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ABSTRACT
The fluctuation–dissipation theorem (FDT) is a fundamental result in statistical mechanics. It stipulates that, if perturbed out of equilibrium,
a system responds at a rate proportional to a thermal-equilibrium property. Applications range from particle diffusion to electrical-circuit
noise. To prove the FDT, one must prove that common thermal states obey a symmetry property, the Kubo–Martin–Schwinger (KMS)
relation. Energy eigenstates of certain quantum many-body systems were recently proven to obey a KMS relation. The proof relies on the
eigenstate thermalization hypothesis (ETH), which explains how such systems thermalize internally. This KMS relation contains a finite-size
correction that scales as the inverse system size. Non-Abelian symmetries conflict with the ETH, so a non-Abelian ETH was proposed recently.
Using it, we derive a KMS relation for SU(2)-symmetric quantum many-body systems’ energy eigenstates. The finite-size correction scales as
usual under certain circumstances but can be polynomially larger in others, we argue. We support the ordinary-scaling result numerically,
simulating a Heisenberg chain of 16–24 qubits. The numerics, limited by computational capacity, indirectly support the larger correction.
This work helps extend into nonequilibrium physics the effort, recently of interest across quantum physics, to identify how non-Abelian
symmetries may alter conventional thermodynamics.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0308181

I. INTRODUCTION

The fluctuation–dissipation theorem (FDT) forms a pillar
of nonequilibrium statistical mechanics.1,2 The theorem arises in
linear-response theory, describing how quickly a system responds
to a perturbation. One quantifies the responsiveness with a sec-
ond derivative of free energy. This derivative is proportional to
a two-time thermal correlation function, according to the FDT.
Knowing an equilibrium property, therefore, one can infer about a
nonequilibrium response. Famous instances of the FDT include the
Einstein–Smoluchowski relation, which relates a particle’s mobility
to its diffusion constant and temperature. Classical and quantum

systems obey the FDT. Yet, the quantum FDT governs a system that
can be in a thermal quantum state. A symmetry property of this
state, called the Kubo–Martin–Schwinger (KMS) relation, underlies
the FDT.

Thermal states are mixed; in contrast, closed, isolated quantum
systems are in pure states. How to extend the FDT to such systems
is, therefore, unclear. Yet, such generic many-body systems ther-
malize internally: a small subsystem will likely approach a thermal
state, with the rest of the system serving as an effective environment.
This thermalization has drawn attention across theory and exper-
iment recently.3–5 The eigenstate thermalization hypothesis (ETH)
explains why thermalization occurs.6–8 Noh et al. recently proved
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that, if a system obeys the ETH, its energy eigenstates approximately
obey the KMS relation.9 If N denotes the system size, the finite-size
correction is O(N−1

).
Non-Abelian symmetries have recently been found to par-

tially preserve, and partially alter, conventional thermodynamic
results. A lack of non-Abelian symmetries implicitly underlies
derivations of the thermal state’s form,10,11 the Onsager rela-
tions (another pillar of linear-response theory),12 and more. If a
Hamiltonian respects non-Abelian symmetry, it conserves quan-
tities (charges) that fail to commute with each other. Such
noncommutation typifies quantum physics, as exemplified by
uncertainty relations, measurement disturbance, and quantum
error correction. The quantum thermodynamics of noncommuting
charges has, therefore, emerged recently11,13,14 and spread across
many-body physics; quantum computation; atomic, molecular,
and optical (AMO) physics; and high-energy physics.15,16 Non-
Abelian symmetries alter thermodynamic-entropy production,12,17

entanglement entropy,18–25 quantum-computational universality,26

thermalization-resistant regimes of matter,27,28 and more. The test-
ing of these theoretical results recently began with a trapped-ion
experiment.29

Non-Abelian symmetries conflict with the conventional ETH.30

To reconcile the two, Murthy et al. recently proposed a non-
Abelian ETH.30 Numerics indicate that certain spin systems obey
this ansatz.31–33 Do they obey a KMS relation?

We introduce a fine-grained KMS relation obeyed by quan-
tum many-body systems subject to SU(2) symmetry and the non-
Abelian ETH. The relation depends not only on a temperature,
as usual, but also on analogous parameters associated with spin
(or, more generally, angular-momentum) quantum numbers. The
proof requires a certain parameter regime as well as approxima-
tions of Clebsch–Gordan coefficients introduced by the non-Abelian
symmetry. Under certain conditions, we argue, the FDT’s finite-
size correction is O(N−1

), as in the absence of any non-Abelian
symmetry. Under other conditions, we contend, the finite-size cor-
rection can be polynomially larger. Hence, non-Abelian symmetry
appears able to alter a standard thermodynamic result by an amount
polynomial in the system size.

To support our analytical arguments, we numerically simulate
a one-dimensional (1D) chain of 16–24 qubits. We directly observe
evidence for the O(N−1

) scaling. Limited by computational capac-
ity, we observe indirect evidence for the larger correction. This
work shows how non-Abelian symmetry may sometimes preserve,
and sometimes alter, a result crucial for nonequilibrium statistical
mechanics.

The rest of this paper is organized as follows: Section II reviews
the conventional KMS relation and Sec. III, the non-Abelian ETH.
In Sec. IV, we prove the fine-grained KMS relation for an SU(2)-
symmetric system in a mixed state and in Sec. V, the fine-grained
KMS relation for a closed SU(2)-symmetric system. Numerics in
Sec. VI support the analytical results. Section VII highlights research
opportunities established by this work.

II. REVIEW OF CONVENTIONAL KMS RELATION
We derive the conventional quantum KMS relation and

FDT1,2,34 pedagogically in Appendix A. Here, we review three
highlights: the setup, KMS relation, and FDT. We set h = 1.

Consider a quantum system S that has observables A and B.34

Upon beginning in a state ρ, S evolves under a Hamiltonian H
during the times 0 to t′ and t′ + ϵ to t. During the infinitesimal
interval ϵ, S evolves under a perturbed Hamiltonian H′ := H − hB
of perturbation strength h ∈ R.

How sharply does the perturbation change the time-t expec-
tation value ⟨A(t)⟩ρ ≡ Tr(A(t)ρ)? In the zero-field limit, the
following response function answers this question: RAB(t, t′)

:=
∂⟨A(t)⟩ρ
∂(hϵ) ∣

h=0
Θ(t − t′). The Heaviside function encodes causal-

ity. The response function is proportional to a two-time correla-
tor, according to the Kubo formula: RAB(t, t′) = i⟨[A(t), B(t′)]⟩ρ Θ
(t − t′).

The correlator exhibits a symmetry—the KMS relation—under
certain conditions. Assume that ρ is the canonical state ρth := e−βH

/

Tr(e−βH
). This state is stationary, or invariant under time evolution.

Correlators in ρth, therefore, depend on time only through differ-
ences t − t′. The Kubo formula’s correlator has a Fourier transform
C̄AB(Ω) that obeys the KMS relation C̄AB(Ω) = eβΩ C̄AB(−Ω).

Applying the KMS relation to the Kubo formula, we can
derive the FDT. The FDT depends on the anticommutator corre-
lator ⟨{A(t), B(t′)}⟩ρth , which has the Fourier transform C̄{AB}(ω).
This transform is proportional to the response function’s transform:
Im(R̃AB(ω)) = tanh (βω/2)C̄{AB}(ω). According to this FDT, a per-
turbation −hB generates a nonequilibrium response determined by
equilibrium correlations. In the derivation, only the KMS relation
depends on the thermal state—and so, in generalizations to systems
with more symmetries, on charges. Hence, we focus on the KMS
relation.

III. REVIEW OF NON-ABELIAN ETH
The rest of the main text features the following setup: Con-

sider a system (which is closed here and in Secs. V and VI but
not in Sec. IV) of N ≫ 1 qubits. The Hamiltonian H has eigenval-
ues Eα, an SU(2) symmetry,35 and no other symmetry [apart from
the U(1) symmetry equivalent to energy conservation]. Let Sa=x,y,z
denote the global spin’s ath component; sα, the total spin quan-
tum number; and m, the total magnetic spin quantum number. H
shares an eigenbasis {∣α, m⟩} with S⃗ 2 and Sz : H∣α, m⟩ = Eα∣α, m⟩,
S⃗ 2
∣α, m⟩ = sα(sα + 1)∣α, m⟩, and Sz ∣α, m⟩ = m∣α, m⟩.

The non-Abelian ETH governs H and a local operator. Such
operators form a space spanned by a basis of spherical tensor opera-
tors T(k)q .36 T(k)q transforms irreducibly under SU(2) elements, so we
analyze T(k)q s for convenience, without loss of generality. The rank
k resembles a spin quantum number, and q, a magnetic spin quan-
tum number. For example, some T(1)1 operators are proportional to
single-site raising operators, some T(1)

−1 s, to lowering operators, and
some T(1)0 s, to single-site spins’ z-components.

The spherical tensor operators obey the Wigner–Eckart
theorem, a fundamental result in AMO physics:36 consider repre-
senting T(k)q as a matrix relative to {∣α, m⟩}. Each matrix element
equals a product of two factors, according to the theorem,

⟨α, m∣T(k)q ∣α
′, m′⟩ = ⟨sα, m∣sα′ , m′ ; k, q⟩ ⟨α∥T(k)∥α′⟩. (1)
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The Clebsch–Gordan coefficient ⟨sα, m∣sα′ , m′; k, q⟩ interrelates
the tensor product ∣sα′ , m′; k, q⟩ := ∣sα′ , m′⟩∣k, q⟩ and the eigen-
state ∣sα, m⟩ of total-spin operators. The reduced matrix element
⟨α∥T(k)

∥α′⟩ depends on no magnetic-type quantum numbers.
The non-Abelian ETH posits a form for the reduced matrix

elements.30 Let ωα′α := Eα′ − Eα denote a difference between the
energies associated with the matrix column and row. Define the dif-
ference να′α := sα′ − sα analogously.37 Sth(E, s) denotes the thermo-
dynamic entropy at E, s, and any fixed m value.32 If Dtot(E, s) denotes
the corresponding density of states, Sth(E, s) = log (Dtot(E, s)). This
paper’s logarithms are base-e. T (k)(E, S) and f (T)ν (E, S, ω) denote
smooth, real functions, and R(T) denotes a matrix of erratically
varying numbers.32,38–40 According to the non-Abelian ETH,30

⟨α∥T(k)∥α′⟩ = T (k)(Eα + Eα′

2
,

sα + sα′

2
) δα,α′ + e

−Sth(
Eα+Eα′

2 ,
sα+sα′

2 )/2

× f (T)να′α
(

Eα + Eα′

2
,

sα + sα′

2
, ωα′α)R(T)αα′ . (2)

The first, diagonal term is nonzero only on the matrix’s block-
diagonal. This term determines the time-averaged expectation value
of T(k)q .30 The second, off-diagonal term controls the operator’s time
dependence. This term influences our KMS relation.

IV. FINE-GRAINED KMS RELATION
FOR SU(2)-SYMMETRIC SYSTEM IN A MIXED STATE

This section sketches arguments detailed in
Appendixes B 1–B 3. We review a thermal state suited to SU(2)
symmetry and then introduce a variation on that state. Afterward,
we introduce correlators and prove a fine-grained KMS relation for
them.

Consider a quantum many-body system whose Hamil-
tonian H conserves the total-spin components Sa=x,y,z and no
other nontrivial operators. The appropriate whole-system ther-
mal state has been argued to be the non-Abelian thermal state
(NATS):11,13,14,29,41,42 ρ̃NATS := exp (−β[H −∑a=x,y,z μaSa])/Z̃NATS

= exp (−β[H − μSz])/Z̃NATS. The μa values serve as effective
chemical potentials, and Z̃NATS normalizes the state. The final
equality follows from rotating the z axis onto μx x̂ + μyŷ + μz ẑ.
Each exponential contains only extensive (additive) observables,
consistently with a conventional derivation of the thermal state’s
form.11,43 The observable

S :=∑
α,m

sα∣α, m⟩⟨α, m∣ (3)

is not extensive. Yet, one might know the value of ⟨S⟩. Information-
theoretic arguments,41 therefore, suggest a modified NATS,

ρNATS := exp (−β[H − μSz − γS])/ZNATS, (4)

where γ serves as an effective chemical potential and ZNATS is
the partition function. We posit that ∣α, m⟩ most closely locally
resembles a ρNATS value whose

⟨H⟩ = Eα, ⟨Sz⟩ = m, and ⟨S⟩ = sα. (5)

However, one might debate about whether ρNATS deserves the label
thermal state. We define ⟨.⟩ := Tr(.ρNATS).

Let us derive a KMS relation satisfied by ρNATS. For conve-
nience, we focus on operators A := A(k

′
)

−q and B := B(k)q , where k, k′

= O(1), such that the operators are local; in each operator, each
term acts nontrivially on just an O(1) number of qubits. A and B
participate in the time-domain correlator,

CNATS
AB (t) := ⟨A(t)B⟩. (6)

Fourier-transforming yields the frequency-domain correlator,

C̄NATS
AB (Ω) := ∫

∞

−∞
dt CAB(t) eiΩt , (7)

=
2π
Z ∑

α,m,α′ ,m′
e−β(Eα−μm−γsα)

× ⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩ δ(Ω − [Eα′ − Eα]). (8)

An obstacle hinders the proof of a KMS relation for C̄NATS
AB (Ω):

B and eβγS appear not to participate in any simple commutation
relation. Hence, we define a fine-grained correlator . It follows from
introducing Kronecker delta functions for m and sα. These functions
are discrete-variable analogs of the Dirac delta function for energy,
which is continuous in the thermodynamic limit,

ˆ̄CNATS
AB (Ω, Δm, Δs) :=

2π
Z ∑

α,m,α′ ,m′
e−β(Eα−μm−γsα)

× ⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩ δ
× (Ω − [Eα′ − Eα])δm′(m+Δm) δsα′ (sα+Δs). (9)

Summing over Δm and Δs yields the conventional correlator (7),

C̄NATS
AB (Ω) = ∑

Δm,Δs

ˆ̄CNATS
AB (Ω, Δm, Δs). (10)

The fine-grained correlator obeys the fine-grained KMS relation , one
of our main results,

ˆ̄CNATS
AB (Ω, Δm, Δs) = eβ(Ω−μΔm−γΔs)

× ˆ̄CNATS
BA (−Ω,−Δm,−Δs). (11)

V. FINE-GRAINED KMS RELATION FOR ENERGY
EIGENSTATES OF SU(2)-SYMMETRIC SYSTEMS

Let us sketch the derivation, detailed in Appendixes B 4–B 7,
of the fine-grained KMS relation for energy eigenstates of SU(2)-
symmetric systems. Consider the setup in Sec. III as well as the
operators A and B in Sec. IV. The operators participate in the
time-domain correlator,

CAB(t) := ⟨α, m∣A(t)B∣α, m⟩. (12)

Fourier-transforming yields the frequency-domain correlator,

C̄AB(Ω) := ∫
∞

−∞
dt CAB(t) eiΩt. (13)

where C̄AB(Ω) can contain a nonzero static contribution, which
multiplies δ(Ω), under certain conditions.44 The static correlator
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can signal long-term memory (Sec. VII and Ref. 44). We focus on
the dynamical contribution, which does not contain or multiply
any δ(Ω), to C̄AB(Ω). Similar to Sec. IV, we define a fine-grained
correlator ,

ˆ̄Cdyn
AB (Ω, Δm, Δs; α, m) := 2π∑

α′≠α
⟨α, m∣A∣α′, m + q⟩

× ⟨α′, m + q∣B∣α, m⟩ δ(Ω − [Eα′ − Eα])

× δ(Δm)q δsα′ (sα+Δs). (14)

Often, we elide the function’s final two arguments for conciseness.
We have applied a selection rule encoded in the Wigner–Eckart
theorem (1). ˆ̄Cdyn

AB obeys a sum rule analogous to Eq. (10).
Next, we evaluate and simplify Eq. (14). We apply the

Wigner–Eckart theorem (1) and the non-Abelian ETH (2). To
simplify notation, we define the Clebsch–Gordan product,

C(ν∣sα, m, k, k′, q) := ⟨sα, m∣sα + ν, m + q; k′,−q⟩
× ⟨sα + ν, m + q∣sα, m; k, q⟩. (15)

In addition, we define a composite function GAB(E, s; Ω, Δs)
Eq. (B72) in terms of four factors from the non-Abelian ETH: two
f functions and two R factors. The composite function obeys the
symmetry relation,

GAB(E, s; Ω, Δs) = GBA(E, s;−Ω,−Δs). (16)

The correlator (14) becomes

ˆ̄Cdyn
AB (Ω, Δm, Δs) ≈ 2π C(Δs∣sα, m, k, k′, q)

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +

Ω
2 , sα +

Δs
2 )

× GAB(Eα +
Ω
2

, sα +
Δs
2

; Ω, Δs)δ(Δm) q. (17)

The correction is exponentially small in N. The densities of states,
Dtot, come from∑α′≠α in Eq. (14).

We can approximate the correlator as follows: We assume
that sα, Eα ≫ 1, inspired by ETHs’ tendency to hold when addi-
tive charges lie far from their extreme values.3 Since k, k′ = O(1),
and by the rules of addition of angular momentum, Δs = O(1).
In addition, the correlator has a significant magnitude only when
the non-Abelian ETH’s f function does, as happens only when
Ω = O(1).3,32,45,46 Hence, we can Taylor-approximate GAB about
(Eα, sα; Ω, Δs).

We can also Taylor-approximate the ratio of Dtots. The ther-
modynamic entropy is denoted by S̃th(E, s) at energy E and spin
quantum number s. By the definitions above Eq. (2), Dtot(E, s)
= exp (S̃th(E, s))/(2s + 1). We can calculate properties of S̃th(E, s)
by applying standard statistical-physics techniques to ZNATS [Eq. (4)
and Appendix B 2]. To apply those properties here, we invoke
the correspondence between ρNATS and ∣α, sα⟩ [see the text around
Eq. (5)], for example, ∂ES̃th(E, sα)∣Eα ≈ β. Equation (17) approxi-
mates to

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π C(Δs∣sα, m, k, k′, q)

× exp(
1
2
[βΩ + ∂sS̃th(E, s)∣Eα ,sα Δs])

× GAB(Eα, sα ; Ω, Δs) δ(Δm) q [1 + (correction)].
(18)

To progress further, we assume that sα = O(Nζ
), wherein

ζ ∈ (0, 1]. We prove the fine-grained KMS relation under each of two
conditions on m in Appendix B 6. Here, we sketch the simpler case.
Suppose that the magnetization vanishes: m = 0. The derivative in
Eq. (18) approximates to –βγ,

ˆ̄Cdyn
AB (Ω, Δm, Δs) = e

β
2 (Ω−γΔs) 2π δ(Δm)q C(Δs∣sα, 0, k, k′, q) GAB

× (Eα, sα; Ω, Δs) [1 + (correction)]. (19)

We must interrelate this correlator with ˆ̄Cdyn
BA (−Ω,−Δm,−Δs).

To do so, we apply the symmetry (16). Similarly, the
Clebsch–Gordan product obeys the symmetry C(Δs∣sα, 0, k, k′, q)
= C(−Δs∣sα, 0, k′, k,−q) +O(s−1

α ).32 (In the second case mentioned
above, we apply a Clebsch–Gordan property proved in this paper’s
Appendix C). Hence,

ˆ̄Cdyn
AB (Ω, Δm, Δs) = eβ(Ω−μ Δm−γ Δs) ˆ̄Cdyn

BA (−Ω,−Δm,−Δs)
× [1 + (correction)]. (20)

The correction depends on s−1
α , E−1

α , and N. Its precise size does
not matter in Appendix B 6, only it vanishing in the thermodynamic
limit does. We expect the correction often to behave approximately
as usual (as in the absence of non-Abelian symmetry), as O(N−1

).9
However, we calculate the finite-size correction at q = β = 0

in Appendix B 7. We argue that the correction scales as fol-
lows: (i) When sα = O(N), the correction is O(N−1

). (ii) When
sα = O(Nζ∈ (0,1)

), the correction is O(N−min{ζ,1−ζ}
) > O(N−1

). Fur-
thermore, we argue that sα = O(N1/2

) is possible. The argument
relies on an exact formula for S̃th, the similarity between ∣α, m⟩ and
ρNATS, and the equivalence of thermodynamic ensembles. In fact,
sα = O(N1/2

) is typical due to scalings of the subspaces. In conclu-
sion, we argue that SU(2) symmetry can render the (fine-grained)
KMS relation’s finite-size correction as small as usual under certain
conditions and polynomially larger under others.

VI. NUMERICS
This section numerically supports the fine-grained KMS rela-

tion (20). We simulated a Heisenberg XXX chain subject to periodic
boundary conditions. The number of qubits, N, ranged from 16 to
24. We denote by σ( j)

a=x,y,z = σ(N+j)
a the Pauli-a operator of qubit j. The

Hamiltonian has the form

H = −
J
2

N

∑
j=1
[λσ⃗ ( j)

⋅ σ⃗ ( j+1)
+ (1 − λ)σ⃗ ( j)

⋅ σ⃗ ( j+2)
]. (21)

The overall coupling strength J = 1. λ interrelates the nearest- and
next-nearest-neighbor couplings’ strengths. We set λ = 0.25, such
that the Hamiltonian is nonintegrable.32,33 The model has transla-
tional invariance, which we leverage by working in the maximally
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symmetric subspace defined in Ref. 31. We numerically diagonalized
H, calculating the forms of the eigenstates ∣α, m⟩.

We evaluated the fine-grained correlator (14) on ∣α, m⟩s. For
convenience, we set A = B = T(k)q . To introduce the operator, we
denote the qubit-j raising and lowering operators by σ( j)

± and
the whole-system versions by σtot

± := ∑N
j=1 σ( j)

± .47 We analyzed the
operators (Ref. 32, Appendix D),

T(0)0 =
−1

12N

N

∑
j=1
[2(σ( j)

+ σ( j+1)
− + h.c.) + σ( j)

z σ( j+1)
z ],

T(2)0 =
1

√
24 N

N

∑
j=1
[σ( j)

z σ( j+1)
z − (σ( j)

+ σ( j+1)
− + h.c.)],

(22)

and T(4)0 . The latter operator appears to lack a clean formula
but follows from lowering T(4)4 four times: T(4)0 = [σtot

− , [σtot
− , [σtot

− ,
[σtot
− , T(4)4 ]]]], wherein

T(4)4 =
1
N

N

∑
j=1

σ( j)
+ σ( j+1)

+ σ( j+2)
+ σ( j+3)

+ . (23)

A logarithmic ratio facilitates the testing of the fine-grained
KMS relation (Appendix D). Under the conditions above, the
log-ratio simplifies to

Lk,q(Ω, Δs; α, m) := ln
⎛
⎜
⎜
⎝

ˆ̄Cdyn

T(k)
−q T(k)

q
(Ω, Δm = q, Δs; α, m)

ˆ̄Cdyn

T(k)
q T(k)

−q
(−Ω, Δm = −q,−Δs; α, m)

⎞
⎟
⎟
⎠

. (24)

The log-ratio, evaluated at arbitrary q and m values, is related simply
to an L evaluated at (q, m) = (0, 0) Eq. (D7). According to the fine-
grained KMS relation, Lk,q = β(Ω − μq − γ Δs), to within finite-size
corrections. The parameters (β, βμ, and βγ) are determined by the
resemblance between ρNATS and ∣α, m⟩. Our numerics focus on (i)
eigenstates with m = 0, such that βμ = 0 and (ii) the spherical-tensor
index q = 0. Equation (D7) implies the extension to general m and q.

The eigenstate ∣α, m⟩ should resemble ρNATS under the con-
ditions (5). Consider fixing those equations’ left-hand sides. No

finite-N system’s ∣α, m⟩ necessarily satisfies the equations because
sα and m are discrete. To mitigate this numerical challenge, we
fix β. Simultaneously, we set the S quantum number to s and
the Sz eigenvalue to 0. Then, we identify the eigenstates ∣α, 0⟩
whose sα = s. We select the eigenstate whose Eα lies closest to
the Hamiltonian’s thermal average with respect to the Boltzmann
distribution (over the sα subspace) at β. Having introduced our
techniques, we test the fine-grained KMS relation at Δs = 0 then at
Δs ≠ 0.

We suppose that Δs = 0. The fine-grained KMS relation
assumes the form Lk,0(Ω, Δs = 0; α, 0) = βΩ in the thermodynamic
limit. Finite-size corrections stem from two sources. First, random-
matrix theory models the matrix elements (1).30,32,33 Therefore,
Lk,0(Ω, 0; α, 0) fluctuates from eigenstate to eigenstate. By the
non-Abelian ETH, the fluctuation’s amplitude decays exponen-
tially as N grows. To suppress the fluctuation, we assemble the
set {Lk,0(Ω, 0; α, 0) : sα = s, ∣Eα − E(β)∣ ≤ ΔE/2} of log-ratios from
nearby energy eigenstates (associated with energies within a win-
dow of size ΔE = 0.4). We average L over the eigenstates, producing
Lk,0(Ω, 0; s). Then, we calculate the standard deviation. Second,
Lk,0(Ω, 0; s) deviates from the predicted value due to the finite-size
correction discussed in Sec. V and Appendix B.

Figure 1 shows average logarithmic ratios L, normalized by Ω
vs Ω. The error bars represent the eigenstate-to-eigenstate fluctua-
tions (standard deviations). The fluctuations shrink exponentially as
N grows consistently with the non-Abelian ETH.48

Figure 2 quantifies the finite-size deviation of L/Ω from the
expected value β. The top row corresponds to β = 0.0 and the bottom
row, to β = 0.2. The effective inverse temperature βeff is defined as
the average of L/Ω across Ω ∈ [2, 5]. Furthermore, the finite-size
correction Δβ is defined as the root-mean-square of L/Ω − β within
the same interval. Figures 2(a) and 2(c) depict βeff. Despite deviating
from the prediction β, βeff approaches β as N increases, at most s
values.

Figure 2(b) shows the root-mean-square deviation, Δβ. It
decreases as 1/N at all s/N values. T(0)0 and T(2)0 exhibit this behav-
ior, but T(2)0 exhibits a weaker finite-size effect. The reason merits
further investigation.

FIG. 1. Averages and standard deviations of normalized logarithmic ratios: the error bar represents the standard deviation of log-ratios across eigenstates ∣α, 0⟩ associated
with close-together energies. (a) Average log-ratio L0,0/Ω, normalized by Ω, of the T(0)

0 operator. The energy eigenstates used correspond to s = 0 and β = 0 (black

dashed line). The different marker shapes and colors represent different system sizes (N = 16, 20, 24). (b) Average normalized log-ratio L2,0/Ω of the T(2)
0 operator at

s = N/4 and β = 0.2 (black dashed line).
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FIG. 2. Quantification of finite-size effects in the average
normalized logarithmic ratio at Δs = 0: the black dashed
curves mark β, which equals 0.0 in the top row and 0.2 in the

bottom. The open markers were calculated from T(0)
0 and

the filled markers from T(2)
0 . (a) and (c) Effective inverse

temperature βeff vs spin quantum number s. βeff follows

from averaging L(Ω)/Ω across Ω ∈ [2, 5]. (b) and (d)
Finite-sized deviation (Δβeff)N from the fine-grained KMS
relation vs spin-quantum-number density s/N. Δβeff equals

the root-mean-square of L/Ω − β across Ω ∈ [2, 5]. In all
four plots, the blue curves jag sharply on the right-hand
sides. The reason is that the system is small enough that
few energy eigenstates correspond to such large s values.

In addition to comparing operators, we compare β = 0.0
[Fig. 2(b)] with β = 0.2 [Fig. 2(d)]. Δβ adopts its asymptotic 1/N scal-
ing at larger system sizes when β = 0.2. We speculate that the reason
is the density of states being smaller at β = 0.2 than at β = 0.0.

Having tested the fine-grained KMS relation at Δs = 0, we test
it at Δs ≠ 0. Figure 3(a) shows two T(k)0 operators’ average log-
ratios, Lk,0(Ω, Δs; s). The rank k = 2 corresponds to filled markers
and k = 4 to empty markers. The different marker shapes and colors
represent different values Δs = 0,±2. All data come from the largest-
system simulations, N = 24, and s = 4. According to the fine-grained
KMS relation,

Lk,0(Ω, Δs; α, 0) = β(Ω − γ Δs) (25)

in the thermodynamic limit. The blue solid curve represents this
ideal at Δs = 0 in Fig. 3(a). This curve closely tracks the blue circles

and disks. Hence, the average correction Lk,0(Ω, Δs; s) approximates
the ideal value well at Δs = 0.

Figure 3(b) sharpens the Δs ≠ 0 analysis. By Eq. (25), L at Δs
= ±2 should be vertically shifted, through a displacement −(Δs)βγ
from L at Δs = 0. To test this prediction, we define the effective
thermodynamic parameter,

(βγ)eff := [Lk,0(Ω,−2; s) − Lk,0(Ω, 2; s)]/4. (26)

It equals the βγ is associated with ∣α, 0⟩, plus a finite-size correc-
tion, according to the fine-grained KMS relation. Figure 3(b) shows
(βγ)eff (markers) and βγ (dashed curve) vs Ω.49 The markers devi-
ate from the curve substantially. The finite-size correction is larger
at Δs ≠ 0 than at Δs = 0 [Fig. 3(a)].

We quantify the finite-size correction with Δ(βγ), the root-
mean-square value of (βγ)eff − (βγ), within the interval Ω ∈ [2, 5].
Figure 4 shows Δ(βγ) vs s. Different curves correspond to different

FIG. 3. Comparisons of finite-size corrections at various Δs values: the filled symbols describe the k = 2 tensor and the empty symbols represent the rank-4 tensor. The
parameters are N = 24, s = 4, and β = 0.0. (a) Average log-ratios Lk,0(Ω, Δs; s). The different marker shapes and colors correspond to different Δs values. The blue, solid
curve represents βΩ, the ideal L at Δs = 0. (b) (βγ)eff for the k = 2 (filled symbols) and k = 4 (empty symbols) operators. The black, dashed curve represents βγ.
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FIG. 4. Finite-sized correction to the fine-grained KMS
relation, as measured by Δ(βγ): panel (a) describes the
k = 2 tensor, and panel (b) presents the k = 4 tensor. The
empty markers correspond to β = 0 and the filled markers
correspond to β = 0.2.

system sizes N. Figure 4(a) describes a k = 2 operator and Fig. 4(b)
shows a rank-4 operator. The Δs ≠ 0 corrections are a few times
larger than the Δs = 0 corrections displayed in Figs. 2(a) and 2(b).
As N grows, the correction Δ(βγ) decreases, as expected. We can-
not perform a finite-size-scaling analysis on the correction because
computational limitations restrict N.

According to Fig. 4(b), the rank-4 tensor’s Δ(βγ) correction
changes nonmonotonically as s changes. The correction is the small-
est at a value s = smin. At each s > smin value, Δ(βγ) decreases rapidly
as N increases. At each s < smin value, Δ(βγ) decreases relatively
slowly as N increases. To understand this phenomenon’s origin, we
revisit a formula derived for the log-ratio in Appendix B Eqs. (B86)
and (B98). First, we define two derivatives of the symmetric func-
tion GAB: Γs := ∂s̃ ln (GAB(E, s̃; Ω, Δs))∣Eα , s and the analogous ΓE.
In terms of them, the log-ratio is Lk,0(Ω, Δs; α, 0) = β(Ω − γΔs)
+ (ΓEΩ + Γs Δs) + ⋅ ⋅ ⋅ The final parenthesized term is the leading-
order finite-size correction in the fine-grained KMS relation. This
correction, at nonzero Δs is

Δ(βγ) = −Γs. (27)

This logarithm is not analytically computable.
To bypass this obstacle, we consider the modified NATS at

β = βμ = 0: ρNATS = eβγS
/Z̃(βγ). This partition function is

exactly calculable. In terms of the scaling variable γ̃ :=
√

N
8 βγ

(Appendix B 7),

Z̃(βγ) = 2N+1 Z̃(γ̃), wherein (28)

Z̃(γ̃) = γ̃
√

π
+

1 + 2γ̃ 2

2
[1 + erf(γ̃)] eγ̃ 2

. (29)

The expectation value ⟨S⟩ = ∂βγ ln (Z̃) =
√

N
8

d Z
dγ̃ evaluates to

⟨S⟩ =
√

N/8 J (γ̃). (30)

The scaling function J (γ̃) := d Z̃/dγ̃ behaves as

J (γ̃) ≃

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

2γ̃, γ̃≫ 1,

O(1), ∣γ̃∣≪ 1,

−3/γ̃, γ̃≪ −1.

(31)

If ∣βγ∣ = O(N−1/2
), then ⟨S⟩ = O(N1/2

) and if βγ = O(1), then ⟨S⟩
∼ N. The scaling (30) stems from Hilbert space’s decomposition into
subspaces labeled by sα. We, therefore, posit that thermodynamic
quantities depend on s through the scaling variable s/

√
N when

s = O(N1/2
). Applying this ansatz to Eq. (27) implies that (i)

when s = O(N1/2
), the finite-size correction is anomalous, Δ(βγ)

= O(N−1/2
), and (ii) when s = O(N), the correction is of O(N−1

).
The nonmonotonic behavior shown in Fig. 4(b), we believe, reflects
the anomalous finite-size correction to the fine-grained KMS
relation at s = O(N1/2

).
Appendix E supports the fine-grained KMS relation (20) with

further numerics. There, we simulate a Heisenberg model that
(i) obeys closed boundary conditions and (ii) lacks symmetries
other than SU(2) [and the U(1) symmetry equivalent to energy
conservation]. The results echo those in this section.

VII. OUTLOOK
We have derived and numerically supported a fine-grained

KMS relation obeyed by energy eigenstates of quantum many-body
systems subject to non-Abelian symmetries. The proof relies on the
recently introduced non-Abelian ETH. Under certain conditions, we
have argued that the fine-grained KMS relation’s finite-size correc-
tion scales as O(N−1

), as usual (as in the absence of any non-Abelian
symmetry). Under other conditions, the correction may be poly-
nomially larger. Hence, charges’ noncommutation may enable an
anomalously large deviation from a result applied in nonequilibrium
statistical physics. This result exemplifies quantum thermodynam-
ics, given noncommutation’s role in quantum phenomena, such as
uncertainty relations. Our result helps extend into nonequilibrium
thermodynamics the rapidly growing program of identifying how
charges’ noncommutation influences dynamics.20,26,50–57

Our results differ from two related results. First, Manzano
et al. proved that charges’ noncommutation lowers linear–response
entropy production.12 Yet, their result concerns the Onsager rela-
tions, not the FDT. Their setup differs, featuring two thermal
systems at different effective temperatures and many-body physics
does not feature in their discovery, which involves no finite-size
correction.

Second, Murthy et al. proved that if a Hamiltonian H and T(k)q
obey the non-Abelian ETH, the operator’s time-averaged expec-
tation value can differ from its thermal expectation value by an
anomalously large correction.30 The result derives from the non-
Abelian ETH’s first term. In contrast, our result derives from the
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second term, which encodes how ⟨T(k)q ⟩ fluctuates over time. In
addition, Ref. 30 contains no numerical evidence and invokes an
assumption that we do not.

Our work establishes six opportunities for future research.
First, we argued analytically that the fine-grained KMS relation
contains an anomalously large correction under certain conditions,
including sα = O(N1/2

). Other parameter regimes might admit of
anomalously large corrections too, so might non-Abelian symmetry
groups other than SU(2).

Second, one might observe our KMS relation’s anomalous
correction by simulating larger systems. The simulations may be
classical. However, third, experiments can test our KMS rela-
tion. The correlator equals an average over a Kirkwood–Dirac
quasiprobability distribution, as all correlators do.58 Quasiprob-
abilities resemble probabilities but can violate certain axioms of
probability theory. Kirkwood–Dirac quasiprobabilities can assume
negative and nonreal values. Yet, one can measure Kirkwood–Dirac
quasiprobabilities in many ways.59–61 Furthermore, noncommuting-
charge thermodynamics was recently tested in a trapped-ion exper-
iment.29 Other feasible platforms include superconducting qubits
and ultracold atoms.42,62

Third, our work leverages the non-Abelian ETH’s off-diagonal
term, expected to illuminate thermalization dynamics.30 By extend-
ing this work, one may elucidate dynamical questions—for exam-
ple, does charges’ noncommutation slow thermalization? Does it
enlarge the fluctuations, undergone over time, by a local operator’s
expectation value?

Fourth, one can derive an FDT from our KMS condition. Man-
zano et al. derived what might be called an FDT, Eq. (13) of Ref. 12,
in the context of noncommuting charges. The equation’s similarity
to FDTs was not emphasized, however. In addition, the deriva-
tion differed substantially from the conventional FDT derivation
in Appendix A. Starting from our KMS condition could illuminate
more directly how noncommuting charges affect the conventional
FDT.

Fifth, Appendix B shows that SU(2) symmetry supports
a nonzero static correlator across a relatively wide parameter
regime. A static correlator never decays and so evidences mem-
ory. We will quantify this memory’s capabilities in future
work.44

Sixth, many realistic settings feature perturbations that break
symmetries. Do such perturbations alter predictions of the non-
Abelian ETH, such as the fine-grained KMS relation? The answer
can help bridge the present work to experiments.
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APPENDIX A: REVIEW OF THE CONVENTIONAL KMS
RELATION AND FDT FOR QUANTUM SYSTEMS

This appendix contains a pedagogical three-step review of the
quantum KMS relation and FDT. In Appendix A 1, we derive
the Kubo formula for a quantum system’s response function. In
Appendix A 2, we derive the conventional KMS relation. Com-
bining these two ingredients, we prove the conventional FDT in
Appendix A 3. The overall derivation appears in many references;
we follow Secs. 3.3.2–3.3.6 of Ref. 34.

Before embarking upon the derivation, we review the reason
for the name fluctuation–dissipation theorem; Kubo explains this
eloquently in his review.63 For simplicity, we consider a classical sta-
tistical mechanical system, such as an electrically charged particle
in a fluid. In equilibrium, the particle undergoes Brownian motion:
fluid particles bump into the charged particle, which random-walks
around the fluid. That is, the charged particle’s position fluctu-
ates. Now, consider applying an electric field. It forces the charged
particle along a particular direction. To move there, the charged par-
ticle knocks aside fluid particles, which slow it down. That is, the
fluid particles exert a drag force, which dissipates energy from the
charged particle. This dissipation shares its origin with the equi-
librium fluctuations—collisions between the charged particle and
fluid particles—so the two phenomena must be related. The FDT
quantifies this relationship.

This appendix concerns a quantum system of the follow-
ing type: The system has observables A and B. From time 0 to
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time t′, and from time t′ + ϵ to time t, the system evolves under
an unperturbed Hamiltonian H. ϵ is infinitesimally small. Dur-
ing the infinitesimal interval, the system evolves under the per-
turbed Hamiltonian H′ := H − hB. Later, we will consider the zero-
field limit (h = 0). At time 0, the system begins in a state ρ. In
Appendix A 1, ρ is arbitrary; afterward, it is thermal, as described
in Appendix A 3. We set Planck’s reduced constant to h = 1.

1. Derivation of the Kubo formula
This section addresses the following question about the time-

t expectation value of A: Consider the expectation value’s rate of
change with respect to hϵ in the zero-field limit. This rate quan-
tifies the system’s response to the perturbation −hB. What is that
response?

To answer this question, we introduce the expectation value.
First, we define the unitary that encodes the full time evolution,

UB(t, 0) := e−iH(t−t′−ϵ) e−i(H−hB)ϵ e−iHt′. (A1)

This unitary evolves A in the Heisenberg picture to A(t) := U†
B

(t, 0)A UB(t, 0). The time-evolved operator has the expectation
value,

⟨A(t)⟩B := Tr(U†
B(t, 0)A UB(t, 0) ρ). (A2)

In terms of this expectation value, we define the response function,

RAB(t, t′) :=
∂⟨A(t)⟩B
∂(hϵ)

∣

h=0
Θ(t − t′). (A3)

The Heaviside function encodes causality: the system can respond to
perturbations applied in the past, not the future.

Let us calculate the response function. By the product rule,

RAB(t, t′) = [Tr(
∂U†

B(t, 0)
∂(hϵ)

A UB(t, 0))∣
h=0

+ Tr(U†
B(t, 0)A

∂UB(t, 0)
∂(hϵ)

)∣

h=0
]Θ(t − t′). (A4)

We approximate the derivatives to first order in hϵ. To do so, we
approximate the central factor on the right-hand side of Eq. (A1).
This exponential of a sum would equal a product of exponentials,
if H commuted with B. The two operators might not commute,
however. According to the Baker–Campbell–Hausdorff formula,

e−iHϵ eihϵB
= e−i(H−hB)ϵ+ ihϵ2

2 [H,B]+ ihϵ3

12 [H,[H,B]]+⋅⋅⋅. (A5)

The largest correction is of O(hϵ2
[H, B]), which we neglect. Next,

we Taylor-approximate eihϵB. The unitary formula (A1) becomes

UB(t, 0) = e−iH(t−t′)
{𝟙 + ihϵB +O([hϵ]2)}e−iHt′. (A6)

This result implies the unitary’s rate of change with respect to hϵ in
the zero-field limit,

∂

∂(hϵ)
UB(t, 0)∣

h=0
= i e−iH(t−t′) B e−iHt′. (A7)

It is worthwhile calculating the Hermitian conjugate too,

∂

∂(hϵ)
U†

B(t, 0)∣
h=0
= −i eiHt′ B eiH(t−t′). (A8)

Let us substitute into Eq. (A4),

RAB(t, t′) = [−iTr(eiHt′ B eiH(t−t′) A e−iHt ρ)

+ iTr(eiHt A e−iH(t−t′) B e−iHt′ ρ)]Θ(t − t′), (A9)

= i[Tr(A(t)B(t′) ρ) − Tr(B(t′)A(t) ρ))Θ(t − t′),
(A10)

= iTr([A(t), B(t′)]ρ)Θ(t − t′), (A11)

≡ i⟨[A(t), B(t′)]⟩ρ Θ(t − t′). (A12)

We have defined ⟨X⟩ρ := Tr(Xρ). The final equality gives the Kubo
formula for the response function.

2. Derivation of the conventional KMS relation
The following considerations motivate the KMS relation’s

derivation. The Kubo formula (A12) expresses the time-domain
response function RAB(t, t′) in terms of a time-domain correla-
tor ⟨[A(t), B(t′)]⟩ρ. The FDT will express a frequency-domain
response function in terms of a frequency-domain correlator. The
latter correlator obeys a symmetry property used to derive the FDT.
That symmetry property is the KMS relation.

First, we introduce an assumption and notation. From now on,
we assume that ρ is the canonical thermal state, ρth := e−βH

/Z. The
partition function is defined as Z := Tr(e−βH

). The two-time thermal
correlator has the form

CAB(t, t′) := ⟨A(t)B(t′)⟩ρth
. (A13)

Now, we prove a time-domain version of the KMS relation,

CAB(t, t′) = CBA(t′, t + iβ). (A14)

We substitute into the left-hand side from the definition (A13).
Then, we substitute in the forms of A(t) and ρth,

CAB(t, t′) =
1
Z

Tr(eiHt A e−iHt B(t′) e−βH
). (A15)

Let us cycle B(t′)e−βH to the trace’s left-hand side. The thermal
exponential combines with eiHt into eiH(t+iβ). Then, we insert 𝟙
= e−βH eβH rightward of A. The eβH value combines with e−iHt . Here,
e−βH commutes through them to form a new thermal exponential on
the right-hand side of the trace’s argument,

CAB(t, t′) = Tr(B(t′) eiH(t+iβ) A e−iH(t+iβ) e−βH
)

= Tr(B(t′)A(t + iβ) ρth) = CBA(t′, t + iβ). (A16)

We have proven Eq. (A14).
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We now take advantage of a property of the thermal state. ρth is
stationary, or invariant under time evolution; therefore, CAB(t, t′) is
stationary, depending on t and t′ only through the difference t − t′.
Abusing notation, we redefine CAB(t, t′) as CAB(t − t′). The time-
domain KMS relation becomes CAB(t − t′) = CBA(t′ − t − iβ). Let us
relabel t − t′ as t,

CAB(t) = CBA(−t − iβ). (A17)

From this relation, we derive the frequency-domain KMS rela-
tion. We define the Fourier transform and inverse Fourier transform
as in solid-state physics and in Refs. 3 and 9,

f (k) = ∫
∞

−∞
dx f (x) eikx, and f (x) =

1
2π∫

∞

−∞
dk f (k) e−ikx.

(A18)
Fourier-transforming each side of Eq. (A17) yields

CAB(Ω) = ∫
∞

−∞
dt CBA(−t − iβ) eiΩt. (A19)

We multiply the right-hand side by 1 = eβΩe−βΩ
= eβΩeiω(iβ), incor-

porating the final factor into eiΩt ,

CAB(Ω) = eβΩ
∫

∞

−∞
dt CBA(−t − iβ) eiΩ(t+iβ), (A20)

= eβΩ CBA(−Ω). (A21)

We have derived the (frequency-domain) KMS relation.

3. Derivation of conventional FDT
We derive the FDT using the Kubo formula (A12) and the KMS

relation (A21). First, we introduce notation for antisymmetrized and
symmetrized thermal correlators,

C[A,B](t, t′) :=
1
2
⟨[A(t), B(t′)]⟩ρth

and

C{A,B}(t, t′) :=
1
2
⟨{A(t), B(t′)}⟩ρth

.

(A22)

The notation {X, Y} ≡ XY + YX represents the anticommutator.
Why have we introduced the correlators (A22)? The Kubo relation
expresses the response function in terms of C[A,B]. We aim to replace
this correlator with C{A,B} for the following reason: Consider rein-
stating h ≠ 1. In the classical limit (as βhω→ 0), we should recover
the classical FDT from the quantum FDT.

We interrelate the correlators as follows: both are stationary, so
abusing notation again, we redefine C[A,B](t, t′) ≡ C[A,B](t − t′) and
C{A,B}(t, t′) ≡ C{A,B}(t − t′). We then Fourier-transform Eq. (A22),
beginning with the commutator equation. Since C[A,B](t − t′)
= 1

2 [⟨A(t)B(t′)⟩ρth
− ⟨B(t′)A(t)⟩ρth

],

C[A,B](Ω) =
1
2
[CAB(Ω) − CBA(−Ω)] =

1
2
(1 − e−βΩ

)CAB(Ω).
(A23)

The final equality follows from the KMS relation, Eq. (A21).
Similarly, the second equation in (A22) Fourier-transforms to

C{A,B}(Ω) =
1
2
(1 + e−βΩ

)CAB(Ω). (A24)

Let us divide Eq. (A23) by Eq. (A24) and rearrange factors,

C[A,B](Ω) = tanh (βΩ/2)C{A,B}(Ω). (A25)

To combine this equality with the Kubo formula (A12), we
must Fourier-transform the latter. We do so in multiple steps. First,
we represent the Kubo formula’s correlator as an inverse Fourier
transform. The dummy Ω′ serves as the variable conjugate to t − t′.
Then, we substitute in from Eq. (A25),

RAB(t − t′) = i2C[A,B](t − t′)Θ(t − t′) = 2iΘ(t − t′)

×
1

2π∫
∞

−∞
dΩ′ C[A,B](Ω

′
) e−iΩ′(t−t′), (A26)

=
iΘ(t − t′)

π ∫

∞

−∞
dΩ′ tanh(

βΩ′

2
)C{A,B}(Ω

′
) e−iΩ′(t−t′). (A27)

We now Fourier-transform each side, using the dummy Ω as the
variable conjugate to t − t′. The left-hand side Fourier-transforms to
R̃AB(Ω). The right-hand side requires detailed evaluation,

RAB(Ω) =
i
π∫

∞

−∞
dt eiΩ(t−t′) Θ(t − t′)∫

∞

−∞
dΩ′ tanh(

βΩ′

2
)

× C{A,B}(Ω
′
) e−iΩ′(t−t′) , (A28)

=
i
π∫

∞

−∞
dΩ′ tanh(

βΩ′

2
)C{A,B}(Ω

′
)∫

∞

−∞
dt Θ(t − t′)

× ei(Ω−Ω′)(t−t′). (A29)

We have interchanged the integrals. The Heaviside function cuts off
the final integral from below at t − t′ = 0; that integral becomes, via
complex-analysis identities,

∞

∫

0

dt ei(Ω−Ω′)(t−t′)
= lim

ε→0+
i

(Ω −Ω′) + iε
= π δ(Ω −Ω′) + i

P
Ω −Ω′

,

(A30)
where P denotes the principal part. We substitute the final expres-
sion into Eq. (A29) and evaluate the remaining integral. Then, we
split up the response function as RAB(Ω) = R(1)AB (Ω) + iR(2)AB (Ω),
wherein

R(1)AB (Ω) = tanh(
βΩ
2
)C{A,B}(Ω) (A31)

and

R(2)AB (Ω) = −
2P
π ∫

∞

−∞

dΩ′

Ω −Ω′
tanh(

βΩ′

2
)C{A,B}(Ω

′
). (A32)

Equation (A31) forms the conventional quantum FDT.
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APPENDIX B: DERIVATION OF THE FINE-GRAINED
KMS RELATION FOR ENERGY EIGENSTATES
OF SU(2)-SYMMETRIC QUANTUM MANY-BODY
SYSTEMS

In the following, we detail the derivation of our fine-grained
KMS relation from the non-Abelian ETH. In Appendix B 1, we
introduce the modified NATS ρNATS in detail. In Appendix B 2, we
review thermodynamic properties of ρNATS. These thermodynamic
properties will inform our analysis of energy eigenstates, ∣α, m⟩, by
the local similarity between ∣α, m⟩ and ρNATS. In Appendix B 3,
we derive a fine-grained KMS relation satisfied by the modified
NATS. We begin to derive the fine-grained KMS relation satis-
fied by an energy eigenstate in Appendix B 4, by introducing the
correlator C̄AB(Ω). We also apply the non-Abelian ETH to the cor-
relator there. In Appendix B 5, we calculate the general finite-size
correction in C̄AB(Ω). In Appendix B 6, we prove the fine-grained
KMS relation satisfied by certain energy eigenstates ∣α, m⟩; we do
not argue there that the correction can be anomalously large. We
argue so in Appendix B 7, which focuses on a different parameter
regime.

This appendix concerns the setup described in Sec. III. Cer-
tain parts of our argument involve extra assumptions, introduced
in the following. In addition, we define S̃th(E, s) as the thermody-
namic entropy at the energy E and spin quantum number s. We
define D̃tot(E, s) as the density of states at energy E and spin quantum
number s. This density of states obeys S̃th(E, s) = ln (D̃tot(E, s)). In
contrast, we defined Sth(E, s) as the thermodynamic entropy at the
energy E, the spin quantum number s, and any fixed magnetic spin
quantum number (Sec. III and Ref. 32). The corresponding density
of states is Dtot(E, s) = D̃tot(E, s)/(2s + 1): Sth(E, s) = ln (Dtot(E, s)).

1. Modified NATS
The multiqubit system’s NATS is defined as follows:11,13–15 Let

β denote an inverse temperature and μa be the effective chemical

potential associated with Sa. We define μ :=
√

∑a=x,y,z μ2
a. The NATS

has the form

ρ̃NATS := exp
⎛

⎝
−βH − ∑

a=x,y,z
μaSa
⎞

⎠
/Z̃ = exp (−βH − μSz)/Z̃. (B1)

The final equality follows from pointing the z axis parallel to
μ⃗ = (μx, μy, μz) [equivalently, parallel to Tr(ρ̃NATSS⃗)], as we do
throughout these appendices. This orientation implies that μ ≥ 0.
The partition function Z̃ := Tr(exp (−βH − μSz)) normalizes the
state.

Having reviewed the NATS, we define the modified NATS.
First, we introduce the observable

S :=∑
α,m

sα∣α, m⟩⟨α, m∣. (B2)

Its eigenvalues—the spin quantum numbers sα—label the eigenval-
ues sα(sα + 1) of S⃗ 2. We denote the thermodynamic force conjugate
to S by γ ∈ R. In terms of these quantities, the modified NATS has
the form

ρNATS := exp (−β[H − μSz − γS])/Z. (B3)

The partition function Z := Tr(exp (−β[H − μSz − γS])). Justifying
the use of ρNATS is subtle: ρNATS does not follow from a com-
mon derivation of the thermal state’s form.43 In that derivation, we
assume that the system of interest and its environment are jointly in
equilibrium—in a microcanonical state. The total entropy, therefore,
attains its maximal value. The total entropy depends straightfor-
wardly on the total energy and on other total extensive charges.
The system-of-interest charges contribute additively to these total
charges. One can, therefore, trace out the environment from the
microcanonical state, leaving the system-of-interest state expressed
in terms of its extensive charges. However, S is not extensive (addi-
tive). The thermal state, therefore, appears not to depend on S,
according to the microcanonical derivation.64 This independence
resembles the thermal state’s independence of H2, H3, and S9

z . Yet,
S is an observable whose expectation value we can control and have
information about. Introducing S into the system-of-interest den-
sity operator is, therefore, reasonable.41 Furthermore, one can infer
empirically about ⟨S⟩ in two ways, as explained in the following two
paragraphs, although one might debate whether the density oper-
ator deserves the label thermal state. Having introduced ρNATS, we
define the thermal expectation value ⟨A⟩ := Tr(ρNATS A) of arbitrary
operators A.

One can infer empirically about ⟨S⟩ in two ways. First, consider
measuring the fine-grained correlator experimentally. From the fine-
grained KMS relation, one can infer γ’s value, which implies ⟨S⟩’s
value.41

Second, one can efficiently bound ⟨S⟩, using shadow tomogra-
phy. We can express the spin-squared operator S⃗ 2 in two ways. In
terms of eigenvalues,

S⃗ 2
=∑

α,m
sα(sα + 1)∣α, m⟩⟨α, m∣ =∑

α,m
(s2

α + sα)∣α, m⟩⟨α, m∣ = (S2
+ S).

(B4)
Denote qubit j’s spin operator by S⃗ ( j). In terms of these local
operators,

S⃗ 2
=
⎛

⎝

N

∑
j=1

S⃗ ( j)⎞

⎠

2

=∑
j,k

S⃗ ( j)
⋅ S⃗ (k). (B5)

Let us equate the rightmost expressions in (B4) and (B5). Taking the
expectation value of each yields ⟨S2

⟩ + ⟨S⟩ = ∑j,k ⟨S⃗
( j)
⋅ S⃗ (k)⟩. Since

⟨S2
⟩ ≥ 0,

⟨S⟩ ≤∑
j,k
⟨S⃗ ( j)

⋅ S⃗ (k)⟩. (B6)

The right-hand side equals a sum of two-local terms. One can,
therefore, estimate it efficiently, using shadow tomography.65,66

2. Thermodynamic properties of the modified NATS
Here, we calculate thermodynamic properties of ρNATS. The

main results are formulas for S̃th derivatives Eqs. (B15), (B25), and
(B27). One formula is general, the second applies in just one para-
meter regime and the third applies in just in another parameter
regime. These formulas will help us prove the fine-grained KMS rela-
tion for energy eigenstates ∣α, m⟩, by the local resemblance between
ρNATS and ∣α, m⟩. To derive the formulas, we calculate a finite-size

APL Quantum 3, 026103 (2026); doi: 10.1063/5.0308181 3, 026103-11

© Author(s) 2026

 
0
8
 
A
p
r
i
l
 
2
0
2
6
 
1
3
:
5
8
:
5
4

https://pubs.aip.org/aip/apq


APL Quantum ARTICLE pubs.aip.org/aip/apq

system’s Z, ⟨Sz⟩, and ⟨S⟩. Then, we approximate the results in the
thermodynamic limit. Finally, we specialize to certain parameter
regimes.

a. Thermodynamic properties of a finite-size system
in ρNATS

Let us calculate Z, ⟨Sz⟩, and ⟨S⟩.

1. Z: We compute the partition function’s trace using {∣α, m⟩},

Z := Tr(e−βH−μSz−γS
) =∑

α

sα

∑
m=−sα

e−β(Eα−μm−γsα)

=∑
α

e−β(Eα−γsα)
sα

∑
m=−sα

eβμm. (B7)

Let us define a function Gs(x) similar to the m-dependent
sum. By the formula for a finite geometric series,

Gs(x) :=
1

2s + 1

s

∑
m=−s

exm
=

e−xs

2s + 1

2s

∑
m=0

exm, (B8)

=
1

2s + 1
sinh (x[s + 1

2 ])

sinh (x/2)
. (B9)

In terms of Gs(x), the partition function has the form

Z =∑
α
(2sα + 1)Gsα(βμ) e−β(Eα−γsα). (B10)

2. ⟨Sz⟩: By definition, ⟨Sz⟩ = Tr(Sz ρNATS) = Tr(Sz e−β(H−μSz−γS)
/

Z) = 1
Z∑α∑

sα
m=−sα

m e−β(Eα−μm−γsα). The sum over m has the
form∑sα

m=−sα
m eβμm

= (2sα + 1)G′sα(βμ). Hence,

⟨Sz⟩ =
1
Z∑α

(2sα + 1)G′sα(βμ) e−β(Eα−γsα). (B11)

3. ⟨S⟩: We evaluate ⟨S⟩ analogously to ⟨Sz⟩, ⟨S⟩ = 1
Z∑α sα(2sα

+ 1)Gsα(βμ) e−β(Eα−γsα).

b. Thermodynamic properties in the large-system
regime

Let us begin to evaluate the partition function. In the large-
system regime, we approximate Eα as the continuous variable E.
We replace ∑α(2sα + 1) with an integral ∫ dE and the density of
states, D̃tot(E, sα) = exp ((S̃th(E, sα)) .67 For convenience, we move
Gsα(βμ) into an exponential and a logarithm: Gsα(βμ) = eln (Gsα (βμ)).
The partition function assumes the form

Z =∑
sα

∫ dE eS̃ th(E,sα)+ln (Gsα (βμ))−β(E−γsα). (B12)

To evaluate Z further, we would invoke Laplace’s method.
(Laplace’s method specializes the saddle-point approximation to
real variables.) The exponent peaks sharply, so we would typically
Taylor-approximate its argument about the peak to second order. At
the peak, the argument’s first derivatives vanish (and second deriva-
tives are negative). However, we will not approximately calculate Z
fully.

Instead, we calculate the first derivatives at the peak, as well as
⟨Sz⟩. In Eq. (B12), the exponent has an argument that we define as

F (E, sα) := S̃th(E, sα) + ln (Gsα(βμ)) − β(E − γsα). (B13)

The E and sα values are denoted by E ∗ and s ∗ at which F (E, sα)

maximizes. These values approximately equal expectation values
(Appendix B 2 c): E ∗ ≈ ⟨H⟩ and s ∗ ≈ ⟨S⟩.

Let us evaluate the derivatives of F (E, sα) where the function
peaks. We begin with the energy derivative,

0 ≈
∂

∂E
F (E, sα)∣

⟨H⟩,⟨S⟩
=

∂

∂E
S̃th(E, sα)∣

⟨H⟩,⟨S⟩
− β ⇒, (B14)

∂

∂E
S̃th(E, sα)∣

⟨H⟩,⟨S⟩
≈ β. (B15)

Equation (B15) is the first main result in this subsection.
The second main result concerns an sα-derivative of S̃th at

βμ = 0. The sα-derivative of F vanishes reminiscently of Eq. (B14),

0 ≈
∂

∂sα
F (E, sα)∣

⟨H⟩,⟨S⟩
=

∂

∂sα
S̃th(E, sα)∣

⟨H⟩,⟨S⟩

+
1

Gsα(βμ)
∂

∂sα
Gsα(βμ)∣

⟨S⟩
+ βγ. (B16)

The final derivative’s form follows from the Gs(x) formula (B9),

∂

∂sα
Gsα(βμ)∣

⟨S⟩
=

1
2⟨S⟩ + 1

1
sinh (βμ/2)

{βμ cosh(
βμ
2
[2⟨S⟩ + 1])

−
2

2⟨S⟩ + 1
sinh(

βμ
2
[2⟨S⟩ + 1])}. (B17)

We factor out sinh ( βμ
2 [2⟨S⟩ + 1]) and then apply Eq. (B9) to the

prefactor,

∂

∂sα
Gsα(βμ)∣

⟨S⟩
= G⟨S⟩(βμ){βμ coth(

βμ
2
[2⟨S⟩ + 1]) −

2
2⟨S⟩ + 1

}.

(B18)
Upon substituting into Eq. (B16), we isolate the S̃th term,

∂

∂sα
S̃th(E, sα)∣

⟨H⟩,⟨S⟩
≈ −βμ coth(

βμ
2
[2⟨S⟩ + 1]) +

2
2⟨S⟩ + 1

− βγ.

(B19)
We will evaluate this formula in each of two parameter regimes.

We must also calculate ⟨Sz⟩ in these regimes. In Appendix B 2 d,
we derive the following general formula from Eq. (B12):

⟨Sz⟩ ≈ G′⟨S⟩(βμ)/G⟨S⟩(βμ). (B20)

Calculating the right-hand side from Eq. (B9) is straightforward. The
result echoes a result in the theory of magnetism.68 Consider a para-
magnet of spins, each associated with the spin quantum number s.
The jth spin’s Pauli-z operator is denoted by S( j)

z . Suppose that the
spins do not interact, evolving under the Hamiltonian −B∑j S( j)

z .
The magnetization depends on the Brillouin function,

Bs(x) :=
2s + 1

2s
coth(

x
2s
[2s + 1]) −

1
2s

coth(
x
2s
). (B21)
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At the inverse temperature β, the paramagnet’s average magne-
tization has the form ⟨S( j)

z ⟩ = s Bs(βs). Our system has a similar
magnetization,

⟨Sz⟩ ≈ ⟨S⟩B⟨S⟩(βμ⟨S⟩). (B22)

Two useful limiting behaviors of Bs(x) derive from limiting behav-
iors of the hyperbolic tangent. First, suppose each function’s
argument is small,

coth (x ≈ 0) =
1
x
+

x
3
+O (x3

) ⇒ Bs(x ≈ 0) =
x(s + 1)

3s
+O (x3

).

(B23)

Now, suppose each function’s argument is large,

coth (x≫ 1) = 1 +O(e−2x
) ⇒ lim

x→∞
Bs(x) = 1. (B24)

Let us apply the foregoing results, with the first-derivative con-
ditions (B15) and (B19), to ascertain how ∂sα S̃th(E, sα) and ⟨Sz⟩

behave under certain conditions on β and μ (and, in one case, ⟨S⟩).

1. If βμ = 0: We infer about ∂sα S̃th(E, sα) from Eq. (B19), using
the small-argument formula (B23),

∂

∂sα
S̃th(E, sα)∣

⟨H⟩,⟨S⟩
≈ −βγ. (B25)

Next, we calculate ⟨Sz⟩. By the ⟨Sz⟩ formula (B22) and the
small-argument approximation (B23),

⟨Sz⟩ ≈ 0. (B26)

2. If βμ > 0 and ⟨S⟩ = O(Nζ
), wherein ζ ∈ (0, 1]: Again, we infer

about ∂sα S̃th(E, sα), from Eq. (B19). To the hyperbolic tangents
therein, we apply the large-argument approximation (B24),

∂S̃th(E, sα)

∂sα
∣

⟨H⟩,⟨S⟩
≈ −β(μ + γ) +O(⟨S⟩−1

). (B27)

To infer about ⟨Sz⟩, we apply the large-argument approxima-
tion (B24) to Eq. (B22),

⟨Sz⟩ ≈ ⟨S⟩ −
1
2
[coth(

βμ
2
) − 1] +O(e−2βμ⟨S⟩

) = ⟨S⟩ +O(1). (B28)

c. Proof that at the peak of F (E, sα), ⟨H⟩ ≈ E∗
and ⟨S⟩ ≈ s∗

Let us prove that ⟨H⟩ ≈ E ∗ and ⟨S⟩ ≈ s ∗ , where F (E, sα)

Eq. (B13) peaks. To do so, we calculate ⟨S⟩ and then ⟨H⟩. We sub-
stitute into the first expectation value from the ρNATS definition
(B1),

⟨S⟩ = Tr(SρNATS) =
1
Z

Tr(S e−β(H−μSz−γS)
) =

1
βZ

∂Z
∂γ

. (B29)

Applying Laplace’s method to Z, one Taylor-approximates to second
order. By Eqs. (B12) and (B13), the partition function has the form

Z =∑
sα

∫ dE exp (F (E, sα)) ≈∑
sα

∫ dE exp (F (E ≈ E ∗ , sα ≈ s ∗ )),
(B30)

≈ ∑
sα≈s∗
∫ dE exp(F (E ∗ , s ∗ ) + ∇⃗F (E, sα)∣E∗ ,s∗

⋅ (E−E ∗ , sα − s ∗ )
(B31)

+
1
2
(E − E ∗ , sα − s ∗ )T

⋅ ∇⃗
2
HF (E, sα)∣

E∗ ,s∗
⋅ (E − E ∗ , sα − s ∗ )),

(B32)

where ∇⃗2
H denotes the Hessian. The gradient (first-order term) van-

ishes by the definition of E ∗ and s ∗ . If the system is very large, the
second-order correction vanishes. We, therefore, approximate the
partition function to zeroth order,

Z ≈ exp (S̃th(E ∗ , s ∗ ) + ln (Gs∗(βμ)) − β[E ∗ − γs ∗ ]). (B33)

Substituting into Eq. (B29) yields ⟨S⟩ ≈ s ∗ , which is the first claim
we aimed to prove.

Now, we prove that ⟨H⟩ ≈ E ∗ . If ρNATS were a canonical state,
rather than a modified NATS, then ⟨H⟩ would equal − 1

Z
∂Z
∂β (Ref. 69,

Sec. 16.1). Guided by this observation, we calculate − 1
Z
∂Z
∂β , using the

NATS formula (B1),

−
1
Z
∂Z
∂β
= −

1
Z

∂

∂β
Tr(e−β(H−μSz−γS)

) = ⟨H⟩ − μ⟨Sz⟩ − γ⟨S⟩. (B34)

Solving for ⟨H⟩ yields

⟨H⟩ = −
1
Z
∂Z
∂β
+ μ⟨Sz⟩ + γ⟨S⟩. (B35)

Let us approximate the first term to zeroth order. We substitute
into Eq. (B33) for Gsα(βμ) from the definition (B8),

1
Z
∂Z
∂β
≈

1
Z

∂

∂β

s∗
∑

m=−s∗
(2s ∗ +1) exp (S̃th(E ∗ , s ∗ )−β[E ∗ −μm−γs ∗ ]),

(B36)

=
1
Z

s∗
∑

m=−s∗
(2s ∗ + 1)(E ∗ − μm − γs ∗ ) exp (S̃th(E ∗ , s ∗ )

− β[E ∗ − μm − γs ∗ ]), (B37)

≈ E ∗ − μ
Z

s∗
∑

m=−s∗
(2s ∗ + 1)m exp (S̃th(E ∗ , s ∗ )

− β[E ∗ − μm − γs ∗ ]) − γs ∗ , (B38)

≈ E ∗ − μ⟨Sz⟩ − γ⟨S⟩. (B39)

Again, we have approximated Z to zeroth order. Substituting into
Eq. (B35) yields ⟨H⟩ ≈ E ∗ , which is the second claim that we aimed
to prove.

d. Calculation of ⟨Sz⟩

Let us derive the formula (B20) for the modified-NATS
expectation value ⟨Sz⟩. By textbook thermodynamics, reviewed in
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Appendix B 2 c, ⟨Sz⟩ =
1
Z

∂Z
∂(βμ) . We approximated Z to zeroth order

in Eq. (B33). Substituting into the ⟨Sz⟩ formula, we pull G outside
the exponential. Across Appendix B 2 c, we showed that E ∗ ≈ ⟨H⟩
and s ∗ ≈ ⟨S⟩. Combining these results yields

⟨Sz⟩ ≈ exp (−S̃th(⟨H⟩, ⟨S⟩) + β[⟨H⟩ − γ⟨S⟩])[G⟨S⟩(βμ)]−1

⋅ exp (S̃th(⟨H⟩, ⟨S⟩) − β[⟨H⟩ − γ⟨S⟩])
∂G⟨S⟩(βμ)
∂(βμ)

. (B40)

The exponentials cancel the Eq. (B20) results.

3. Fine-grained KMS relation satisfied by the modified
non-Abelian thermal state

Here, we derive the fine-grained KMS relation obeyed by
ρNATS. This relation forms a model for that derived in the rest
of Appendix B: the fine-grained KMS relation for an eigenstate
of an SU(2)-symmetric Hamiltonian. The derivation here is less
straightforward than that in Appendix A 2, where we proved the
conventional KMS relation for a quantum system in a canonical
state. The reason is that ρNATS contains an S that does not participate
in simple commutation relations with spherical tensor operators, to
the best of our knowledge.

This subsection is organized as follows: In Appendix B 3 a,
we introduce a time-domain two-point correlator CNATS

AB (t) and
a frequency-domain correlator CNATS

AB (Ω). We introduce a varia-
tion on the latter, the fine-grained correlator ˆ̄CNATS

AB (Ω, Δm, Δs), in
Appendix B 3 b. There, we also derive the fine-grained KMS relation
for the fine-grained correlator.

We focus on correlators of spherical tensor operators, reviewed
in Sec. III. For convenience, we address A := A(k

′
)

−q and B := B(k)q .

a. Correlators defined in terms of the modified NATS
This subsubsection bridges the conventional KMS relation

(Appendix A 2) to the fine-grained KMS relation. We define the
time-domain connected two-point correlator,

CNATS
AB (t) := ⟨A(t)B⟩ − ⟨A(t)⟩⟨B⟩. (B41)

Section IV contains a disconnected correlator, for consistency with
the conventional KMS relation (Appendix A). Here, we analyze a
connected correlator because it more reliably encodes correlations
between variables, by definition. However, the proof in the following
(of the fine-grained KMS relation) extends directly to disconnected
correlators; one simply eliminates certain terms.

To evaluate CNATS
AB (t), we replace the Heisenberg-picture oper-

ator A(t) with its definition, eiHtA e−iHt . We also calculate the
traces using the energy eigenbasis. Finally, we insert 𝟙 = ∑α′ ,m′

∣α′, m′⟩⟨α′, m′∣ rightward of the first Ahin,

CNATS
AB (t) = Tr(eiHt A e−iHt B

e−β(H−μSz−γS)

Z
)

− Tr(eiHt A e−iHt e−β(H−μSz−γS)

Z
)Tr(B

e−β(H−μSz−γS)

Z
),

(B42)

= ∑
α,m,α′ ,m′

⎛

⎝
⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩

e−β(Eα−μm−γsα)

Z
e−i(Eα′−Eα)t

− ⟨α, m∣A∣α, m⟩⟨α′, m′∣B∣α′, m′⟩
e−β(Eα−μm−γsα)

Z
e−β(Eα′−μm′−γsα′)

Z
⎞

⎠
.

(B43)

Fourier-transforming the time-domain correlator yields the
frequency-domain correlator. We follow the Fourier-transform
convention in Appendix A,

C̄NATS
AB (Ω) := ∫

∞

−∞
dt CAB(Ω) eiΩt , (B44)

= ∑
α,m,α′ ,m′

⎛

⎝
⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩

e−β(Eα−μm−γsα)

Z

× ∫

∞

−∞
dt ei[Ω−(Eα′−Eα)t]

− ⟨α, m∣A∣α, m⟩⟨α′, m′∣B∣α′, m′⟩

×
e−β(Eα−μm−γsα)

Z
e−β(Eα′−μm′−γsα′)

Z ∫

∞

−∞
dt eiΩt⎞

⎠
.

(B45)

The Dirac delta function has the integral representation δ(k)
= 1

2π ∫
∞

−∞
dx eikx. Therefore,

C̄NATS
AB (Ω) = 2π ∑

α,m,α′ ,m′

⎧⎪⎪
⎨
⎪⎪⎩

⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩

×
e−β(Eα−μm−γsα)

Z
δ(Ω − [Eα′ − Eα])

− ⟨α, m∣A∣α, m⟩⟨α′, m′∣B∣α′, m′⟩

×
e−β(Eα−μm−γsα)

Z
e−β(Eα′−μm−γsα′)

Z
δ(Ω)

⎫⎪⎪
⎬
⎪⎪⎭

. (B46)

Whether C̄NATS
AB (Ω) obeys a KMS relation is unclear, so we fine-grain

the correlator.

b. Fine-grained correlator and KMS relation
for the modified NATS

To motivate the fine-grained correlator, we highlight the Dirac
delta function in Eq. (46); that delta function singles out an energy
difference, Eα′ − Eα. Energy plays a role analogous to the magnetic
spin quantum number and to the spin quantum number through-
out the rest of Eq. (B46). Hence, we put the latter two quantities on
completely equal footing with energy: we introduce Δm and Δs anal-
ogous to Ω. We do so using Kronecker delta functions δm′(m+Δm) and
δsα′ (sα+Δs), rather than Dirac delta functions, because the spacings
between consecutive m values remain constant in the thermody-
namic limit, as do the spacings between consecutive sα values. We
define the fine-grained (frequency-domain connected) correlator for
the modified NATS as
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ˆ̄CNATS
AB (Ω, Δm, Δs) := 2π ∑

α,m,α′ ,m′
{⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩

×
e−β(Eα−μm−γsα)

Z
δ(Ω − [Eα′ − Eα])

× δm′ (m+Δm) δsα′ (sα+Δs) − ⟨α, m∣A∣α, m⟩⟨

× α′, m′∣B∣α′, m′⟩
e−β(Eα−μm−γsα)

Z

×
e−β(Eα′−μm′−γsα′)

Z
δ(Ω) δ(Δm) 0 δ(Δs) 0. (B47)

Summing the fine-grained correlator over Δm and Δs yields the
conventional correlator for the modified NATS Eq. (B46),

C̄NATS
AB (Ω) = ∑

Δm,Δs

ˆ̄CNATS
AB (Ω, Δm, Δs). (B48)

The first sum must run over Δm = q, and the second sum must run
over Δs = −min{k, k′},−min{k, k′} + 1, . . . , min{k, k′}. Otherwise,
the sums’ limits are arbitrary.

One can measure ˆ̄CNATS
AB (Ω, Δm, Δs) experimentally by, for

example, eigendecomposing A and B. The correlator reveals itself
as an average with respect to an extended Kirkwood–Dirac
quasiprobability.59,60,70 One can infer such a quasiprobability from
each of multiple experimental protocols.59,60,70 Granted, such proto-
cols involve weak or strong measurements of the energy eigenbasis.
Such measurements are impractical if the system is large. How-
ever, three points weigh against this criticism: (i) The same criticism
applies to direct experimental tests of the ETH, which is used widely
nonetheless. (ii) ˆ̄CNATS

AB (Ω, Δm, Δs) is measurable in principle and,
therefore, is well-defined physically. (iii) Experimentalists’ control
over quantum many-body systems has been advancing rapidly.71

The fine-grained correlator obeys the fine-grained KMS relation
for the modified NATS ,

ˆ̄CNATS
AB (Ω, Δm, Δs) = eβ(Ω−μΔm−γΔs) ˆ̄CNATS

BA (−Ω,−Δm,−Δs). (B49)

To prove this equation, we substitute into the right-hand side from
the definition (B47),

eβ(Ω−μΔm−γΔs) ˆ̄CNATS
BA (−Ω,−Δm,−Δs)

= 2π ∑
α,m,α′ ,m′

⎧⎪⎪
⎨
⎪⎪⎩

⟨α, m∣B∣α′, m′⟩⟨α′, m′∣A∣α, m⟩ eβ(Ω−μΔm−γΔs)

×
e−β(Eα−μm−γsα)

Z
δ(−Ω − [Eα′ − Eα]) δm′ (m−Δm) δsα′ (sα−Δs)

− ⟨α, m∣B∣α, m⟩⟨α′, m′∣A∣α′, m′⟩ eβ(Ω−μΔm−γΔs) e−β(Eα−μm−γsα)

Z

×
e−β(Eα′−μm′−γsα′)

Z
δ(−Ω) δ(−Δm) 0 δ(−Δs) 0

⎫⎪⎪
⎬
⎪⎪⎭

. (B50)

The first Dirac delta function simplifies as δ(−Ω − [Eα′ − Eα])

= δ(Ω + [Eα′ − Eα]) = δ(Ω − [Eα − Eα′]). It is nonzero if and only if
Ω = Eα − Eα′ . Therefore, we replace the first thermal exponential’s
Ω with Eα − Eα′ while keeping the Dirac delta function present.
Similarly, first term’s Kronecker deltas are nonzero if and only if

Δm = m −m′ and Δs = sα − sα′ . In the final term of Eq. (B50), we can
remove the negative signs without changing the formula’s value,

eβ(Ω−μΔm−γΔs) ˆ̄CNATS
BA (−Ω,−Δm,−Δs)

= 2π ∑
α,m,α′ ,m′

⎧⎪⎪
⎨
⎪⎪⎩

⟨α, m∣B∣α′, m′⟩⟨α′, m′∣A∣α, m⟩
e−β(Eα′−μm′−γsα′)

Z

× δ(Ω − [Eα − Eα′]) δm′ (m−Δm) δsα′ (sα−Δs)

− ⟨α, m∣B∣α, m⟩⟨α′, m′∣A∣α′, m′⟩
e−β(Eα−μm−γsα)

Z

×
e−β(Eα′−μm′−γsα′)

Z
δ(Ω) δ(Δm) 0 δ(Δs) 0. (B51)

We can interchange the following dummy indices: α↔ α′ and
m↔ m′. By the commutativity of scalar multiplication, the right-
hand side of Eq. (B51) equals ˆ̄CNATS

AB (Ω).

4. Fine-grained correlator in an energy eigenstate
of an SU(2)-symmetric quantum many-body system

This appendix introduces the correlator in our fine-grained
KMS relation. Appendix B 4 a specifies the setting. Appendix B 4 b
introduces the time-domain correlator CAB(t). Appendix B 4 c
introduces the frequency-domain correlator C̄AB(Ω) and the
fine-grained (dynamical) correlator ˆ̄Cdyn

AB (Ω, Δm, Δs). We rewrite
ˆ̄Cdyn

AB (Ω, Δm, Δs), using the Wigner–Eckart theorem and non-
Abelian ETH, in Appendix B 4 d. To simplify the resulting expres-
sion, we package factors together into coarse-grained functions
that exhibit symmetries. The symmetries will help us prove the
fine-grained KMS relation.

a. Setting
We specified much of our setup at the beginning of Appendix B.

Here, we sharpen our focus to certain energy eigenstates ∣α, m⟩ and
to certain local operators.

The following reasoning motivates or focuses on certain ∣α, m⟩s.
To derive the fine-grained KMS relation, we will evaluate correlators
C̄AB(Ω, Δm, Δs) on eigenstates ∣α, m⟩. We expect these eigenstates
to locally resemble modified NATSs [Eq. (B3)], whose thermody-
namic properties we can, therefore, apply (Appendix B 2). However,
we expect ∣α, m⟩ to resemble ρNATS sufficiently only if the two share
certain properties,

Eα = ⟨H⟩, m = ⟨Sz⟩, and sα = ⟨S⟩. (B52)

We focus on eigenstates that obey these relations. Furthermore,
given any ∣α, m⟩, one can construct ρNATS that satisfies Eq. (B52): one
fixes the equations’ left-hand sides and solves for (β, μ, γ).13,41,72–74

We focus on correlators of spherical tensor operators, as in
Appendix B 3. For convenience, we analyze

A := A(k
′
)

−q and B := B(k)q . (B53)

We assume that A and B, with H, obey the non-Abelian ETH. Local
operators tend to obey ETH statements (although other operators
can),75 so we assume that k, k′ = O(1). Consequently, q = O(1).
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b. Time-domain correlator in an energy eigenstate
The connected two-time correlator depends on the Heisenberg-

picture operator A(t) := eiHtA e−iHt ,

CAB(t) := CAB(t; α, m) := ⟨α, m∣A(t)B∣α, m⟩
− ⟨α, m∣A(t)∣α, m⟩⟨α, m∣B∣α, m⟩. (B54)

Section V contains a disconnected correlator for consistency with
the conventional KMS relation (Appendix A). In the appendices,
we analyze connected correlators because they encode correlations
between variables more reliably, by definition (Appendix B 3 a).
Yet, whether one begins with a connected or a disconnected
correlator, here, does not matter: we will soon form a dynam-
ical correlator, subtracting off the static component, to which
−⟨α, m∣A(t)∣α, m⟩⟨α, m∣B∣α, m⟩ above contributes.

To evaluate CAB(t), we substitute in the definition of A(t). Left-
ward of the first term’s B, we introduce an 𝟙 = ∑α′ ,m′ ∣α

′, m′⟩⟨α′, m′∣.
Invoking the Hamiltonian eigenvalue equation yields

CAB(t) = ∑
α′ ,m′
⟨α, m∣A∣α′, m′⟩⟨α′, m′∣B∣α, m⟩ei(Eα−Eα′ )t

− ⟨α, m∣A∣α, m⟩⟨α, m∣B∣α, m⟩, (B55)

=∑
α′
⟨α, m∣A∣α′, m + q⟩⟨α′, m + q∣B∣α, m⟩ei(Eα−Eα′ )(t)

− ⟨α, m∣A∣α, m⟩⟨α, m∣B∣α, m⟩. (B56)

The final equality follows from Eq. (B53) and a selection rule
(encoded in the Wigner–Eckart theorem’s Clebsch–Gordan coef-
ficient). The ∑α′ value represents a sum over the energy eigen-
states ∣α′, m + q⟩ labeled by the magnetic spin quantum number
m + q.

c. Frequency-domain and (dynamical) fine-grained
correlators in an energy eigenstate

We Fourier-transform the time-domain correlator as in
Appendix A 2,

C̄AB(Ω) := C̄AB(Ω; α, m) := ∫
∞

−∞
dt CAB(t; α, m) eiΩt. (B57)

Upon substituting in from Eq. (B56), we invoke the Dirac delta
function’s integral representation, δ(x) = 1

2π ∫
∞

−∞
dk eikx,76

C̄AB(Ω) = 2π
⎧⎪⎪
⎨
⎪⎪⎩

∑
α′
⟨α, m∣A∣α′, m + q⟩⟨α′, m + q∣B∣α, m⟩

× δ(Ω − [Eα′ − Eα]) − ⟨α, m∣A∣α, m⟩⟨α, m∣B∣α, m⟩ δ(Ω)
⎫⎪⎪
⎬
⎪⎪⎭

.

(B58)

Let us separate the static correlator, which multiplies δ(Ω),
from the dynamical correlator, in which Eα′ ≠ Eα,

C̄AB(Ω) = C̄stat
AB δ(Ω) + C̄dyn

AB (Ω). (B59)

The static correlator has the form

C̄stat
AB : = 2π (⟨α, m∣A∣α, m + q⟩⟨α, m + q∣B∣α, m⟩ − ⟨α, m∣A∣α, m⟩

× ⟨α, m∣B∣α, m⟩). (B60)

It can be nonzero, suggestively of quantum memory, as we explain
in upcoming work.44 The dynamical correlator has the form

C̄dyn
AB (Ω) : = 2π∑

α′≠α
⟨α, m∣A∣α′, m + q⟩⟨α′, m + q∣B∣α, m⟩ δ (Ω

− [Eα′ − Eα]). (B61)

Let us fine-grain the dynamical correlator. As in Appendix B 3,
we introduce Kronecker deltas δm′ (m+Δm) and δsα′ (sα+Δs). A selection
rule has mapped m′ to m + q, so the first Kronecker delta becomes
δ(Δm)q. The rest of this appendix concerns the fine-grained dynamical
correlator ,

ˆ̄Cdyn
AB (Ω, Δm, Δs) := 2π∑

α′≠α
⟨α, m∣A∣α′, m + q⟩⟨α′, m + q∣B∣α, m⟩

× δ(Ω − [Eα′ − Eα]) δ(Δm) q δsα′ (sα+Δs). (B62)

d. Application of Wigner–Eckart theorem and
non-Abelian ETH to the fine-grained correlator

The Wigner–Eckart theorem appears in the main text as Eq. (1)
and the non-Abelian ETH appears as Eq. (2). We apply these
equations to the dynamical correlator (B62),

ˆ̄Cdyn
AB (Ω, Δm, Δs)= 2π∑

α′≠α
⟨sα, m∣sα′ , m+q; k′,−q⟩⟨sα′ , m+q∣sα, m; k, q⟩

× [T (A)(Eα, sα) δαα′ + e
−Sth(

Eα+Eα′
2 ,

sα+sα′
2 )/2

× f (A)−ναα′
(

Eα + Eα′

2
,

sα + sα′

2
,−ωαα′)R(A)αα′ ]

× [T (B)(Eα, sα) δαα′ + e
−Sth(

Eα+Eα′
2 ,

sα+sα′
2 )/2

× f (B)ναα′
(

Eα + Eα′

2
,

sα + sα′

2
, ωαα′)R(B)α′α ]

× δ(Ω − ωα′α) δ(Δm) q δsα′ (sα+Δs). (B63)

We have replaced the Dirac delta function’s Eα′ − Eα with ωα′α.
This replacement motivated the main-text definitions ωα′α := Eα′ −

Eα and να′α := sα′ − sα, despite the right-hand sides’ equaling the
negatives of the ω and ν definitions in Ref. 30.

Let us multiply out (⋅ ⋅ ⋅ + ⋅ ⋅ ⋅) × (⋅ ⋅ ⋅ + ⋅ ⋅ ⋅) in Eq. (B63). Four
terms get results and three vanish due to the summand’s α′ ≠ α.
To neaten what remains, we package factors into two auxiliary
functions. One is a product of Clebsch–Gordan coefficients,

C (̃ν∣sα̃, m̃, k̃, k̃′, q̃) := ⟨sα̃, m̃∣sα̃ + ν̃, m̃ + q̃; k̃′,−q̃⟩⟨sα̃ + ν̃, m̃ + q̃∣sα̃, m̃; k̃, q̃⟩.
(B64)

We have singled out ν̃ in the left-hand side because we will sum over
it later. The second auxiliary function is a product of fs,

FTT′(Ẽ, s̃; ω̃, ν̃) := f (T)−ν̃ (Ẽ, s̃,−ω̃) f (T
′
)

ν̃ (Ẽ, s̃, ω̃). (B65)
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Equation (B63) simplifies to
ˆ̄Cdyn

AB (Ω, Δm, Δs) = 2π∑
α′≠α

C(να′α∣sα, m, k, k′, q) e
−Sth(

Eα+Eα′
2 ,

sα+sα′
2 )

× FAB(
Eα + Eα′

2
,

sα + sα′

2
; ωαα′ , ναα′)

× R(A)αα′ R(B)α′α δ(Ω − ωα′α) δ(Δm) q δsα′ (sα+Δs).
(B66)

We define a third auxiliary function in terms of the product
R(A)R(B). The motivation is that R(A)R(B) is the only random vari-
able in Eq. (B66); the other factors are smooth functions. We expect
the average of R(A)R(B) to vary smoothly too;9 therefore, we decom-
pose R(A)R(B) into its average and its deviation therefrom. First, we
define the average over the eigenstate pairs (∣α̃, m̃⟩, ∣α̃ ′, m̃ ′⟩) whose
energy and spin quantum numbers participate in appropriate sums
and differences,

RTT′(Ẽ, s̃; ω̃, ν̃) := ⟨R(T)α̃,α̃ ′R
(T′)
α̃ ′ ,α̃ ⟩ Eα̃+Eα̃ ′

2 =Ẽ,
sα̃+sα̃ ′

2 =s̃, Eα̃ ′−Eα̃=ω̃, sα̃ ′−sα̃=ν̃
.

(B67)
Now, we estimate how much R(A)αα′ R(B)α′α deviates from its average.

R(A/B)αα′ , analyzed alone, resembles a Gaussian-distributed random
variable of zero mean and unit standard deviation across a small
energy window at fixed spin quantum numbers.32 However, R(A)αα′

may share correlations with R(B)α′α . We, therefore, expect the deviation
to be a random variable of zero mean and O(1) standard devia-
tion across a small window. The relative deviation (the deviation
divided by RAB), summed over∑α′ , obeys the central limit theorem:
it scales as (numberofterms)−1/2

= D−1/2
tot (Eα′ sα′). (Dtot is defined

at the beginning of Appendix B.) We expect this scaling to also
characterize the summed deviation divided by (i) RAB and (ii) the
prefactors of R(A)αα′ R(B)α′α in Eq. (B66).77 Substituting into Eq. (B66),
therefore, yields
ˆ̄Cdyn

AB (Ω, Δm, Δs) = 2π∑
α′≠α

C(να′α∣sα, m, k, k′, q) e
−Sth(

Eα+Eα′

2
,

sα+sα′

2
)

× FAB(
Eα + Eα′

2
,

sα + sα′

2
; ωαα′ , ναα′)

× RAB(
Eα + Eα′

2
,

sα + sα′

2
; ωα′α, να′α)

× δ(Ω − ωα′α) δ(Δm) q δsα′ (sα+Δs)[1 +D−1/2
tot (Eα′ , sα′)].

(B68)

We eliminate the Dirac delta function as follows: Let us replace
∑α′≠α with ∑α′(1 − δα′α). As explained below Eq. (B56), ∑α′ rep-
resents a sum over the energy eigenstates ∣α′, m + q⟩ labeled by
the magnetic spin quantum number m + q. We denote the set
of these states by S := {∣α′, m + q⟩}. The set is a union of sub-
sets: if N is an even integer, S = S0 ∪ S1 ∪ . . .78 Each Ssα′

consists
of the energy eigenstates labeled by the spin quantum number
sα′ and the magnetic spin quantum number m + q. Hence, ∑α′ =

∑sα′
∑∣α′ ,m+q⟩∈ Ssα′

. In the thermodynamic limit, the second sum
becomes an integral over eigenenergies, weighted by the density of
states within Ssα′

,79

∑
α′
=∑

sα′

∑
∣α′ ,m+q⟩ ∈ Ssα′

→∑
sα′
∫ dE eSth(E,sα′ ). (B69)

Accordingly, each Eα′ in Eq. (B68) becomes E. Here, δ(Ω − ωα′α)
becomes δ(Ω − [E − Eα]). When we integrate, E becomes Eα +Ω,

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π∑

sα′

(1 − δαα′)eSth(Eα+Ω,sα′ ) C(να′α∣sα, m, k, k′, q)

× e
−Sth(Eα+

Ω
2

,
sα+sα′

2
) FAB(Eα +

Ω
2

,
sα + sα′

2
;−Ω, ναα′)

× RAB(Eα +
Ω
2

,
sα + sα′

2
; Ω, να′α)δ(Δm) q δsα′ (sα+Δs)

× [1 +D−1/2
tot (Eα +

Ω
2

, sα′)]. (B70)

For ease of evaluation, we rewrite Eq. (B70) in six steps, as
detailed in the next several paragraphs. First, we express the sum
over sα′ as a sum over να′α. Second, we perform the sum. Third,
we replace sα′ with sα + να′α everywhere else. Fourth, we eliminate
1 − δαα′ . Fifth, we replace the thermodynamic entropies Sth with den-
sities D of states. Sixth, we package FAB and RAB into a variable GAB
that exhibits useful symmetries.

Let us express the sum over sα′ , in Eq. (B70), as a sum over να′α.
Equation (B62) bounds να′α, implicitly containing Clebsch–Gordan
coefficients subject to selection rules,

⎧⎪⎪
⎨
⎪⎪⎩

⟨α, m∣A(k
′
)

−q ∣α
′, m + q⟩ ⇒ sα ∈ {∣sα′ − k′∣, ∣sα′ − k′∣ + 1, . . . , sα′ + k} ⇒ −k′ ≤ sα′ − sα ≤ k′,

⟨α′, m + q∣B(k)q ∣α, m⟩ ⇒ sα′ ∈ {∣sα − k∣, ∣sα − k∣ + 1, . . . , sα + k} ⇒ −k ≤ sα′ − sα ≤ k.
(B71)

These inequalities condense into −min{k, k′} ≤ να′α
≤ min{k, k′}. Now, we perform the sum over να′α. This variable
becomes Δs due to δsα′ (sα+Δs) in Eq. (B70).

Once we eliminate α′ from Eq. (B70), 1 − δαα′ has no mean-
ing. Conveniently, its effect on Eq. (B70) is exponentially small in
N: 1 − δαα′ excludes only one term from the sum, which contains
O(2N

) other terms. We, therefore, eliminate 1 − δαα′ , incurring an
exponentially small correction.

Let us replace the thermodynamic entropies Sth in Eq. (B70).
Sth(E, s) equals the logarithm of the density D(E, s)/(2s + 1) of states
at energy E, spin quantum number s, and magnetic spin quan-
tum number m = 0 (see Sec. III, the beginning of Appendix B, and
Ref. 32). In our final rewriting, we package two smooth functions
together,

GTT′(Ẽ, s̃; Ω̃, ν̃) := FTT′(Ẽ, s̃;−Ω̃,−ν̃) RTT′(Ẽ, s̃; Ω̃, ν̃). (B72)

APL Quantum 3, 026103 (2026); doi: 10.1063/5.0308181 3, 026103-17

© Author(s) 2026

 
0
8
 
A
p
r
i
l
 
2
0
2
6
 
1
3
:
5
8
:
5
4

https://pubs.aip.org/aip/apq


APL Quantum ARTICLE pubs.aip.org/aip/apq

We have introduced three calligraphic-font smooth functions that
obey a symmetry relation,

If χ ∈ {F , R, G}, then χTT′(Ẽ, s̃; Ω̃, ν̃) = χT′T(Ẽ, s̃;−Ω̃,−ν̃).
(B73)

Let us apply all six rewritings to Eq. (B70): to within an exponentially
small-in-N correction,

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π C(Δs∣sα, m, k, k′, q)

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +

Ω
2 , sα +

Δs
2 )

× GAB(Eα +
Ω
2

, sα +
Δs
2

; Ω, Δs) δ(Δm) q. (B74)

5. General finite-size corrections in the fine-grained
correlator

From now on, we assume that sα, Eα ≫ 1. Let us Taylor-
approximate GAB in Eq. (B74). We will Taylor-approximate the
density-of-states ratio, too; however, different approximation meth-
ods will prove useful in different subsections in the following.

Let us Taylor-approximate GAB about (Eα, sα). We take the nat-
ural log of GAB, Taylor-approximate to first order and exponentiate.
This strategy yields a simple polynomial correction that is easy to
analyze. To simplify notation, we define derivatives of ln (GAB(. . .)),

If X ∈ {E, s}, then ΓX := ∂X ln (GAB(E, s; Ω, Δs))∣Eα , sα
. (B75)

We define derivatives ΓXY and ΓXYZ analogously. In terms of these
derivatives,

GAB(Eα +Ω/2, sα + Δs/2; Ω, να′α) = GAB(Eα, sα ; Ω, Δs)

× exp(
1
2

ΓE Ω +
1
2

Γs Δs

+
1
8
{ΓEEΩ2

+ 2ΓEsΩ Δs

+ Γss[Δs]2} +O(ΓXYZ)).

(B76)

Let us substitute from Eq. (B76) into Eq. (B74),

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π C(Δs∣sα, m, k, k′, q)

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +

Ω
2 , sα +

Δs
2 )

× GAB(Eα, sα ; Ω, Δs) δ(Δm) q

× exp(
1
2

ΓE Ω +
1
2

Γs Δs +
1
8
{ΓEEΩ2

+ 2ΓEsΩ Δs + Γss[Δs]2} +O(ΓXYZ)). (B77)

6. Fine-grained KMS relation, not necessarily with any
anomalous correction, for certain energy eigenstates

In this subsection, we prove the fine-grained KMS relation for
energy eigenstates ∣α, m⟩, under two sets of conditions. We will not
argue here that this KMS relation contains any anomalously large
correction.

First, we Taylor-approximate the density-of-states ratio in the
correlator (B77). We define the first derivatives of Sth as

If X ∈ {E, s}, then ΣX := ∂XSth(E, s)∣Eα ,sα
. (B78)

We define ΣXY and ΣXYZ analogously. By the begin-
ning of Appendix B, Dtot(E, s) = D̃tot(E,s)

2s+1 =
exp (S̃th(E,s))

2s+1 . We
Taylor-approximate the entropies,

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +Ω/2, sα + Δs/2)

= exp(S̃th(Eα +Ω, sα + Δs) − S̃th

× (Eα +Ω/2, sα + Δs/2))
2sα + Δs + 1

2sα + 2Δs + 1
, (B79)

= exp(
1
2
∂ES̃th(E, sα)∣

Eα

Ω +
1
2
∂sS̃th(Eα, s)∣

sα

Δs

+
3
8
[ΣEEΩ2

+ 2ΣEsΩ(Δs) + Σss(Δs)2
]

+ O(ΣXYZ))
2sα + Δs + 1

2sα + 2Δs + 1
. (B80)

The final ratio approximates to 1 +O(s−1
α ) ≈ exp (O(s−1

α )). We
package all the corrections into their own exponential. Equa-
tion (B15), with the similarity between ρNATS and ∣α, m⟩, implies
∂ES̃th(E, s)∣Eα , sα ≈ β. (The ≈ signs come from the zeroth-order
approximation of Z in Appendix B 2 c. We assume that corrections
of this type are negligible.) Equation (B79) becomes

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +Ω/2, sα + Δs/2)

= exp
⎛
⎜
⎝

1
2

⎡
⎢
⎢
⎢
⎢
⎣

βΩ + ∂sS̃th(E, s)
RRRRRRRRRRRREα ,sα

Δs
⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠

× exp(
3
8
[ΣEEΩ2

+ 2ΣEsΩ(Δs)

+ Σss(Δs)2
] +O(s−1

α ) +O(ΣXYZ)).

(B81)

Substituting into Eq. (B77) yields

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π C(Δs∣sα, m, k, k′, q) exp(

1
2
[βΩ + ∂sS̃th(E, s)∣

Eα ,sα
Δs])GAB(Eα, sα ; Ω, Δs) δ(Δm) q

× exp(
1
2

ΓE Ω +
1
2

Γs Δs +
1
8
{[ΣEE + ΓEE]Ω2

+ 2[ΣEs + ΓEs]Ω Δs + [Σss + Γss][Δs]2} + O(s−1
α ) +O(ΓXYZ) +O(ΣXYZ)).

(B82)
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We must identify how ˆ̄Cdyn
AB (Ω, Δm, Δs) Eq. (B77) transforms

under

B↔ A, Ω↦ −Ω, Δm↦ −Δm, Δs↦ −Δs. (B83)

Sth does not depend on any of the quantities in Eq. (B83). Therefore,
all derivatives of Sth remain constant and so do G and its derivatives,
by Eq. (B73). In addition, under the transformation (B83), k↔ k′,
q↔ −q, and δ(Δm)q ↦ δ(−Δm)(−q) = δ(Δm)q. Hence, the transformed
correlator is

ˆ̄Cdyn
BA (−Ω,−Δm,−Δs) = 2πC(−Δs∣sα, m, k′, k,−q)

× exp(−
1
2
[βΩ + ∂sS̃th(E, s)∣

Eα ,sα
Δs])

× GAB(Eα, sα ; Ω, Δs) δ(Δm) q exp

× (−
1
2

ΓE Ω −
1
2

Γs Δs +
1
8
{[ΣEE + ΓEE]Ω2

+ 2[ΣEs + ΓEs]Ω Δs + [Σss + Γss][Δs]2}

+ O(s−1
α ) +O(ΓXYZ) +O(ΣXYZ)). (B84)

We must compare the correlators (B82) and (B84). To do so,
we introduce the logarithmic ratio,

L̃AB(Ω, q, Δs; α, m) := ln
⎛

⎝

ˆ̄Cdyn
AB (Ω, Δm = q, Δs; α, m)

ˆ̄Cdyn
BA (−Ω,−Δm = q,−Δs; α, m)

⎞

⎠
. (B85)

The correlators’ δ(Δm)qs enforce the Δm = q condition on the
formula’s right-hand side. Once we substitute in, many factors
cancel exactly,

L̃AB(Ω, q, Δs; α, m) = βΩ + ∂sS̃th(E, s)∣
Eα ,sα

Δs

+ ln(
C(Δs∣sα, m, k, k′, q)

C(−Δs∣sα, m, k′, k,−q)
)

+ ΓEΩ + Γs Δs +O(s−1
α ) +O(ΣXYZ). (B86)

We wish to prove that the right-hand side has the form β(Ω −
μm − γsα) + (correction). To analyze the second and third terms in
Eq. (B86), we make further assumptions about the parameter regime
in Appendixes B 6 a and B 6 b. Here, we estimate the explicit correc-
tions in Eq. (B86). We cannot know a priori how ΓX and ΣXYZ scale
(as emphasized in Appendix B 7). The exact scalings do not matter
here, as emphasized at the beginning of this subsection.

Therefore, we estimate these corrections crudely. First, ΓX is a
function of O(1) numbers. Hence, we estimate ΓX = O(X−1

). Sec-
ond, ΣXYZ is a third derivative of Sth, which often scales extensively.
Hence, we estimate ΣXYZ = O(NX−1Y−1Z−1

). Third, Eq. (B71)
bound Δs = sα′ − sα in terms of k and k′, which are O(1). Fourth,
the non-Abelian ETH’s f function is sizable—and so is the correla-
tor ˆ̄Cdyn

AB —only when Ω = O(1).3,32,45,46 Therefore, we estimate the
explicit correction in Eq. (B86) to be

O(s−1
α ) +O(E−1

α ) +O(NE−2
α ) +O(Ns−2

α ) +O(NE−1
α s−1

α ). (B87)

The O(s−1
α ) correction that appears explicitly in Eq. (B86) [whose

source we explained following Eq. (B79)] may cancel between the
log-ratio’s numerator and denominator. ETHs often hold when

additive conserved quantities are O(N),3 so the overall correction
may often be O(N−1

). Regardless, the correction vanishes in the
thermodynamic limit.

a. Fine-grained KMS relation for energy eigenstates
whose sα, m = O(Nζ

), wherein ζ ∈ (0, 1] and
s α −m = O (1)

In the above-mentioned parameter regime, we estimate the
Clebsch–Gordan product C. Then, we estimate ∂sS̃th in the log-ratio
(B86).

Let us estimate the Clebsch–Gordan product C in the log-ratio
(B86). We leverage the following claim, labeled as Eqs. (B11) and
(B12) in Ref. 32:

If s̃, m̃ = O(Nζ
), wherein ζ ∈ (0, 1], and ν̃, k̃, q̃, s̃ − m̃ = O(1), then,

(B88)

⟨s̃ + ν̃, m̃ + q̃∣s̃, m̃; k̃, q̃⟩ = c(ν̃, k̃, q̃, s̃ − m̃) (s̃)−∣ν̃−q̃ ∣/2
[1 +O(s̃−1

)],
(B89)

wherein,
c(ν̃, k̃, q̃, s̃ − m̃) = δν̃q̃ + (1 − δν̃q̃)O(1). (B90)

Our parameters satisfy the conditions in Eq. (B88).80 We can, there-
fore, apply Eqs. (B89) and (B90), with the C definition in (B64), to
the Clebsch–Gordan product in Eq. (B86),

C(Δs∣sα, m, k, k′, q) = {δ(Δs) q +O([1 − δ(Δs) q] s−∣Δs−q∣
α )}[1 +O(s−1

α )],
(B91)

= δ(Δs)q [1 +O(s−1
α )] + (1 − δ(Δs)q)O(s−O(1)

α ).
(B92)

This function remains invariant under the transformation in (B83).
Hence, the two Clebsch–Gordan products in (B86) cancel. Yet, we
consider substituting for the Cs in Eqs. (B82) and (B84). Each C’s
leading-order term is proportional to δ(Δs)q, which multiplies δ(Δm)q.
The following consequence will affect our result:

Δs = Δm. (B93)

Now, we can apply the ρNATS property (B27) to energy eigen-
states ∣α, m⟩. This application is justified only if sα, m, and Eα satisfy
Eq. (B52). Here, sα and m do by assumption [by the title of this
subsubsection and by the boldface text above Eq. (B27)] and by
Eq. (B28). Hence,

∂sS̃th(E, s)∣Eα , sα = −β(μ + γ) +O(s−1
α ). (B94)

Let us substitute from Eqs. (B87), (B91), (B93), and (B94) into
the log-ratio (B86),

L̃AB(Ω, q, Δs; α, m) = β(Ω − μ Δm − γ Δs) +O(s−O(1)
α ) +O(E−1

α )

+O(NE−2
α ) +O(Ns−2

α ) +O(NE−1
α s−1

α ).
(B95)

We have proven the fine-grained KMS relation.
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b. Fine-grained KMS relation for energy eigenstates
whose s α = O (N ζ

), wherein ζ ∈ (0, 1] and m = 0
Again, we approximate C in the log-ratio (B86). Then, we

approximate the S̃th derivative.
Equation (B64) defines C in terms of two Clebsch–Gordan

coefficients, approximated as follows in Appendix C:

If s̃ = O(Nζ
), ζ ∈ (0, 1], and k̃, q̃, m̃ = O(1), then

× ⟨s̃ + ν̃, m̃ + q̃∣s̃, m̃; k̃, q̃⟩

= c̄(ν̃; k̃, q̃) [1 +O(s̃−1
)]. (B96)

Appendix C specifies the form of c̄(ν̃; k̃, q̃). Therefore, the
Clebsch–Gordan product in Eq. (B77) approximates to

C(Δs∣sα, m, k, k′, q) = c̄(−Δs; k′,−q) c̄(Δs; k, q) [1 +O(s−1
α )]

= C(−Δs∣sα, m, k′, k,−q)[1 +O(s−1
α )]. (B97)

Now, we estimate the S̃th derivative in the log-ratio (B86). Since
m = 0 by assumption, μ = 0. Therefore, by the similarity between
ρNATS and ∣α, m⟩, Eq. (B25) implies ∂sS̃th(E, s)∣Eα , sα ≈ −βγ.

Let us substitute from the foregoing equation, Eqs. (B87) and
(B97) into Eq. (B86),

L̃AB(Ω, q, Δs; α, m = 0) = β(Ω − γ Δs) +O(s−1
α ) +O(E−1

α ) +O(NE−2
α )

+O(Ns−2
α ) +O(NE−1

α s−1
α ). (B98)

Again, we have proven the fine-grained KMS relation.

7. Fine-grained KMS relation, with anomalously large
correction, for certain energy eigenstates

We argue in Appendix B 7 a that if sα = O(Nζ∈ (0,1)
) and m = q =

β = 0, the fine-grained KMS relation contains an anomalously large
correction. In Appendix B 7 b, we argue that sα can be of O(Nζ∈ (0,1)

).
In fact, sα = O(N1/2

) is typical.

a. If s α = O (N ζ∈ (0,1)
) and m = q = β = 0, the fine-grained

KMS relation contains an anomalously large
correction

Let us return to the relatively general formula (B77) for
the correlator ˆ̄Cdyn

AB . Again, we approximate the ratio of Dtots.
In Appendix B 6, we expressed Dtots in terms of S̃th, which we
Taylor-approximated. Here, we invoke Dtot(E, s) = exp (Sth(E,s))

2s+1 and
Taylor-approximate Sth values,

Dtot(Eα +Ω, sα + Δs)
Dtot(Eα +Ω/2, sα + Δs/2)

= exp (Sth(Eα +Ω, sα + Δs)

− Sth(Eα +Ω/2, sα + Δs/2)), (B99)

= exp(1
2

ΣEΩ + 1
2

Σs Δs + 3
8
[ΣEEΩ2 + 2ΣEsΩ(Δs)

+ Σss(Δs)2] +O(ΣXYZ)). (B100)

Substituting into Eq. (B77) yields

ˆ̄Cdyn
AB (Ω, Δm, Δs) = 2π C(Δs∣sα, m, k, k′, q) exp(

1
2
[ΣE + ΓE]Ω

+
1
2
[Σs + Γs]Δs)GAB(Eα, sα ; Ω, Δs) δ(Δm) q

× exp(
1
8
{[3ΣEE + ΓEE]Ω2

+ 2[3ΣEs + ΓEs]

× Ω Δs + [3Σss + Γss][Δs]2} +O(ΣXYZ)

+ O(ΓXYZ)). (B101)

To progress further, we focus on a parameter regime,

sα = O(Nζ
), wherein ζ ∈ (0, 1] and m = q = 0. (B102)

Under these conditions [and k, k′ = O(1), as assumed earlier], the
Clebsch–Gordan product C exhibits the symmetry,

C(Δs∣sα, 0, k, k′, 0) = C(−Δs∣sα, 0, k′, k, 0) [1 +O(s−2
α )]. (B103)

This property follows from Eqs. (C12), (C22), and (C23b) of Ref. 81.
[If m or q is nonzero, the correction is O(s−1

α ), by Appendix C].
The logarithmic ratio (B85) quantifies the correction in

the fine-grained KMS relation. Let us substitute values in from
Eq. (B101), from Eq. (B102), and from Eq. (B103),

L̃AB(Ω, 0, Δs; α, 0) = (ΣE + ΓE)Ω + (Σs + Γs)Δs +O(s−2
α )

+O(ΣXYZ) +O(ΓXYZ). (B104)

We aim to estimate how each term scales as N grows. To do so,
we must stipulate how two intermediate variables grow.

1. sα: Consistently with (B102), we assume that

sα = ⌊S Nζ
⌋ (B105)

for some constant S .
2. Eα or β: We can address these options in two ways.

(a) We can assume that Eα = E N, for some constant E .
(b) We can assume that

∂ESth(E, s)∣Eα ,sα = ∂ES̃th(E, s)∣Eα ,sα = β (B106)

to within a correction of O(2−N
). The first equality fol-

lows from Sth(E, s) = S̃th(E, s) − ln (2s + 1) (beginning
of Appendix B). The final equality follows from (i)
Eq. (B15) and (ii) the local similarity between ρNATS and
∣α, m⟩ under the conditions in Eq. (5). However, the
system does not necessarily have an ∣α, m⟩ value that sat-
isfies Eq. (B106) at arbitrary β values because N is finite.
However, as N grows the system’s energy gaps shrink
exponentially. Hence, the correction is expected to be
exponentially small.

Option 2a resembles the microcanonical ensemble, which
models a system of fixed energy, and option 2b resembles
the canonical ensemble, which models a system of fixed
temperature.69 We adopt option 2b, as the KMS relation
contains β.
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Now, we can estimate how each term in Eq. (B104) scales with
N.

1. ΣE: By definition, ΣE equals the left-hand side of Eq. (B106).
Therefore, to within an exponentially small correction, ΣE = β.

2. ΓE: One cannot know the form of ΓE a priori. Yet ETHs’
components tend to depend on energy smoothly through an
argument Eα/N. We posit that GAB depends so, such that
ΓE = O(N−1

).
3. Σs: We estimate Σs in five steps. First, we Legendre-transform

Sth(Eα, sα) into S̄th(β, sα). Second, we assume β = 0. Under this
condition, the sα-dependence of S̄th(β, sα) is known. Third,
we approximate the sα derivative with a finite difference,
resulting in a polynomial in sα and N. Fourth, we interrelate
this polynomial with βγ, using the thermodynamic results in
Appendix B 2. Fifth, we calculate βγ in the thermodynamic
limit, defined as (βγ)∞. Sixth, we estimate Σs in terms of
(βγ)∞ and N-dependent corrections.

We wish to assess the sα-derivative of Sth(Eα, sα).
We do not know this function’s sα-dependence. How-
ever, we know the sα dependence of a Massieu function,
which follows from Legendre-transforming the entropy (Ref.
69, p. 151): S̄th(β, sα) := Sth(Eα, sα) − βEα. Conveniently, the
Massieu function’s sα derivative equals the entropy’s (equals
Σs). Let β = 0. The Massieu function has the form [Ref. 31, Eq.
(15)]82

S̄th(0, sα) = ln(
N! (2sα + 1)

(N
2 − sα)! (N

2 + sα + 1)!
) = ln(

2sα + 1
N
2 + sα + 1

)

+ ln(
N!

(N
2 − sα)! (N

2 + sα)!
). (B107)

We approximate the partial derivative with the finite differ-
ence,83

Σs ≈ S̄th(0, sα + 1) − S̄th(0, sα) = ln
⎛

⎝

1 + 3
2sα

1 + 1
2sα

⎞

⎠
+ ln(1 −

2sα

N
)

− ln(1 +
2(sα + 2)

N
), (B108)

=
1
sα
−

4sα

N
+O(s−2

α ) +O([sα/N]2) +O(N−1
). (B109)

The final equality holds only if sα ≪ N.
Let us interrelate this expression with βγ. By definition

Eq. (B78), Σs := ∂sSth(E, s)∣Eα ,sα . By the notation introduced
at the beginning of Appendix B, Sth(E, s) = S̃th(E, s) − ln (2s +
1). Hence,

Σs = ∂sS̃th(E, s)∣
Eα ,sα
−

2
2sα + 1

⇒ ∂sS̃th(E, s)∣
Eα ,sα
= Σs

+
2

2sα + 1
. (B110)

We can evaluate this derivative using Appendix B 2. Under
the conditions (5), ∣α, m⟩ locally resembles ρNATS. The ∣α, m⟩
value is labeled by m = 0, which translates into μ = 0.
Hence, Eq. (B25) implies that ∂sS̃th(E, s)∣Eα ,sα ≈ −βγ. (The ≈
sign comes from the zeroth-order approximation of Z in
Appendix B 2 c. We assume that corrections of this type are
negligible.) Let us solve for βγ, substitute in from the right-
hand side of Eq. (B110), and substitute in from (B108) (if
ζ = 1) or (B109) (if ζ < 1),

βγ = −(Σs +
2

2sα + 1
) ≈

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

− ln
⎛

⎝

1 + 3
2sα

1 + 1
2sα

⎞

⎠
− ln (1 −

2sα

N
) + ln (1 +

2(sα + 2)
N

) −
2

2sα + 1
, ζ = 1,

−
2
sα
+

4sα

N
+O (s−2

α ) +O (N−1
) +O ([sα/N]2), ζ < 1.

(B111)

We define the infinite-size parameter product (βγ)∞ :=
limN→∞βγ. To calculate this product, we apply the scaling relation
(B105) to Eq. (B111),

(βγ)∞ =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ln(
1 + 2S

1 − 2S
), ζ = 1,

0, ζ ∈ (0, 1).
(B112)

Finally, we calculate Σs in terms of (βγ)∞ and finite-size (N-
dependent) corrections. We replace sα with S Nζ in Eqs. (B108) and
(B109) and then compare with (B112). The ζ = 1 case is especially
simple. If ζ ∈ (0, 1), then Σs = O(N−ζ

) +O(Nζ−1
) + ⋅ ⋅ ⋅ = (βγ)∞ +

O(N−min{ζ,1−ζ}
). In summary,

Σs =

⎧⎪⎪
⎨
⎪⎪⎩

−(βγ)∞ +O(N−1
), ζ = 1,

−(βγ)∞ +O(N−min{ζ,1−ζ}
), ζ ∈ (0, 1).

(B113)

If ζ = 1, the finite-size correction is as large as usual (in the
absence of any non-Abelian symmetry).9 If ζ ∈ (0, 1), the cor-
rection is polynomially larger in the system size—what we call
anomalous.

4. Γs: We cannot know a priori how Γs varies with sα. If Γs
depends on sα through sα/N, then Γs = O(N−1

) and if through
sα/
√

N, then Γs = O(N−1/2
). In any case, the Γs scaling will not

eliminate the anomalous correction from Σs.

Let us substitute from the list items above into Eq. (B104). We
estimate the fine-grained KMS relation’s finite-size correction to be
when β = 0,
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L̃AB(Ω, 0, Δs; α, 0)

=

⎧⎪⎪
⎨
⎪⎪⎩

β (Ω − γ Δs) +O (N−1
) +O (Γs), ζ = 1,

β (Ω − γ Δs) +O (N−min{ζ,1−ζ}
) +O (Γs), ζ ∈ (0, 1).

(B114)

Does the anomalous correction extend beyond β = 0? We
expect so, for three reasons. First, the β = 0 anomalous correction
relies on S̃th(β, sα) Eq. (B107). If S̃th changed drastically as β changed
from 0, the system would exhibit an infinite-temperature phase tran-
sition, which seems unlikely. Second, one can regard the correction’s
S̃th dependence as reliance on the Hilbert space’s structure. The
Hilbert space has this structure due to the non-Abelian symme-
try (by Schur’s Lemma84,85), which does not depend on tempera-
ture. Third, the high-temperature (β = 0) limit generally behaves
relatively classically. One should, therefore, expect more-quantum
behavior (perhaps exaggerated effects of noncommutation) at lower
temperatures.

b. s α can be O (N 1/2
) and is typically O (N 1/2

)

In Appendix B a, we argued that an energy eigenstate’s fine-
grained KMS relation can contain an anomalous correction if
sα = O(Nζ∈ (0,1)

) and m = q = β = 0. Here, we argue that sα can sat-
isfy this condition—can be of O(N1/2

). The argument relies on (i)
the resemblance between ∣α, m⟩ and ρNATS and (ii) the equivalence
of thermodynamic ensembles. We invoked these two principles in
the previous subsubsection, arguing that ∣α, m⟩ can resemble ρNATS if
the two share their β values, rather than satisfying Eα = ⟨H⟩. That is,
one can construct a ρNATS-like ∣α, m⟩ value by specifying (Eα, m, sα)

or by specifying (β, m, sα). Similarly, one can construct a ρNATS-like
∣α, m⟩ value by specifying (β, βμ, βγ). We specify the latter here and
prove that the modified NATS’s ⟨S⟩ can be of O(N1/2

) while m = 0.
Then, we ascribe this scaling to ∣α, m⟩’s sα via (i) and (ii). Afterward,
we argue that sα = O(N1/2

) typically.
First, we specify the modified NATS under consideration. For

convenience, we assume that N is even. Let β = 0, as in Appendix B
a. Let βμ = 0, for consistency with that subsubsection’s assumption
m = 0. As N grows toward the thermodynamic limit, γ grows such
that βγ remains constant. The modified NATS assumes the form

ρ′NATS(βγ) = eβγS
/Z̃(βγ). (B115)

The partition function Z̃(βγ) depends implicitly on N.
To calculate thermodynamic properties, we must calculate the

partition function. We invoke its definition and then the formula for
the total Hilbert space’s dimensionality [Ref. 31, Eq. (15)],

Z̃(βγ) := Tr(eβγS
) =

N/2

∑
s=0

N! (2s + 1)2

(N
2 − s)! (N

2 + s + 1)!
eβγs. (B116)

To interpret this expression physically, we rewrite the sum-
mand as

N!
(N

2 − s)! (N
2 + s)!

(2s + 1)2

N
2 + s + 1

eβγs
=(

N
N/2 + s

) exp (βγs + 2 ln (2s + 1)

− ln(
N
2
+ s + 1)). (B117)

The right-hand side is proportional to a random-walk probability
distribution. Consider a random walker who begins at x = 0. An
infinitely hard reflecting wall keeps the walker at x ≥ 0. The ground
tilts away from the wall if βγ > 0 and toward the wall if βγ < 0. The
slope is βγ. In addition to the tilt, the landscape exhibits a potential
∼ ln(2s) +O(s0

) +O(s/N).
Having described the random walker’s setup, we translate

between Eq. (B117) and a walker-related probability. Suppose the
walker takes N steps. What is the walker’s probability of ending at
x = N/2 + 2s (of taking exactly N/2 + s steps rightward, or of having
a displacement 2s)? This probability is proportional to (B117). The
lower limit s = 0, in Eq. (B116), encodes the wall and the walker’s
confinement to x ≥ 0. This interpretation will illuminate our results
in the following.

To estimate Z̃(βγ) Eq. (B116), we assume that N ≫ s, 1. The
large-s terms in (B116) contribute most to the sum. We, therefore,
assume that s≫ 1 to Stirling-approximate the integrand,

Z̃(βγ) =
2N

√

π(N/2)3

∞

∫

0

ds s2 e−2s2
/N+βγs. (B118)

We expect the large-system approximation to incur an exponen-
tially small error, which we neglect. Let us change variables from s to
x :=
√

2/N s and from βγ to

γ̃ :=
√

N/8 βγ. (B119)

The partition function becomes

Z̃(βγ) = 2N+1 Z̃(γ̃). (B120)

The reduced partition function is

Z̃(γ̃) :=
2
√

π

∞

∫

0

dx x2 e−x2
+2γ̃x
=

γ̃
√

π
+

1 + 2γ̃ 2

2
[1 + erf(γ̃)] eγ̃ 2

.

(B121)
The erf denotes the error function.

From the partition function, we can calculate ⟨S⟩. By
Eq. (B115), ⟨S⟩ = ∂βγ ln (Z̃(βγ)). By the partition-function formulas
(B120) and (B121),

⟨S⟩ =

√
N
8

s̃(γ̃), (B122)

wherein

s̃(γ̃) :=
d

dγ̃
ln (Z̃(γ̃)) =

4(1 + γ̃ 2
) + 2
√

π γ̃(3 + 2γ̃ 2
)[1+ erf(γ̃)] eγ̃ 2

2γ̃ +
√

π (1 + 2γ̃ 2
) [1+ erf(γ̃)] eγ̃ 2 .

(B123)

The auxiliary function s̃(γ̃) scales as follows in various parameter
regimes controlled by γ̃ (by βγ and N):

s̃(γ̃) =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

2γ̃ +O(γ̃−1
), γ̃≫ 1,

O(1), ∣γ̃∣ ≲ 1,

−
3
γ̃
+O(∣γ̃ ∣−3

), γ̃≪ −1.
(B124)
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From Eqs. (B119), (B122), and (B124), we infer how ⟨S⟩ scales with
N as βγ changes,86

⟨S⟩ =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

βγ N/4, βγ≫
√

8/N,
√

2N/π, βγ = 0,

−3/(βγ), βγ≪ −
√

8/N.

(B125)

The middle line shows that ⟨S⟩ can be of O(N1/2
), consistently with

an assumption in Appendix B 7 a.
We can understand Eq. (B125) more fully through the random-

walker story described below Eq. (B117). ⟨S⟩ equals half the random
walker’s position after exactly N steps. In the first line of Eq. (B125),
βγ > 0. Hence, the ground tilts away from the hard wall (from x = 0).
The walker, therefore, escapes the wall ballistically; the average dis-
placement is proportional to the number of steps: ⟨S⟩∝ N. In the
second line of Eq. (B125), βγ = 0, and the ground does not tilt. The
random walker escapes the logarithmic potential with an average
displacement, ⟨S⟩, sublinear in the number N of steps: ⟨S⟩∝

√
N. In

the third line of Eq. (B125), βγ < 0, and the ground tilts toward the
wall. Hence, the random walker reaches a steady state by the wall;
the average position, ⟨S⟩, does not depend on the number N of steps
taken.

We can progress beyond this observation, by calculating the
finite-size correction to βγ when ⟨S⟩ = O(N1/2

) and βγ ≈ 0. These
conditions are close to those in the middle line of Eq. (B125).

Equation (B114), displaying finite-size corrections (of L̃AB) to
(βγ)∞, motivates this study. Let r denote a constant such that ⟨S⟩ =
√

N/8 r. By Eq. (B122), r = s̃(γ̃). By this equation and Eq. (B119),
r = s̃(

√
N/8 βγ). Using Eq. (B123), we solve for βγ: βγ = O(N−1/2

).
Having argued that sα can be O(N1/2

), we argue that
sα typically scales so. The N-qubit Hilbert space decomposes
into sectors characterized by the total spin quantum number
sα, by Schur’s lemma.42,84,85 The sα sector has a dimensionality
(2sα + 1)2N!/[(N/2 − s)!(N/2 + s + 1)!] by the discussion around
Eq. (B107). This dimensionality attains its maximum at sα =

O(N1/2
). Therefore, the spin quantum number typically scales as

sα ∼
√

N. Therefore, when evaluating NATS’s, whose γ values van-
ish, the fine-grained KMS relation typically has an anomalous
correction.

APPENDIX C: PROOF OF PROPERTY
OF THE CLEBSCH–GORDAN COEFFICIENT

In Appendix B 6, we invoked a property of Clebsch–Gordan
coefficients,

If s = O(Nζ
), ζ ∈ (0, 1], and k, q, m = O(1), (C1)

then

⟨s + ν, m + q∣s, m; k, q⟩ = c̄(ν; k, q) [1 +O(s−1
)], (C2)

wherein

c̄(ν; k, q) :=
1
2k

¿
Á
ÁÀ(k + ν)! (k − ν)!
(k + q)! (k − q)!

min{k+q,k−ν}

∑
ℓ=max{0,q−ν}

(−1)ℓ(
k + q
ℓ
)(

k − q
ν − q + ℓ

). (C3)

The beginning of our argument echoes Eqs. (B29) and (B30) in Ref. 32. There, the general formula for a Clebsch–Gordan coefficient is copied
from Eq. (2.41) of Ref. 87,

⟨s + ν, m + q∣s, m; k, q⟩ =

¿
Á
ÁÀ[2(s + ν) + 1] (2s + ν − k)! (k + ν)! (k − ν)! (s +m + ν + q)! (s −m + ν − q)! (s +m)! (s −m)! (k + q)! (k − q)!

(2s + ν + k + 1)!

×∑
ℓ

(−1)ℓ

ℓ! (k − ν − ℓ)! (s −m − ℓ)! (k + q − ℓ)! (s +m + ν − k + ℓ)! (ν − q + ℓ)!
. (C4)

The sum runs over the integers ℓ that render every factorial’s argument non-negative.
Let us begin to approximate the Clebsch–Gordan coefficient. First, we approximate a fairly general factorial. If x≫ Δ, then

(x + Δ)! = [(x + Δ)(x + Δ − 1) . . . (x + 1)]x! = xΔ x![1 +O(x−1
)]. (C5)

By Eq. (C1), s≫ k, q, m. Because s≫ k and by the selection rule obeyed by the Clebsch–Gordan coefficient in (C2), s≫ ν. We apply these
inequalities and the approximation (C5) to Eq. (C4). Many factors cancel exactly,

⟨s + ν, m + q∣s, m; k, q⟩ =
1
2k

¿
Á
ÁÀ[2(s + ν) + 1] (k + ν)! (k − ν)! (k + q)! (k − q)! [1 +O(s−1

)]

(2s)[1 +O(s−1
)]

×∑
ℓ

(−1)ℓ

ℓ! (k − ν − ℓ)! (k + q − ℓ)! (ν − q + ℓ)! [1 +O(s−1
)]

. (C6)
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The corrections simplify as
¿
Á
ÁÀ[1 +O(s−1

)]

[1 +O(s−1
)]

1
[1 +O(s−1

)]
= [1 +

1
2

O(s−1
)][1 −

1
2

O(s−1
)]

× [1 −O(s−1
)] = 1 +O(s−1

).
(C7)

In addition, the square-root in Eq. (C6) contains two factors that
approximately cancel,

2(s + ν) + 1
2s

= 1 +O(s−1
). (C8)

Hence, Eq. (C6) simplifies to

⟨s + ν, m + q∣s, m; k, q⟩ =
1
2k

√
(k + ν)! (k − ν)! (k + q)! (k − q)!

×∑
ℓ

(−1)ℓ

ℓ! (k − ν − ℓ)! (k + q − ℓ)! (ν − q + ℓ)!

× [1 +O(s−1
)]. (C9)

The proof’s final steps center on the sum. The summand, with
the sentence below Eq. (C4), implies that ℓ ≥ 0, k − ν ≥ ℓ, k + q ≥ ℓ,
and ν − q ≥ −ℓ. In summary, max{0, q − ν} ≤ ℓ ≤ min{k − ν, k + q}.
We consider inserting these limits in Eq. (C9). The result is equiv-
alent to Eqs. (C2) and (C3), as one can check by evaluating the
binomial coefficients: if a, b ≥ 0, then ( a

b) =
a!

b!(a−b)! .

APPENDIX D: TRANSFORMATION PROPERTY
OF FINE-GRAINED CORRELATOR EVALUATED
IN ENERGY EIGENSTATE

This appendix introduces the transformation property invoked
in the numerical analysis (Sec. VI). By invoking the property,
one can easily deduce general results from the examples analyzed.
The property stems from the Wigner–Eckart theorem as follows:
In Sec. VI, we analyze correlators of spherical tensor operators
A(k

′
)

−q and B(k)q . The correlators depend on elements of the matri-
ces that represent the operators relative to the energy eigenbasis,
{∣α, m⟩}. By the Wigner–Eckart theorem, Clebsch–Gordan coeffi-
cients encapsulate all the matrix elements’ m- and q-dependences.
For example,

⟨α′, m + q∣B(k)q ∣α, m⟩ = ⟨sα′ , m + q∣sα, m; k, q⟩⟨α′∥B(k)∥α⟩

=
⟨s′α, m + q∣sα, m; k, q⟩
⟨s′α, 0∣sα, 0; k, 0⟩

⟨α′, 0∣B(k)0 ∣α, 0⟩, (D1)

≡ M1(sα, sα′ , m, k, q)⟨α′, 0∣B(k)0 ∣α, 0⟩. (D2)

We have defined the Clebsch–Gordan ratio,

M1(s, s′, m, k, q) :=
⟨s′, m + q∣s, m; k, q⟩
⟨s′, 0∣s, 0; k, 0⟩

. (D3)

In Eq. (D2), the prefactor depends on α and α′ only through sα and
sα′ . This property allows us to transform one fine-grained correlator
into another easily.

The matrix-element symmetry (D2) extends to the fine-grained
dynamical correlator, ˆ̄Cdyn

A(k′)
−q ,B(k)

q

(Ω, Δm = q; Δs; α, m) Eq. (14). If

M2(s, Δs, m, k, k′, q) := M1(s + Δs, s, m + q, k′,−q)
×M1(s, s + Δs, m, k, q), (D4)

then

ˆ̄Cdyn

A(k′)
−q ,B(k)

q

(Ω, Δm = q, Δs; α, m) = M2(sα, Δs, m, k, k′, q)

× ˆ̄Cdyn

A(k′)
0 ,B(k)

0

(Ω, Δm = 0, Δs; α, 0).

(D5)

Therefore, we can deduce about general dynamical fine-grained
correlators upon evaluating a correlator between spherical tensor
operators’ q = 0 components on ∣α, m = 0⟩.

To test the fine-grained KMS relation, we define the logarithmic
ratio,

L̃
A(k′)
−q B(k)

q
(Ω, q, Δs; α, m):= ln

⎛
⎜
⎜
⎝

ˆ̄Cdyn

A(k′)
−q B(k)

q

(Ω, Δm = q, Δs; α, m)

ˆ̄Cdyn

B(k)
q A(k′)

−q

(−Ω, Δm = −q,−Δs; α, m)

⎞
⎟
⎟
⎠

.

(D6)

By the transformation rule (D5), the log-ratio transforms as

L̃
A(k′)
−q B(k)

q
(Ω, q, Δs; α, m) = M3(sα, Δs, m; k, k′, q) + L̃

A(k′)
0 B(k)

0

× (Ω, 0, Δs; α, 0). (D7)

We have defined the function,

M3(s, Δs, m; k, k′, q) = ln(
M2(s, Δs, m, k, k′, q)

M2(s,−Δs, m, k′, k,−q)
) (D8)

of 8 Clebsch–Gordan coefficients.

APPENDIX E: ADDITIONAL NUMERICS SUPPORTING
THE FINE-GRAINED KMS RELATION

This appendix provides further numerical evidence for the fine-
grained KMS relation. The data describe a Heisenberg model that
lacks symmetries other than SU(2), unlike the Heisenberg model in
the main text. First, we describe the setup. Then, we present results
analogous to those in the main text.

We simulated a quantum many-body system that has SU(2)
symmetry but, unlike the main-text model, lacks any other sym-
metry [apart from the U(1) symmetry equivalent to energy con-
servation]. The system is a chain of N ∈ [14, 16, 18] qubits subject
to closed boundary conditions. The chain evolves under a next-
nearest-neighbor Heisenberg Hamiltonian. The Hamiltonian lacks
translational symmetry due to the boundary conditions and a defect:
qubit 3 couples to its neighbors more strongly than any other
qubit does. The defect also breaks spatial inversion symmetry. The
Hamiltonian has the form

H2 =
N−1

∑
j=1

Jj σ⃗ ( j)
⋅ σ⃗ ( j+1)

+
1
2

N−2

∑
j=1

Jj σ⃗ ( j)
⋅ σ⃗ ( j+2). (E1)
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The coupling strength is Jj = 1 + 0.3δj3. We solved for the
Hamiltonian’s eigenvalues and eigenstates exactly.

Our analysis focuses on the operator T(0)0 , defined in the main
text’s Eq. (22). As k = q = 0, Δs = Δm = 0. From T(0)0 , we calculated
quantities that are defined in the main text but that we partially
review here for convenience. We evaluated the fine-grained corre-
lator (14) on energy eigenstates ∣α, m = 0⟩. From the correlator, we
calculated the logarithmic ratio Lk,q=0(Ω, Δs = 0; α, m = 0) Eq. (24).
As described in Sec. V, L fluctuates from eigenstate to eigenstate.
Therefore, we averaged L over appropriate eigenstates to produce
L. We averaged over energy eigenstates from a narrower window
than in the main text—an energy window of width ΔE = 0.1. The
reason is that the present system has a greater density of states than
the main-text system. The average L is calculated over energy eigen-
states ∣α, m⟩ labeled by eigenvalues sα = s, m = 0, and Eα ≈ E(β).
E(β) denotes the eigenenergy closest to the Hamiltonian expecta-
tion value in the canonical average at the inverse temperature β. By
Eα ≈ E(β), we mean that Eα lies within a width-(ΔE) window cen-
tered on E(β). The window is of width ΔE = 0.1 (and so is narrower
than in the main text). In summary, L is the average over the set
{Lk,0(Ω, 0; α, 0) : sα = s, ∣Eα − E(β)∣ < ΔE/2}.

Figure 5 shows the average logarithmic ratios L, normalized by
Ω vs Ω. The inverse temperature β = 0.0 in Fig. 5(a) and β = 0.2 in
Fig. 5(b). The spin quantum number is s = 2, at which the fluctua-
tions ΔL/Ω (the standard deviation of L/Ω within a small energy
window ΔE) are minimized [Fig. 6]. According to the KMS relation
(20), L/Ω equals β, to within finite-size corrections. We define the
effective inverse temperature βeff as the average of L/Ω across Ω ∈
[2, 5]. The figure bears out this expectation: L/Ω lies within one
standard deviation of β throughout the Ω range, at each β value.
However, L/Ω tends to overestimate β when β = 0.2. The reason
is likely that when β = 0.2, L is calculated from a relatively small
subspace. The main text’s Fig. 4 displays the same effect.

Figure 6 shows the fluctuations (the standard deviation of L/Ω
within a small energy window ΔE) ΔL/Ω in L/Ω. At each s value,
ΔL/Ω decreases exponentially as N increases. This finding is con-
sistent with the non-Abelian ETH (2), whose off-diagonal term is
exponentially small in N. As s = 2 minimizes ΔL/Ω, we use this s
value in Fig. 5.

Now, we support the KMS relation Eq. (20) within various s
subspaces. We calculated the normalized average logarithmic ratio
L/Ω vs Ω at various s values. Figure 7(a) shows the result at

FIG. 5. Normalized average logarithmic ratio L(Ω, Δs = 0, s = 2)/Ω vs Ω. The black dashed lines represent the inverse temperature, β, which equals 0.0 in panel (a)
and 0.2 in panel (b). Each of the other curves corresponds to one system size. The shaded area shows one standard deviation at N = 18.

FIG. 6. Standard deviation in the normalized average logarithmic ratio ΔL/Ω vs the spin quantum number s, for N = 14, 16, 18. The inverse temperature β is 0.0 in panel
(a) and 0.2 in panel (b). These data quantify the width of the shaded area in Fig. 5, which shows L(Ω) for s that minimizes ΔL/Ω. The different curves correspond to
different system sizes. Each curve terminates when the s subspace becomes too small to provide enough data to produce high-quality results.
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FIG. 7. Test of the KMS relation within each s eigenspace for N = 18, at β = 0.0. (a) Normalized average logarithmic ratio L(Ω, Δs, s)/Ω. Only even s for s ≤ 4 are
presented for clarity, but all L(Ω, Δs, s)/Ω values show similar behavior. (b) Effective inverse temperature βeff at the true inverse temperature β = 0.0 (black dashed line).

The different marker colors (and shapes) correspond to different system sizes. Since L/Ω lies close to β (left-hand plot), βeff agrees with β well (right-hand plot).

FIG. 8. Test of the KMS relation within each s eigenspace for N = 18, at β = 0.2. (a) Normalized average logarithmic ratio L(Ω, Δs, s)/Ω. Only even s for s ≤ 4 are
presented for clarity, but all L(Ω, Δs, s)/Ω values show similar behavior. (b) Effective inverse temperature βeff at true inverse temperature β = 0.2. The different marker
colors (and shapes) correspond to different system sizes. βeff tends to overestimate β.

β = 0.0 and Fig. 8(a) at β = 0.2. The different curves correspond to
different spin quantum numbers s ∈ {0, 1, 2, 3, 4}. We omit higher
s values for clarity and to eliminate low-quality data: if s > 4,
the corresponding subspace is too small to yield enough data to

produce high-quality results. From the aforementioned figures’ data,
we produced Figs. 7(b) and 8(b). The latter figures show the effec-
tive inverse temperature βeff at each s value. (We have defined βeff as
the average of L/Ω across Ω ∈ [2, 5].) When β = 0.0, βeff agrees well

FIG. 9. Effective inverse temperature’s deviation Δβ = βeff − β, times the system size N, vs s/N. In panel (a), the inverse temperature β = 0.0 and in panel (b), it is β = 0.2.
The different marker colors (and shapes) correspond to different system sizes.
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with β. When β = 0.2, βeff overestimates β. L/Ω (from which βeff is
derived) is considerably noisier at β = 0.2 than at β = 0.0, possibly
because the corresponding subspace is smaller. The increased noise
and overestimation of β in Fig. 8 is consistent with the β = 0.2 data
presented in Fig. 5.

Figure 9 shows the average finite-size correction Δβ, times the
system size N, as a function of s/N. The finite-size correction Δβ :=
βeff − β. Figure 9(a) shows the β = 0.0 data, and Fig. 9(b) shows the
β = 0.2 data. βeff agrees with the thermodynamic inverse tempera-
ture β well when β = 0.0. The KMS relation implies this result. The
agreement is poorer when β = 0.0. The reason is likely that the corre-
sponding subspace is smaller when β = 0.0, such that the width-(ΔE)
window contains fewer energy eigenstates to average over. This find-
ing is consistent with Fig. 8, which shows that βeff overestimates β
when β = 0.2.
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