Eq. (104))].

For completely incompatible bases, for all |¢)) € H,

TL_A’B(’L/)) >d+ 1. (106)
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Therefore, if the bases A and B are completely incompatible and if |¢)¢)| € Ekpy, then n4 5(1) = d+ 1. In other
words, when the bases are completely incompatible, the KD-positive states have minimal support uncertainties. The
middle panel of Fig. [I3| realises this situation, but the other two panels do not.

There is an open, dense set of bases that are completely incompatible [33]. However, it is not generally straightfor-
ward to determine if two given bases are completely incompatible. For example, consider two bases whose transition
matrix is the discrete Fourier transform. These bases are completely incompatible only when the dimension d is
prime [34]. Consequently, not all mutually unbiased bases are completely incompatible. In other words, mazimal
incompatibility does not imply complete incompatibility. Figure illustrates this phenomenon. Reference [250]
proposes a further extension of the notion of complete incompatibility. In summary, the KD distribution can be a
useful tool for designing and studying notions of incompatibility that extend beyond non-commutation.

X. CONCLUSION AND OUTLOOK

Throughout this Article, we have provided a comprehensive review of use cases of the KD distribution. In Sec.[[T} we
defined the KD distribution and showed that it obeys a quasi-probabilistic version of Bayes’ theorem. In Sec[[ITTA] we
showed that non-real KD quasi-probabilities underlie the disturbance of measurement-outcome probabilities. Similarly,
as we outlined in Sec. [[ITB] one’s ability to conduct quantum metrology, to learn unknown parameters encoded in
a quantum state, hinges on non-real KD quasi-probabilities. In post-selected quantum metrology, one passes several
quantum particles through a filter that distils their metrological information into the particles which pass the filter.
In Sec[lTIC] we showed that the rate of information distillation could be arbitrarily large if a KD distribution has
negative components. In Sec. we reviewed weak values, pre- and post-selected observable averages of quantum
states. We showed that non-positive KD distributions can lead to a weak value that lies outside the measured
observable’s spectrum. We also reviewed how such anomalous weak values can amplify metrological sensitivity to
small unknown parameters. In Sec.[V] we introduced the continuous-variable KD distribution. Then, we reviewed how
measurements of continuous-variable KD distributions have been used to directly measure quantum wavefunctions.

In classical thermodynamics, probability distributions describe statistic work and heat exchanges. In Sec. [VI we
showed how KD distributions can describe statistic exchanges in quantum thermodynamics. In Sec.[VII} we introduced
the out-of-time-ordered correlator (OTOC), a popular witness of many-body quantum chaos. First, we showed that
the OTOC equals the average over a KD distribution. Second, whilst the OTOC struggles to distinguish information
scrambling from decoherence, the KD distribution’s non-positivity can witness scrambling more reliably.

We also summarised the KD distribution’s importance in the foundations of quantum mechanics. In Sec. [VIITA]
we showed how non-positive KD quasi-probabilities are required to violate Leggett—Garg inequalities (temporal Bell
inequalities). In Sec. we described how the KD distribution is used in the consistent-histories interpretation
of quantum mechanics. In Sec. [VIITC] we reviewed a rigorous notion of non-classicality: contextuality. Non-positive
KD quasi-probabilities can enable non-classical advantages in the operation of engines and weak measurements.

Given the KD distribution’s diverse use cases, it is unsurprising that the distribution has been subject to growing
mathematical research. We summarised, in Sec. [[X] the current knowledge about the KD distribution’s mathematical
properties. A basic necessary, but insufficient, condition for KD non-positivity is that A = {|a;)a;|} differ from
B = {|b;)}bj]}. One could further ask: When is a quantum state p KD-positive? As outlined in Sec. there
are several scenarios in which p is KD-positive if, and only if, p is a convex combination of |a;)a;|s and [b;)(b;|s.
For some pairs of bases, however, KD-positivity is not equivalent to this convex-combination property. Often, KD
non-positivity underlies non-classical advantages in quantum experiments. In Sec. [XC| we summarised properties
of a KD distribution’s total non-positivity. In Sec. [XD] we showed how to construct KD non-positivity witnesses
that do not require full knowledge of the KD distribution. Also, we discussed how the KD distribution relates to a
quantum state’s uncertainties with respect to two observables.

Research on the KD distribution is ongoing. We conclude this review by listing a few promising outlook directions.

e Quantum metrology: We described the relationships between discrete-variable quantum metrology and non-
positive KD distributions. Such relations have barely been explored in continuous-variable systems. Nega-
tive Wigner quasi-probabilities can underlie advantages in continuous-variable metrology. An open question is
whether the negativity requirement extends to KD representations of the experiments.

e Weak values: The KD distribution offers a means of understanding weak values’ anomalous behaviours. A
negative KD quasi-probability is required for the conditioned average of a weakly measured observable to lie
outside the observable’s spectrum. When is the KD distribution, or one of its extensions, the most appropriate
quasi-probability distribution for characterising more-general conditioned sequences of weakened measurements?
For example, as the weak-measurement strength increases, the KD quasi-probabilities will transform smoothly
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into projective-measurement probabilities. However, the intermediate-measurement-strength regime requires
more study.

e Direct measurement: Direct measurement provides an effective characterisation of quantum states, KD
distributions, processes and detectors. An experimental opportunity is to capitalise on direct measurement’s
advantage over standard quantum tomography in applications to complex quantum systems. Possible targets
include molecules and molecular processes, the multi-particle entangled states prepared by quantum circuits
and quantum materials.

e Quantum thermodynamics: Opportunities for future work include the marriage of KD distributions with
conserved quantities (charges) that fail to commute with each other [253H255]. Such charges were overlooked for
decades but engendered a growing subfield recently [I59, 256] 257]. Example charges include the z—, y—, and
z—components of spin [I60]. The charges’ noncommutation suggests them as observables whose eigenbases can
define KD distributions naturally suited to quantum thermodynamics. Initial work on applying KD distributions
to noncommuting thermodynamic charges has begun (Sections and but merits expansion beyond
currents.

e Foundations of quantum mechanics: One of the most rigorous notions of quantum phenomena is contextual-
ity. If all quasi-probabilistic representation of an experiment are non-positive, the experiment is contextual [I1].
Investigating infinitely many quasi-probability distributions is a formidable task. Could some distributions be
more important than others? Often, the KD distribution is tailored to the operations that form an experiment.
One could imagine that KD non-positivity may propagate to other quasi-probability representations.

e Mathematical properties: As reviewed above, the geometric structure of the convex set of KD-positive states
is known in many cases. Nevertheless, for several operational tasks, we lack figures of merit for determining
which KD-non-positive states are the most useful. Such metrics call for development.
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