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We elucidate the boundary between classical and quantum computation by constructing qubit Clifford
circuits with nonstabilizer inputs that can be efficiently simulated classically. We do so by casting the
quantum circuits realizable by defect braiding in the surface code in terms of a Kirkwood-Dirac (KD)
quasiprobability distribution, a generalization of a joint probability distribution. If this distribution remains
a proper (positive) probability distribution throughout a circuit, then a classical algorithm can simulate the
circuit efficiently. By leveraging recent results on the geometry of KD-positive states, we construct bound-
magic states. Classical computers can efficiently simulate these bound-magic states’ evolutions under the
circuits, although other magic states enable universal quantum computation when inputted. Furthermore,
we show that KD nonpositivity is a resource monotone in this model. Thus, we establish KD nonpositivity
as a necessary resource for quantum-computational advantages.
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Introduction—Quantum-computing research is moti-
vated by the expectation that quantum computers can
outperform their classical counterparts. However, identify-
ing the source of quantum advantages is notoriously
difficult [1]. A deeper understanding of this issue is needed
to advance quantum computing.

One may investigate the source of quantum advantages
by comparing a universal model of quantum computation
with a suitably restricted model. A common universal
model is the quantum-computation-by-state-injection
model [2]. It entails arbitrary single-qubit state prepara-
tions, Clifford gates, and computational-basis measure-
ments. One can restrict this model by constraining its input
states. If classical computers can simulate the restricted
model efficiently, then (if quantum advantages exist),
quantum speedups require the excluded states.

The Gottesman-Knill theorem exemplifies this approach.
The theorem governs a model that includes stabilizer-state
preparations (defined below), certain gates (the Clifford
gates), and computational-basis measurements. Classical
algorithms can simulate the Gottesman-Knill model
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efficiently [3,4]. Consequently, magic states—states that
are not mixtures of stabilizer states—are necessary for
quantum advantages [2]. This result implies that some magic
states enable quantum advantages in the quantum-compu-
tation-by-state-injection model. One can append certain
magic states, called distillable-magic states, to the
Gottesman-Knill model. The enhanced model can efficiently
simulate every quantum computation by state injection [2,5].
However, not all magic is distillable. With respect to the
Gottesman-Knill model, there may exist bound-magic states
—magic states that still yield a classically -efficiently
simulable model when added to the Gottesman-Knill model
[6,7]. We extend the set of known classically simulable
quantum circuits by constructing bound-magic states for the
computational model realized by defect braiding in the
surface code. Although the Gottesman-Knill model includes
our model, ours becomes universal if augmented by certain
distillable-magic states [8].

The main tools for identifying bound-magic states are
quasiprobability distributions [7,9]. These mathematical
objects resemble probability distributions but may assume
(possibly nonreal) values outside [0, 1]. Consider any
quasiprobability distribution of a state. If the quasiprob-
abilities are probabilities (lie within [0, 1]), the state is
called positive. Classical algorithms can efficiently simu-
late certain quantum computations whose states are always
represented by positive quasiprobability distributions

Published by the American Physical Society
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[7,10-19]. In short, classical computers can efficiently
simulate positive states. Every positive state, if not a
mixture of stabilizer states, is a bound-magic state.

A prominent quasiprobability-based simulation algorithm
represents odd-dimensional qudits with the Gross-Wigner
function [7,20]. This quasiprobability distribution’s pure
positive states are the pure stabilizer states. Moreover, one
can use the Gross-Wigner function to identify bound-magic
states defined on odd-dimensional Hilbert spaces [21].
Since the Gross-Wigner function is defined only for odd-
dimensional qudits, this construction cannot model qubit
computations, the most common quantum computations
[22]. References [8,15-18,23] circumvented this limitation.
In particular, Ref. [8] introduced a quasiprobability distri-
bution tailored to the operations implementable via defect
braiding on the surface code. These operations act on
rebits. A rebit is a qubit restricted to quantum states
represented, relative to the computational basis, by real
matrices [24]. We call this model the Delfosse-Guerin-Bian-
Raussendorf (DGBR) model (Definition 1); and the asso-
ciated quasiprobability distribution, the DGBR distribution.
The DGBR distribution underlies an efficient classical-
simulation algorithm for quantum circuits throughout which
the state maintains a positive DGBR distribution [8].

In this Letter, we extend the volume of the known
DGBR-positive rebit states. We do so by extending the
DGBR distribution from rebits to all qubit states [Egs. (2)
and (3)]. The extended distribution, we prove, is the real
part of a complex-valued Kirkwood-Dirac (KD) quasiprob-
ability distribution [25-28] that we construct. We then
show that the KD-positive states coincide with the DGBR-
positive rebit states. Applying this equivalence, we char-
acterize the rebit DGBR-positive states (Fig. 1), using a
recently developed toolkit for identifying KD-positive
states [29-31]. We thereby discover previously unknown
bound-magic states, with respect to the DGBR model,
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FIG. 1. Schematic overview of the efficiently classically sim-
ulable states’ geometry. The disk represents the set of all two-
qubit states. The boundary represents the pure states. The states
|c;) and [s) are CSS and non-CSS stabilizer states, respectively.
The area bounded by the solid triangle represents the CSS
polytope. The area bounded by the dashed lines represents
further stabilizer mixtures. The shape enclosed by the dotted
line represents the Z3-KD-positive states. The yellow region
represents bound-magic states relative to the DGBR model: they
are Z5-KD-positive but lie outside the stabilizer polytope.

defined on even-dimensional Hilbert spaces. That is, we
identify a family of quantum circuits that is universal, given
suitable magic-state inputs, but efficiently classically sim-
ulable, given our bound-magic states. Finally, we define the
KD mana, a measure of our KD distribution’s nonpositivity.
The KD mana is an additive monotone for a resource theory
of rebit quantum computation, which we define. Thus, we
establish KD nonpositivity as a resource necessary for
quantum-computational advantages.

Preliminaries—Consider an n-qubit system associated
with the Hilbert space H = (C?)®" of dimensionality
d =2". Denote the set of density matrices on H by
D('H). Consider representing p € D(H) as a matrix relative
to the computational basis. If and only if the elements are
real, p is real, representing a rebit state. We index d x d
matrices’ elements by binary vectors u,veEZ).
Furthermore, let Z; act as the Pauli-Z operator on qubit
J and as the identity everywhere else. Define X; similarly.
We denote a Pauli string associated with u, v by

n
Puy =] 2/ x}. (1)
=

This work features stabilizer states, particularly
Calderbank-Shor-Steane (CSS) states, defined as follows
[32—-34]. The Pauli strings with phases -1 and +i form the
Pauli group. Consider any maximal commuting subgroup
of the Pauli group. The subgroup’s elements share exactly
one eigenstate associated with the unit eigenvalue. The set
of all such eigenstates, associated with all the maximal
commuting subgroups, form the stabilizer states [1]. The
CSS states are the stabilizer states whose maximal stabi-
lizing subgroup is generated by the Z strings Py, and X
strings P, o. The CSS states form the logical states of the
popular CSS error-correction codes [32-34].

Figure 1 summarizes properties of the aforementioned
states. The convex mixtures of the stabilizer states (the
stabilizer mixtures) form a polytope. Analogous statements
govern the rebit-stabilizer states and the CSS states. The
stabilizer polytope contains the rebit-stabilizer polytope,
which contains the CSS polytope. Supplemental Note I
[35] overviews all the states invoked in this Letter.

DGBR model and distribution—We now review an
n-rebit computational model [8]. This model’s gates are
the gates implementable via defect braiding in surface
codes [37]. Such codes underlie several experimental
research programs on fault tolerance [38—40]. Let H denote
the Hadamard gate; and CNOT,,, the controlled-NOT gate
controlled on qubit ¢ and targeting t.

Definition 1 (DGBR model)—The DGBR model
includes the following operations: (i) Initialization of qubits
in CSS states. (ii) Applications of H®"”, CNOT,,, and P, ,.
(iii) Measurement of any qubit in the computational basis.
Previous measurement outcomes may determine future
operations adaptively.
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By the Gottesman-Knill theorem, classical computers
can efficiently simulate the DGBR model. Furthermore,
classical computers can efficiently simulate a DGBR model
augmented with DGBR-positive states [8]. The DGBR
distribution W:D(H) — R is defined as

Wua(p) = Tr(A,wp). (2)

The distribution’s phase-space point operators are

P
AO,O = Z g,,v and Au,v = Pu,vAO,OPIL-.v- (3)

A classical algorithm efficiently simulates the DGBR model
enhanced by any DGBR-positive pj,,, [8]. The reason is that
the DGBR distribution’s positive pure rebit states are the
CSS states, the distribution transforms covariantly under the
DGBR model’s unitary operations, and it satisfies a product
rule with respect to tensor products.

Consider augmenting the DGBR model with the one- and
two-rebit states. The augmented model is universal; it can
efficiently simulate the quantum-computation-by-state-injec-
tion model and vice versa. By the quantum extended Church-
Turing hypothesis [41], the augmented DGBR model there-
fore has the same computational power as any physical
quantum computer. We may therefore study quantum com-
putation using this model, without loss of generality.

The Z5-Kirkwood-Dirac distribution—We now extend
the DGBR distribution to a KD distribution, Q:D(H) —
C% defined in terms of orthonormal bases A and B for H.
(Q commonly represents KD distributions; this use of the
symbol does not refer to the Husimi quasiprobability
function [42].) KD quasiprobability distributions [25-28]
have recently been shown to have applications spanning
quantum metrology [43—45], quantum foundations [30,46—
52], quantum thermodynamics [53-58], and information
scrambling [53,59-63].

A KD distribution’s bases can be tailored to a problem.
To facilitate our quantum-computational analysis, we
choose for A to consist of the tensor products of the
Pauli-Z operator’s eigenstates. We define B analogously in
terms of the Pauli-X operator. The resulting KD distribution
is an instance of the general KD distribution for a finite
Abelian group G [31]. This group structure underlies our
results. We have chosen for G to be Z3, which leads to the
aforementioned A and B choices. The group consists of
elements g = (g1, 9>, .-.. g,), Where g; € {0, 1}. The group
operation is addition modulo 2 (+). The group elements
label the computational basis, A = {|g(?)}, ¢ ;. The super-
script (z) denotes the Pauli-Z basis. Later, (x) denotes the
Pauli-X basis. The group G has a character group G. We
denote also its group operation by +.G and G parallel a
continuous-variable system’s position and momentum
spaces. Momentum is a vector and a translation operator.

Similarly, a character y € G is a vector ¥ = (y1. 12 ..+ ¥n)s
where y,€{0,1}, and a function on G: x(g) =
[I}_i(=1)¥4%. Using the characters, we define the states

) o= ﬁzﬂg) 29). (4)

geG

|G| denotes the number of elements in G. The second
orthonormal basis is B = {IZ(X)>}XGG-

With respect to this A and B, a state p is represented by
the KD distribution

Qg.x(p) = Tr(Bg,xp)- (5)

The 73-KD distribution has the phase-point operators

By = ™)) (e")]. (6)

Since (g(@[y(¥)) # 0, this KD distribution is information-
ally complete on H [28], unlike the DGBR distribution.
Moreover, since (g{¥)|¢") is real, p is a rebit state if and
only if Q,,(p) is real. Hence, all KD-positive states are
rebit states. Like p, measurements have KD representations
[28]. Let {E;}, denote a set of positive-semidefinite
matrices that represents a generalized measurement [1].
The KD representation of {E;}; is

~ Tr(B,,E))
uB) = e "

A time-evolving state’s KD distribution, with a generalized
measurement’s KD representation, models an experiment
[28,43]. The outcome probabilities follow from the overlap
formula [28,31]

Te(Eip) = Y Qg (E) Oy (p)- (8)

We now show that the Z)-KD distribution generalizes
the DGBR distribution and enjoys similar simulation
properties.

Theorem 1—The Z5-KD distribution has the following
properties: (1) (DGBR connection) The real part of the
Z5-KD distribution [64] equals the DGBR distribution:

Re[Qg,(p)] = Wey(p). ©)

(2) (Hudson’s theorem) Any given pure state is Z5-KD-
positive if and only if it is a CSS state. (3) (Covariance) The
Z3-KD distribution is covariant with respect to the DGBR
operations

ng,xo (Pg,xpP;){) = Qg0+g,)(o+x(p)7 (10)
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Q,,(H®"pH®"") = Q, . (p), and (11)

Qg (CNOT,,pCNOT},) = Q4 o5 ,(p). (12

The overline denotes complex conjugation, (A.); =
ik + 6,00k, and (Be) = 8jx + 604 (4) (Products)
Let H factorize as the tensor product H =H; ® H,.
Let p; € D(H;) and p, € D(H,). The Z4-KD distribution
factorizes as

Q(g,g’),(;(,)(’)(pl ®p2) = Qg,}((pl)Qg’.;(’(pZ)' (13)

To prove Theorem 1-(1), we interrelate the DGBR
distribution’s phase-point operators [Eq. (3)] and the
Z5-KD distribution’s [Eq. (6)]

1 -
Agy = B (Bg.,x + B&"Jt)' (14)

Substituting Eq. (14) into Eq. (2) yields Theorem 1-(1)
(Supplemental Note II [35]). By Theorem 1-(1), the
DGBR-positive rebit states are the KD-positive states.

Hudson’s original theorem [67] identifies the continu-
ous-variable Wigner function’s pure positive states [68].
Our Hudson theorem’s proof builds on a recent result [31].
Consider the KD distributions based on any finite Abelian
group G. All such distributions’ pure KD-positive states
have the form

1
\H:g.x) ::ng%z:m(z», (15)
heH

H denotes any subgroup of G. We compute the maximal
stabilizing group of the states in Eq. (15) and that of the
CSS states (Supplemental Note III [35]). These groups are
identical. Thus, so are the sets of states.

The covariance relation (10) follows from Eq. (29) in
Ref. [31]. We prove covariance relationships (11) and (12)
by evaluating the left-hand sides and using the fact that H
and CNOT map eigenstates of real Pauli operators to
eigenstates of real Pauli operators (Supplemental Note
IV [35]). Theorem 1-(4) follows from direct calculation.

Efficient classical simulation and bound-magic states—
We now identify KD-positive states that lie outside the
stabilizer polytope and therefore have bound magic relative
to the DGBR model (Fig. 1). Theorem 1-(1) implies that
every KD-positive state is DGBR-positive. As DGBR-
positive input states are efficiently classically simulable, so
is the DGBR model enhanced by any Z3-KD-positive input
state pippy- We rephrase the DGBR simulation algorithm in
terms of KD distributions in Supplemental Note V [35].

To identify bound-magic states, we use tools for char-
acterizing KD-positive states [29,31,69]. The single-qubit
Z,-KD-positive states are the mixtures of |g(2))(g?)| and

™) (x| (Theorem 1.1.I of Ref. [29]). These states are
the single-qubit rebit-stabilizer states. Furthermore, the
DGBR algorithm can efficiently simulate only Z,-KD-
positive states. Therefore, if the input is a tensor product of
single-rebit states, the DGBR algorithm can simulate only
DGBR circuits on rebit stabilizer mixtures. Thus, the
Z3-KD distribution cannot identify single-qubit bound
magic states within the DGBR model.

Nevertheless, the set of KD-positive states has a richer
structure in higher dimensions: it may include exotic KD-
positive mixed states that are not mixtures of KD-positive
pure states [29,31]. We now show that some two-qubit KD-
positive mixed states are not mixtures of stabilizer states.
Informed by the bound-magic states’ locations in Fig. 1, we
define an operator F that is orthogonal to a facet of the CSS
polytope and to a real ridge of the stabilizer polytope
(which is a facet of the rebit-stabilizer polytope):

(16)

—_— = O =
—
|
—
|
—

-1 -2 -1

Using techniques from Refs. [29,31], we parametrize with

A€[-1/(=4+8v/2),1/(4 4+ 8V2)] a state p, along the
direction of F:

1

Every state p on the CSS-and-rebit-stabilizer facet’s inner
side satisfies Tr(pF) < 1. In Supplemental Note VI [35],
we show that p, is KD-positive if 1€ [0, 1/(4 4 8v/2)]. If
A > 1/20, then Tr(Fp;) > 1, so p, lies outside the facet.
Thus, if A€ (1/20, 1/(4 4+ 8v/2)], p; is a two-qubit bound-
magic state relative to the DGBR model. Similar bound-
magic states exist above each of the 20 facets shared by the
CSS polytope and the rebit-stabilizer polytope. We prove
this claim in Supplemental Note VII [35], using cdd [70], a
numerical package for analyzing polytopes [71]. The code
used is available from Ref. [72].

Since two-qubit bound-magic states exist, bound-magic
states must exist for every number > 2 of qubits. The
reason is that partially tracing over any stabilizer mixture
generates another stabilizer mixture [73]. To illustrate, we
denote by o an arbitrary KD-positive single-qubit state. Let
A€ (1/20,1/(4 + 8v2)]. 6®"2) ® p, is KD-positive by
Theorem 1-(4). Moreover, 6®"~2 @ p, cannot be a sta-
bilizer mixture: suppose it were a stabilizer mixture, and
consider tracing out the first n — 2 qubits. The result, p;,
would be a stabilizer mixture [73]; but it is not, by
construction. Hence bound-magic states exist for every
number > 2 of qubits. A similar statement is true for exotic
KD-positive states. Since the pure KD-positive states’
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convex hull is the CSS polytope, and the CSS polytope is a
subset of the stabilizer polytope, this also implies that
exotic states exist for every number of qubits greater than 2.

Now, we quantify how much the DGBR simulation
algorithm differs from the Gottesman—Knill simulation
algorithm on DGBR circuits. We numerically compare
the (Hilbert-Schmidt) volumes efficiently simulable by the
simulation methods (Table I). Approximately 0.69% of the
two-rebit states are KD-positive bound-magic states. This
result increases the known set of efficiently classically
simulable states by 15%. Supplemental Note VIII [35]
details our sampling methodology.

We expect the bound-magic states’ relative volume to
vanish as n — oo. This conjecture does not prevent our
algorithm from simulating reasonable DGBR models
augmented with Z3-KD-positive states. In such models,
one injects tensor products of k-qubit states, with &
bounded by a fixed n-independent number. Allowing k
to be unbounded would eliminate the need for computation,
trivializing the model, as one could simply initialize the
final state. Hence, our method reveals a finite relative
volume of bound-magic states.

KD nonpositivity as a resource necessary for quantum
advantages—Next, we bound the KD nonpositivity needed
for input-enhanced DGBR models to efficiently simulate
universal quantum computers. We construct a resource
theory of the DGBR model with arbitrary input states. The
free states are the CSS mixtures, and the free operations are
those in the DGBR model. We define the KD mana as

M(p) =10g Y |0y, (). (18)
88X

M (p) quantifies the nonpositivity in Q,(p).

Theorem 2—The KD mana has the following properties:
(1) (Faithfulness) M (p) = 0 if and only if p is KD-positive.
(2) (Additivity) For all n-qubit density operators p and o,

M(p ® o) = M(p) + M(o). (19)

(3) (Monotone) M is nonincreasing under the free
operations.

TABLEI. Estimated relative volumes of the two-qubit quantum
states. We estimated the relative volumes by sampling 1 billion
random quantum states from the space D((R?)®2).GK stands for
Gottesman-Knill.

Eff. sim. by Proportion

Stabilizer & KD-positive GK & DGBR 1.5614(5) %
Stabilizer & KD-nonpositive GK 2.9753(5) %
Magic & KD-positive (bound) DGBR 0.6868(3) %
Magic & KD-nonpositive Neither 94.7766(6) %

Category

Theorem 2-(1) is true because ), . [Q,,(p)| = 1 if and
only if p is Z;-KD-positive [28]. Theorem 2-(2) follows from
the product rule in Theorem 1-(4). We prove Theorem 2-(3)
in Supplemental Note IX [35] by explicit calculation.

Using the resource theory, we can quantify the KD
nonpositivity necessary for quantum computation. A
DGBR model augmented by the states

|0)|0) + cos £ [1)[0) + sinZ|0)|1)
V2

_ 0+ D=
|B) = 7 (1)

can perform universal quantum computation [8]. Consider
starting with m copies of a given state p and transforming
them, via free operations, into copies of the desired state o.
We lower-bound the required m:

Corollary I—Consider any procedure that has a nonzero
probability of mapping p®" to 6®". The procedure requires
m > nM(c)/M(p) copies of p, on average over trials.

The states |A) and |B) have nonzero KD mana
[M(]A){(A|) =0.473 and M(|B)(B|) =0.870]. Since
KD mana quantifies KD nonpositivity, we have established
KD nonpositivity as a resource necessary for quantum
computation.

Discussion—We have identified methods for quantifying
quantum-computational advantages within the DGBR
model enhanced with arbitrary input states. We generalized
the rebit-restricted DGBR distribution to a Z5-KD distri-
bution. Adapting the KD toolkit, we identified states that,
when appended to the DGBR model, yield an efficiently
classically simulable model. We thereby construct bound-
magic states on even-dimensional Hilbert spaces. They
increase by ~15% the volume of the known efficiently
classically simulable states.

Our construction answers and extends beyond an open
question: do even-dimensional Hilbert spaces support
bound-magic states? Campbell et al. [6] showed that
standard protocols cannot distill all qubit magic states.
The proof does not govern all distillation protocols,
however. Furthermore, researchers had not constructed
bound-magic states using the DGBR distribution (unlike
the Gross-Wigner function in the context of odd-dimen-
sional Hilbert spaces).

Our method simulates DGBR circuits with bound-
magic-state inputs, although earlier methods (including
Gottesman—Knill) cannot. We have thus enlarged the set of
circuits known to be classically efficiently simulable. This
result is independent of the DGBR model.

Last, we defined the KD mana, which quantifies the Z5-
KD distribution’s nonpositivity. The KD mana, we showed,
is a resource monotone for DGBR computation with
arbitrary input states. The KD mana provides an easy-to-
calculate bound on the rate of state conversion. Our Letter

|A) =

,and  (20)
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shows that KD nonpositivity is a necessary resource for
quantum advantages in the DGBR model enhanced by
arbitrary input states.

The 75-KD distribution is one instance of a broader class
of KD distributions [31]. Other instances simulate different
computational models. The KD distribution is therefore not
DGBR-specific, but a general tool for studying classical
simulability. A natural next step combines our algorithm
with the dynamically-updated-quasiprobability scheme of
Park et al. [12], potentially enlarging the bound-magic set
or reaching nonreal states.
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