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The fluctuation—dissipation theorem (FDT) is a fundamental result in statistical mechanics. It
stipulates that, if perturbed out of equilibrium, a system responds at a rate proportional to a
thermal-equilibrium property. Applications range from particle diffusion to electrical-circuit noise.
To prove the FDT, one must prove that common thermal states obey a symmetry property, the
Kubo-Martin—Schwinger (KMS) relation. Energy eigenstates of certain quantum many-body sys-
tems were recently proved to obey a KMS relation. The proof relies on the eigenstate thermalization
hypothesis (ETH), which explains how such systems thermalize internally. This KMS relation con-
tains a finite-size correction that scales as the inverse system size. Non-Abelian symmetries conflict
with the ETH, so a non-Abelian ETH was proposed recently. Using it, we derive a KMS relation
for SU(2)-symmetric quantum many-body systems’ energy eigenstates. The finite-size correction
scales as usual under certain circumstances but can be polynomially larger in others, we argue. We
support the ordinary-scaling result numerically, simulating a Heisenberg chain of 16-24 qubits. The
numerics, limited by computational capacity, indirectly support the larger correction. This work
helps extend into nonequilibrium physics the effort, recently of interest across quantum physics, to

identify how non-Abelian symmetries may alter conventional thermodynamics.

The fluctuation—dissipation theorem (FDT) forms a
pillar of nonequilibrium statistical mechanics [T}, 2]. The
theorem arises in linear-response theory, describing how
quickly a system responds to a perturbation. One quan-
tifies the responsiveness with a second derivative of a
free energy. This derivative is proportional to a two-
time thermal correlation function, according to the FDT.
Knowing an equilibrium property, therefore, one can in-
fer about a nonequilibrium response. Famous instances
of the FDT include the Einstein—-Smoluchowski relation,
which relates a particle’s mobility to its diffusion constant
and temperature. Classical and quantum systems obey
the FDT. Yet the quantum FDT governs a system that
can be in a thermal quantum state. A symmetry property
of this state, called the Kubo-Martin—Schwinger (KMS)
relation, underlies the FDT.

Thermal states are mixed; in contrast, closed, isolated
quantum systems are in pure states. How to extend the
FDT to such systems is therefore unclear. Yet generic
such many-body systems thermalize internally: a small
subsystem will likely approach a thermal state, the rest
of the system serving as an effective environment. This
thermalization has drawn attention across theory and ex-
periment recently [BH5]. The eigenstate thermalization
hypothesis (ETH) explains why the thermalization oc-
curs [6H8]. Noh et al. recently proved that, if a sys-
tem obeys the ETH, its energy eigenstates approximately
obey the KMS relation [9]. If N denotes the system size,
the finite-size correction is O(N~1).
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Non-Abelian symmetries have recently been found
to partially preserve, and partially alter, conventional
thermodynamic results. A lack of non-Abelian sym-
metries implicitly underlies derivations of the thermal
state’s form [I0, [II], the Onsager relations (another
pillar of linear-response theory) [12], and more. If
a Hamiltonian respects a non-Abelian symmetry, it
conserves quantities (charges) that fail to commute
with each other. Such noncommutation typifies quan-
tum physics, as exemplified by uncertainty relations,
measurement disturbance, and quantum error correc-
tion. The quantum thermodynamics of moncommuting
charges has therefore emerged recently [I1], 13| [14] and
spread across many-body physics; quantum computa-
tion; atomic, molecular, and optical (AMO) physics; and
high-energy physics [I5, 16]. Non-Abelian symmetries
alter thermodynamic-entropy production [12} [17], entan-
glement entropy [I8H25], quantum-computational uni-
versality [26], thermalization-resistant regimes of mat-
ter [27], 28], and more. The testing of these theoretical re-
sults recently began with a trapped-ion experiment [29].

Non-Abelian symmetries conflict with the conventional
ETH [30]. To reconcile the two, Murthy et al. recently
proposed a non-Abelian ETH [30]. Numerics indicate
that certain spin systems obey this ansatz [3TH33]. Do
they obey a KMS relation?

We introduce a fine-grained KMS relation obeyed by
quantum many-body systems subject to SU(2) symme-
try and the non-Abelian ETH. The relation depends
not only on a temperature, as usual, but also on anal-
ogous parameters associated with spin (or, more gener-
ally, angular-momentum) quantum numbers. The proof
requires a certain parameter regime, as well as approxi-
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mations of Clebsch—Gordan coefficients introduced by the
non-Abelian symmetry. Under certain conditions, we ar-
gue, the FDT’s finite-size correction is O(N~1), as in
the absence of any non-Abelian symmetry. Under other
conditions, we contend, the finite-size correction can be
polynomially larger. Hence non-Abelian symmetry ap-
pears able to alter a standard thermodynamic result by
an amount polynomial in the system size.

To support our analytical arguments, we numerically
simulate a one-dimensional (1D) chain of 16-24 qubits.
We directly observe evidence for the O(N~!) scaling.
Limited by computational capacity, we observe indirect
evidence for the larger correction. This work shows
how non-Abelian symmetry may sometimes preserve, and
sometimes alter, a result crucial for nonequilibrium sta-
tistical mechanics.

The rest of the paper is organized as follows. Section [[]
reviews the conventional KMS relation; and Sec. [T} the
non-Abelian ETH. In Sec. [[TI} we prove the fine-grained
KMS relation for an SU(2)-symmetric system in a mixed
state; and, in Sec.[[V] the fine-grained KMS relation for a
closed SU(2)-symmetric system. Numerics in Sec. sup—
port the analytical results. Section[VI highlights research
opportunities established by this work.

I. REVIEW OF CONVENTIONAL KMS
RELATION

We derive the conventional quantum KMS relation and
FDT [l 2 [34] pedagogically in App.|A]l Here, we review
three highlights: the setup, KMS relation, and FDT. We
set h = 1.

Consider a quantum system S that has observables A
and B [34]. Upon beginning in a state p, S evolves under
a Hamiltonian H during the times 0 to ¢’ and ' + € to
t. During the infinitesimal interval ¢, S evolves under a
perturbed Hamiltonian H' := H — hB of perturbation
strength h € R.

How sharply does the perturbation change the time-
t expectation value (A(t)), = Tr(A(t)p)? In the zero-
field limit, the response function answers this question:

Rap(t,t') = agzl(;))% ‘h:O O(t — t'). The Heaviside func-
tion encodes causality. The response function is propor-
tional to a two-time correlator, according to the Kubo
formula: Rap(t,t") = i([A(t), B(t')]), ©(t —t').

The correlator exhibits a symmetry—the KMS
relation—under certain conditions. Assume that p is
the canonical state py, = e P /Tr(e=#H). This state
is stationary, or invariant under time evolution. Cor-
relators in pyy, therefore, depend on time only through
differences t — t’. The Kubo formula’s correlator has a
Fourier transform Cap(f) that obeys the KMS relation
CAB(Q) = eﬁQ CAB(—Q).

Applying the KMS relation to the Kubo formula, we
can derive the FDT. The FDT depends on the an-
ticommutator correlator ({A(t), B(t')}),,,, which has
the Fourier transform Cjapy(w). This transform

is proportional to the response function’s transform:
Im(Rap(w)) = tanh(Bw/2)Ciapy(w). According to this
FDT, a perturbation —hB generates a nonequilibrium
response determined by equilibrium correlations. In the
derivation, only the KMS relation depends on the ther-
mal state—and so, in generalizations to systems with
more symmetries, on charges. Hence we focus on the

KMS relation.

II. REVIEW OF NON-ABELIAN ETH

The rest of the main text features the following setup.
Consider a system (which is closed here and in Sec-
tions but not in Sec. of N > 1 qubits. The
Hamiltonian H has eigenvalues F,,, an SU(2) symmetryﬂ
and no other symmetry [apart from the U(1) symmetry
equivalent to energy conservation]. Let S,—z , . denote
the global spin’s a'® component; s, the total spin quan-
tum number; and m, the total magnetic spin quantum
number. H shares an eigenbasis {|a, m)} with S? and
S.: Hla,m) = Egla,m), S?|a,m) = sa(sa + 1)|a, m),
and S|, m) = m|a,m).

The non-Abelian ETH governs H and a local opera-
tor. Such operators form a space spanned by a basis of
spherical tensor operators Tq(k) [35]. Tq(k) transforms ir-

reducibly under SU(2) elements, so we analyze T, q(k)s for
convenience, without loss of generality. The rank k re-
sembles a spin quantum number; and ¢, a magnetic spin
quantum number. For example, some Tl(l) operators are

)

proportional to single-site raising operators; some 71" /'s,

to lowering operators; and some Tél)s, to single-site spins’
z-components.

The spherical tensor operators obey the Wigner—
Eckart theorem, a fundamental result in AMO
physics [35]: consider representing Tq(k) as a matrix rela-
tive to {|a, m)}. Each matrix element equals a product
of two factors, according to the theorem:

(a0, mI TP o’ m') = (sa,mlsar,m’ sk, q) (@l T®]|a).

(1)

The Clebsch-Gordan coefficient (s, ,m|sq ,m’; k, q)
interrelates the tensor product |so,m';k,q) =
|sar,m')|k,q) and the eigenstate |s,,m) of total-spin
operators. The reduced matriz element (a||T®||a/) de-
pends on no magnetic-type quantum numbers.

The non-Abelian ETH posits a form for the reduced
matrix elements [30]. Let wy = Eo — E, denote
a difference between the energies associated with the
matrix column and row. Define the difference v, =

1 The results in [30] are expected to extend to other non-Abelian
symmetries.



So — Sa analogouslyﬂ Stn(E, s) denotes the thermody-
namic entropy at E, s, and any fixed m value [32]. If
Diot(E, s) denotes the corresponding density of states,
Stn(E, s) = log(Diot(E, s)). This paper’s logarithms are
base-e. T (€,8) and £ (€,8,w) denote smooth, real
functions; and R(") denotes a matrix of erratically vary-
ing numbers [32] B6H38]. According to the non-Abelian

ETH [30],
: Ea Ea’ « o’
(al|T® oy = T®) (ZoT2el SR} 5 ()
2 2 ’
+e Sy (F25Tal agial ) 2
f(T) <Ea —; Ea/ , Sa -; Sa/ ) Rg?;)/

The first, diagonal term is nonzero only on the matrix’s
block-diagonal. This term determines the time-averaged
expectation value of Tq(k) [30). The second, off-diagonal
term controls the operator’s time dependence. This term
influences our KMS relation.

III. FINE-GRAINED KMS RELATION FOR
SU(2)-SYMMETRIC SYSTEM IN A MIXED
STATE

This section sketches arguments detailed in Apps.
We review a thermal state suited to SU(2) sym-
metry, then introduce a variation on that state. After-
ward, we introduce correlators and prove a fine-grained
KMS relation for them.

Consider a quantum many-body system whose Hamil-
tonian H conserves the total-spin components So—z 4 -
and no other nontrivial operators. The appropriate
whole-system thermal state has been argued to be the
non-Abelian thermal state (NATS) [111, 13| 14, 29, B9,
40]: ﬁNATS = exp(—,B[H — Za:w,y,z ,uaSa])/ZNATS =
exp(—fQ[H — ,uSz])/ZNATS. The pqs serve as effective
chemical potentials, and Znats normalizes the state.
The final equality follows from rotating the z-axis onto
Ha T4y Y. 2. Bach exponential contains only extensive
(additive) observables, consistently with a conventional
derivation of the thermal state’s form [I1], [41]. The ob-
servable

S = Zsa|a,m><a7m| (3)

is not extensive. Yet one might know the value of (S).
Information-theoretic arguments [39] therefore suggest a
modified NATS,

pNaTs = exp (=B [H — S, —vS]) /Znats - (4)

2 Wyre differs from the w in [30] by a minus sign, and an anal-
ogous statement concerns v,s.. Appendix [B_4] motivates our
definitions, below Eq. (B60).

~ serves as an effective chemical potential; and Zyars, as
the partition function. We posit that |a,m) most closely
locally resembles a pnaTs whose

(H)y =FE,, (S,)=m, and (S)=s,. (5)

One might debate about whether pnyars deserves the la-
bel thermal state, however. We define (.) := Tr(.pnaTs)-

Let us derive a KMS relation satisfied by pnarts. For
convenience, we focus on operators A = A(fq) and B =

ng). Their k, k' = O(1), such that the operators are
local; in each operator, each term acts nontrivially on
just an O(1) number of qubits. A and B participate in
the time-domain correlator

CAB (1) = (A(t)B). (6)

Fourier-transforming yields the frequency-domain corre-
lator

Chp o (Q) = / dt Cap(t) e (7)
_ 2 Y e BEampmns) (®)
Z a,m,a’ ;m’

x (o, m|Ala’,m' o', m/|Bla,m) § (Q — [Eor — E,)) .

An obstacle hinders the proof of a KMS relation for
CY8TS(Q): B and ¢ appear not to participate in
any simple commutation relation. Hence we define a
fine-grained correlator. It follows from introducing Kro-
necker delta functions for m and s,. These functions are
discrete-variable analogs of the Dirac delta function for
energy, which is continuous in the thermodynamic limit:

2w
CNATS(Q), Am, As) = ~ >

x (a,m|A|a’,m X' ,m/|Bla,m) § (2 — [Eo — Ey))

X 6m’(m+Am) 6sa/(sa+As) . (9)

efﬁ(Eufﬂm*'YSa)

Summing over Am and As yields the conventional cor-
relator (7)):

CAp™S (@) = ) CNATS(O Am, As).  (10)

Am,As

The fine-grained correlator obeys the fine-grained KMS
relation, one of our main results:
CNATS (9, Am, As) = f(O-ndm=—As) (11)
x CNATS(_Q) — Am, —As).

IV. FINE-GRAINED KMS RELATION FOR
ENERGY EIGENSTATES OF SU(2)-SYMMETRIC
SYSTEMS

Let us sketch the derivation, detailed in Apps. [B“4HB]
of the KMS relation for energy eigenstates of SU(2)-
symmetric systems. Consider the setup in Sec. [[} as



well as the operators A and B in Sec. [[TI] The operators
participate in the time-domain correlator

Cap(t) = {0, m|A(t) Bla, m). (12)
Fourier-transforming yields the frequency-domain corre-
lator

[ee]

dt Cap(t) e,

Can(Q) = /

— 00

(13)

Cas (©2) can contain a nonzero static contribution, which
multiplies a §(€2), under certain conditions [42]. The
static correlator can signal long-term memory (Sec.
and [42]). We focus on the dynamical contribution, which
does not contain or multiply any 6(Q2), to C45(9). Like
in Sec. [[TT} we define a fine-grained correlator,

Cﬁ’jbgl(ﬂ,Am,As;a,m) =2 Z (@, m|Alo’,m + q)
o’ #a
(14)

x (a',m +q|Bla,m) §(Q — [Ear — Ea]) 6am)q O (satAs) -

Often, we elide the function’s final two arguments for
conciseness. We have applied a selection rule encoded in
the Wigner—Eckart theorem . C_'%Bn obeys a sum rule
analogous to Eq. .

Next, we evaluate and simplify Eq. . We ap-
ply the Wigner—Eckart theorem and the non-Abelian
ETH (). To simplify notation, we define the Cleb-
sch—Gordan product

C(V]s0 s b K, q) = (50,50 + 1, + g3 K, —0)

X (8o +v,m+qlsa,mik,q).  (15)
Also, we define a composite function Gap(E, s;Q, As)
[Eq. (B69))] in terms of four factors from the non-Abelian
ETH: two f functions and two R factors. The composite
function obeys the symmetry relation

Gap(FE,s;Q,A8) =Gpa(E,s;—Q,—As). (16)
The correlator becomes
é’ffg’(Q, Am, As) ~ 2w C(As|sq ,m, k, k', q)
y Diot (Eq + £, 54 + As) (17)

Dtot (Ea + % y Sa + %)

Q A
X GaB (Ea+275(1+25797A5) 5(Am)q'

The correction is exponentially small in N. The densities
of states, Dyot, come from the -, in Eq. (14).

We can approximate the correlator as follows. We as-
sume that s,, E, > 1, inspired by ETHs’ tendency to
hold when additive charges lie far from their extreme
values [3]. Since k,k’ = O(1), and by the rules of ad-
dition of angular momentum, As = O(1). Also, the
correlator has a significant magnitude only when the

non-Abelian ETH’s f function does, as happens only
when Q@ = O(1) [3 B2, 43 44]. Hence we can Taylor-
approximate Gap about (E,, sq; Q, As).

We can also Taylor-approximate the ratio of Dyos. De-
note by Sin(FE, s) the thermodynamic entropy at energy
E and spin quantum number s. By the definitions above
Eq. @), Diot(E, s) = Sin(E, s)/(25+1). We can calculate
properties of S’th(E, s) by applying standard statistical-
physics techniques to Znxats [Eq. and App. . To
apply those properties here, we invoke the correspon-
dence between pnars and |, s,) [see the text around
Eq. (B)]. For example, d5Su(E,s4)|p. ~ 8. Equa-
tion (17) approximates to

CBR(Q, Am, As) = 21 C(As|sa ,m, k, K, q)

1 .
X exp (2 [ﬂw + 055t (E, s)|EmSQAs}>
X GaB (Ba s 8458, As) d(am)q [1 + (correction)]. (18)

To progress further, we assume that s, = O(N¢),
wherein ¢ € (0,1]. We prove the fine-grained KMS re-
lation under each of two conditions on m in App. [B_6]
Here, we sketch the simpler case. Suppose that the mag-
netization vanishes: m = 0. The derivative in Eq. (18]
approximates to —[3-:

é’i}gl(ﬂ, Am, As) = 3 (QAs) o 8(am)q (19)
X C(As80,0,k, k', q) Gap(Ea, Sa; 2, As) [1 + (correction)].

We must interrelate this correlator with
ng:(—ﬂ, —Am, —As). To do so, we apply the
symmetry . Similarly, the Clebsch-Gordan

product obeys the symmetry C(As|sq,0,k, k', q) =
C(—As|84,0,k  k,—q)+0O(s;1) [32]. (In the second case
mentioned above, we apply a Clebsch—Gordan property
proved in the present paper’s App. ) Hence

(O, Am, As) = H@-nAm—A9)

X éféyil(*ﬂ, —Am, —As) [1 + (correction)].

(20)

The correction depends on s, !, E-!, and N. Its pre-
cise size does not matter in App.[B 6} only its vanishing
in the thermodynamic limit does. We expect the correc-
tion often to behave approximately as usual (as in the
absence of non-Abelian symmetry), as O(N~—1) [9).

However, we calculate the finite-size correction at g =
B = 0 in App. B 7} We argue that the correction
scales as follows: (i) When s, = O(N), the correction
is O(N~1). (ii) When s, = O(NS€(O1)  the correction
is O(N—min{G1=CHy > O(N~1). Furthermore, we argue
that s, = O(N'/2) is possible. Our reasoning relies on
an exact formula for Sy, the similarity between |av, m)
and pnars, and the equivalence of thermodynamic en-
sembles. In conclusion, we argue that SU(2) symmetry
can render the (fine-grained) KMS relation’s finite-size
correction as small as usual under certain conditions and
polynomially larger under others.



V. NUMERICS

This section numerically supports the fine-grained
KMS relation . We simulated a Heisenberg XXX
chain subject to periodic boundary conditions. The num-
ber of qubits, N, ranged from 16 to 24. Denote by

o), b = = o™ the Pauli-a operator of qubit j. The
Hamiltonian has the form

g
-5 Z [/\g(j) LUt 4 (1

J=1

—\)EW) .5(j+2)] .

(21)

The overall coupling strength J = 1. X interrelates the
nearest- and next-nearest-neighbor couplings’ strengths.
We set A = 0.25, such that the Hamiltonian is nonin-
tegrable [32] 33]. The model has translational variance,
which we leverage by working in the maximally symmet-
ric subspace defined in [31]. We numerically diagonalized
H, calculating the forms of the eigenstates |a, m).

We evaluated the fine-grained correlator (14) on

For convenience, we set A = B =T, q(k)

(9)

|, m)s. . To intro-

duce the operator, we denote by o3’ the qubit-j raising
and lowering operators; and, by of°" := Z;V:1 O':(g ), the
whole-system Versmnsﬂ We analyzed the operators [32]
App. D]

0 _ —1 [ ( () g +1) ) ) (j+1)}
T5 12N 2 +h.ec.)+0)0; ,
N
T Z [ W) 7+1 (0$)0£j+1) —|—h.c.)} ,
(22)
and Té4). The latter operator appears to lack a clean

formula but follows from lowering 7, 24) four times: TO(4) =
(0" 0" ot oot T{ ), wherein
1N 4 ,
T4(4) = ZU$)0$+1)O’$+2)O’$+3) . (23)
j=1

A logarithmic ratio facilitates the testing of the KMS
relation (App. @ Under the conditions above, the log-
ratio simplifies to

Lia(2, As 0, m) (24)
C';}(/;T‘;k) (@, Am=q, As; o, m)
=1In| = =
Ccdyn —Q, Am=—q,—As;a,m

3 Identity operators are tensored on implicitly such that each term
operates on the total Hilbert space.

The log-ratio, evaluated at arbitrary ¢ and m values,
is related simply to an L evaluated at (¢,m) = (0,0)
[Eq. (D7)]. According to the fine-grained KMS relation,
Li,q = B(Q—pg—~ As), to within finite-size corrections.
The parameters (8, Su, and B7) are determined by the
resemblance between pnars and |a,m). Our numerics
focus on (i) eigenstates with m = 0, such that Sy = 0
and (ii) the spherical-tensor index ¢ = 0. Equation @
implies the extension to general m and gq.

The eigenstate |a, m) should resemble pyaTs under the
conditions . Consider fixing those equations’ left-hand
sides. No finite-N system’s |a, m) necessarily satisfies
the equations, because s, and m are discrete. To miti-
gate this numerical challenge, we fix 5. Simultaneously,
we set the S quantum number to s and the S, eigen-
value to 0. Then, we identify the eigenstates |a, 0) whose
Sa = S. We select the eigenstate whose E, lies closest
to the Hamiltonian’s thermal average with respect to the
Boltzmann distribution (over the s, subspace) at 5. Hav-
ing introduced our techniques, we test the KMS relation
at As =0 then at As # 0.

Suppose that As = 0. The fine-grained KMS relation
assumes the form Ly (2, As=0;a,0) = Q in the ther-
modynamic limit. Finite-size corrections stem from two
sources. First, random-matrix theory models the matrix
elements [30, B2], B3]. Therefore, L,0(£2, 0; @, 0) fluc-
tuates from eigenstate to eigenstate. By the non-Abelian
ETH, the fluctuation’s amplitude decays exponentially as
N grows. To suppress the fluctuation, we assemble the
set {Lk,0(2,0;,0) : sq=s, |[Ea—E(B)| < AE/2} of log-
ratios from nearby energy eigenstates (associated with
energies within a window of size AE = 0.4). We average
L over the eigenstates, producing Ly, o(€2,0; s). Then, we
calculate the standard deviation. Second, L (2, 0;s)
deviates from the predicted value due to the finite-size
correction discussed in Sec. [[V] and App.

Figure [l shows average logarithmic ratios £, nor-
malized by €2, versus 2. The error bars in represent
the eigenstate-to-eigenstate fluctuations (standard devia-
tions). The fluctuations shrink exponentially as N grows,
consistently with the non-Abelian ETH.

Figure[2[quantifies the finite-size deviation of £/ from
the expected value . The top row corresponds to § =
0.0; and the bottom row, to 8 = 0.2. Define the effective
inverse temperature Beg as the average of £/ across 2 €
[2,5]. Furthermore, define the finite-size correction Af as
the root-mean-square of £/2—f3 within the same interval.
Figures a) and C) depict Begr. Despite deviating from
the prediction 3, Beg approaches 8 as NN increases, at
most s values.

Figure (b) shows the root-mean-square deviation, AS.
It decreases as 1/N at all s/N values. 9 and Té2)

exhibit this behavior, but Téz) exhibits a weaker finite-
size effect. The reason merits further investigation.

In addition to comparing operators, we compare 8 =
0.0 [Fig. [2(b)] with 8 = 0.2 [Fig. 2(d)]. AS adopts its
asymptotic 1/N scaling at larger system sizes when § =
0.2. We speculate that the reason is, the density of states
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FIG. 1: Averages and standard deviations of normalized
logarithmic ratios: An error bar represents the standard
deviation of log-ratios across eigenstates |a, 0) associated
with close-together energies. (a) Average log-ratio L£o,0/?,
normalized by €2, of Téo) operator. The energy eigenstates
used correspond to s = 0 and 8 = 0 (dashed black line).
Different marker shapes and colors represent different
system sizes (N = 16,18, ...,24). (b) Average normalized
log-ratio £2,0/$2 of Tém operator at s = N/4 and

B = 0.2 (dashed black line). System sizes are N = 16, 20, 24.
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FIG. 2: Quantification of finite-size effects in the average
normalized logarithmic ratio at As = 0: Dashed black
curves mark 3, which equals 0.0 in the top row and 0.2 in
the bottom. Open markers were calculated from TO(O); and
filled markers, from TO(Q). (a) and (c) Effective inverse
temperature Seg, versus spin quantum number s. Seg
follows from averaging £(Q)/€Q across Q € [2,5]. (b) and (d)
Finite-size deviation (ABeg)N from the fine-grained KMS
relation versus spin-quantum-number density s/N. ABeq
equals the root-mean-square of £/Q — 8 across Q € [2,5]. In
all four plots, the blue curves jag sharply on the right-hand
sides. The reason is that the system is small enough that
few energy eigenstates correspond to such large s values.

is smaller at 8 = 0.2 than at g = 0.0.

Having tested the fine-grained KMS relation at As =
0, we test it at As # 0. Figure a) shows two To(k)
operators’ average log-ratios, Ly o(f2, As;s). The rank
k = 2 corresponds to filled markers; and k = 4, to empty
markers. Different marker shapes and colors represent
different values As = 0,%2. All data come from the
largest-system simulations, N = 24, and s = 4. Accord-

om

AL (@) (b)
AMRpanananan

Py (] n
oo s ssss a

Lio
B
o

ol EEEg EC0o
"Elgg
®As=0 ]

A5 =2 Q
AAs=-2
—4 + 0.4 +

0.0 2.5 5.0 0.0 2.5 5.0
Q Q

(B7) =047

FIG. 3: Comparisons of finite-size corrections at various As
values: Filled symbols describe the k=2 tensor; and empty
symbols, the rank-4 tensor. The parameters N = 24, s = 4,
and B = 0.0. (a) Average log-ratios Ly 0((2, As; s). Different
marker shapes and colors correspond to different As values.
The blue, solid curve represents 2, the ideal £ at As = 0.
(b) (B7)est for the k = 2 (filled symbols) and k = 4 (empty
symbols) operators. The black, dashed curve represents (.

ing to the fine-grained KMS relation,
L10(9, As;0,0) = B(2 — 7 As) (25)

in the thermodynamic limit. The solid blue curve repre-
sents this ideal at As = 0 in Fig. a). This curve closely
tracks the blue circles and disks. Hence the average cor-
rection Ly (£, As; s) approximates the ideal value well
at As = 0.

Figure [3|(b) sharpens the Asz0 analysis. By Eq. (25)),
the £ at As = £2 should be vertically shifted, through
a displacement —(As)By, from the £ at As = 0. To test
this prediction, we define the effective thermodynamic
parameter

(BY)est = [Zk,O(Q, —2;5) —Zk,O(Q,Q; 3)] /4. (26)

It equals the Bv associated with |a,0), plus a finite-
size correction, according to the fine-grained KMS re-
lation. Figure [3[b) shows (B7)er (markers) and By
(dashed curve) versus QJ*| The markers deviate from the
curve substantially. The finite-size correction is larger at
As # 0 than at As = 0 [Fig. [3(a)].

We quantify the finite-size correction with A(57), the
root-mean-square value of (8v)eg — (87), within the in-
terval Q0 € [2,5]. Figure [4] shows A(Bv) versus s. Dif-
ferent curves correspond to different system sizes N.
Figure a) describes a k=2 operator; and Fig. b), a
rank-4 operator. The As#0 corrections are a few times
larger than the As=0 corrections displayed in Figs. a)
andb). As N grows, the correction A(f7) decreases, as
expected. We cannot perform a finite-size-scaling analy-
sis on the correction, because computational limitations
restrict N.

4 To approximate the v associated with a finite-N eigenstate
|a,0), we used a finite difference: By =~ —[Stot(Fa,s + 1) —

8Ss0t (Ea,3 9% Stot (Ba 8
Stot(Ba,s — 1)]/2 = 2wetBad)| 4 1878eet(Bad)) 4




According to Fig. [4(b), the rank-4 tensor’s A(By) cor-
rection changes nonmonotonically as s changes. The
correction is smallest at a value s = spin. At each
$ > Smin value, A(f8v) decreases rapidly as N increases.
At each s < spmin value, A(8v) decreases relatively
slowly as N increases. To understand this phenomenon’s
origin, we revisit a formula derived for the log-ratio
in the appendices [Egs. and (B95)]. First, we
define two derivatives of the symmetric function Gap:
Iy = 0:1n(Gap (F,5,Q,As))|g, ,s and the analogous
I'g. In terms of them, the log-ratio is L 0(Q2, As; a,0) =
B(Q—~As)+(T'gQ+Ts As)+... The final parenthesized
term is the leading-order finite-size correction in the fine-
grained KMS relation. This correction, at nonzero As,
is

A(By) = —Ts. (27)
This logarithm is not analytically computable.
To bypass this obstacle, we consider the modified

NATS at 8 = Bu = 0: pnars = €°75/Z(By). This
partition function is exactly calculable. In terms of the

scaling variable 4 = ,/% B~ (App. ,

Z(By) =212 (7),
- 3 1+ 272
ZG)= ot g

The expectation value (S) = s, In(Z) = vV ‘fi—gy evalu-
ates to

wherein (28)

[1 4 erf (3)] € . (29)

(S)=VN/8T (7). (30)
The scaling function J (3) := dZ/d% behaves as

29, ¥>1
T ~4q0(1), <1 (31)
-3/5, y< -1

If |3y| = O(N~/2), then (S) = O(N'/?); and, if fy =
O(1), then (S) ~ N. The scaling stems from the
Hilbert space’s decomposition into subspaces labeled by
Sa- We therefore posit that thermodynamic quantities
depend on s through the scaling variable s/v/N when
s = O(N'/?). Applying this ansatz to Eq. implies
that, (i) when s = O(N'/?), the finite-size correction
is anomalous, A(By) = O(N~Y2), and (i) when s =
O(N), the correction is of O(N~!) . The nonmonotonic
behavior in Fig. (b), we believe, reflects the anomalous

finite-size correction to the fine-grained KMS relation at
s =O(N'/?).

VI. OUTLOOK

We have derived and numerically supported a fine-
grained KMS relation obeyed by energy eigenstates of

FIG. 4: Finite-size correction to the fine-grained KMS
relation, as measured by A(By): Figure (a) describes the
k=2 tensor; and Fig. (b), the k = 4 tensor. Empty markers
correspond to 8 = 0; and filled markers, to 5 = 0.2.

quantum many-body systems subject to non-Abelian
symmetries. The proof relies on the recently introduced
non-Abelian ETH. Under certain conditions, we have ar-
gued, the KMS relation’s finite-size correction scales as
O(N~1), as usual (as in the absence of any non-Abelian
symmetry). Under other conditions, the correction may
be polynomially larger. Hence charges’ noncommutation
may enable an anomalously large deviation from a result
applied in nonequilibrium statistical physics. This result
exemplifies quantum thermodynamics, given noncommu-
tation’s role in quantum phenomena such as uncertainty
relations. Our result helps extend into nonequilibrium
thermodynamics the rapidly growing program of identi-
fying how charges’ noncommutation influences dynam-
ics [20 26| [45H52].

Our results differ from two related results. First, Man-
zano et al. proved that charges’ noncommutation lowers
linear-response entropy production [12]. Yet their result
concerns the Onsager relations, not the FDT. Their setup
differs, featuring two thermal systems at different effec-
tive temperatures. Nor does many-body physics feature
in their discovery, which involves no finite-size correction.

Second, Murthy et al. proved that, if a Hamiltonian

H and a Tq(k) obey the non-Abelian ETH, the opera-
tor’s time-averaged expectation value can differ from its
thermal expectation value by an anomalously large cor-
rection [30]. The result derives from the non-Abelian
ETH’s first term. In contrast, our result derives from

the second term, which encodes how <Tq(k)> fluctuates

over time. Also, [30] contains no numerical evidence and
invokes an assumption that we do not.

Our work establishes five opportunities for future re-
search. First, we argued analytically that the fine-
grained KMS relation contains an anomalously large
correction under certain conditions, including s, =
O(N'/?).  Other parameter regimes might admit of
anomalously large corrections, too. So might non-
Abelian symmetry groups other than SU(2).

Second, one might observe our KMS relation’s anoma-
lous correction by simulating larger systems. The sim-
ulations may be classical. However, third, experiments
can test our KMS relation. The correlator equals an av-



erage over a Kirkwood—-Dirac quasiprobability distribu-
tion, as all correlators do [53]. Quasiprobabilities resem-
ble probabilities but can violate certain axioms of proba-
bility theory. Kirkwood—Dirac quasiprobabilities can as-
sume negative and nonreal values. Yet one can measure
Kirkwood-Dirac quasiprobabilities in many ways [54-
50]. Furthermore, noncommuting-charge thermodynam-
ics was recently tested in a trapped-ion experiment [29].
Other feasible platforms include superconducting qubits
and ultracold atoms [40], [57].

Third, our work leverages the non-Abelian ETH’s off-
diagonal term, expected to illuminate thermalization dy-
namics [30]. By extending this work, one may elucidate
dynamical questions—for example, does charges’ non-
commutation slow thermalization? Does it enlarge the
fluctuations, undergone over time, by a local operator’s
expectation value?

Fourth, Appendix [B|shows that SU(2) symmetry sup-

ports a nonzero static correlator across a relatively wide
parameter regime. A static correlator never decays and
so evidences memory. We will quantify this memory’s
capabilities in future work [42].
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Appendix A REVIEW OF THE CONVENTIONAL KMS RELATION AND FDT FOR QUANTUM
SYSTEMS

This appendix contains a pedagogical three-step review of the quantum KMS relation and FDT. In App. we
derive the Kubo formula for a quantum system’s response function. In App. [A 2] we derive the conventional KMS
relation. Combining these two ingredients, we prove the conventional FDT in App. [A3] The overall derivation
appears in many references; we follow Sections 3.3.2-3.3.6 of [34].

Before embarking upon the derivation, we review the reason for the name fluctuation—dissipation theorem. Kubo
explains eloquently in his review [58]. For simplicity, consider a classical statistical mechanical system, such as an
electrically charged particle in a fluid. In equilibrium, the particle undergoes Brownian motion: fluid particles bump
into the charged particle, which random-walks around the fluid. That is, the charged particle’s position fluctuates.
Now, consider applying an electric field. It forces the charged particle along a particular direction. To move there,
the charged particle knocks aside fluid particles, which slow it down. That is, the fluid particles exert a drag force,
which dissipates energy from the charged particle. This dissipation shares its origin with the equilibrium fluctuations—
collisions between the charged particle and fluid particles—so the two phenomena must be related. The FDT quantifies
this relationship.

This appendix concerns a quantum system of the following type. The system has observables A and B. From time 0
to time ¢/, and from time ¢’ + € to time ¢, the system evolves under an unperturbed Hamiltonian H. ¢ is infinitesimally
small. During the infinitesimal interval, the system evolves under the perturbed Hamiltonian H' := H — hB. Later,
we will consider the zero-field limit (h = 0). At time 0, the system begins in a state p. In App. p is arbitrary;
afterward, it is thermal, as described in App.[A73] We set Planck’s reduced constant to i = 1.

A 1 Derivation of Kubo formula

This section addresses the following question about the time-t expectation value of A. Consider the expectation
value’s rate of change with respect to he in the zero-field limit. This rate quantifies the system’s response to the
perturbation —hAB. What is that response?

To answer this question, we introduce the expectation value. First, we define the unitary that encodes the full time
evolution:

UB(t,O) — e—iH(t—t/—e) e—i(H—hB)e e—th/_ (Al)

This unitary evolves A in the Heisenberg picture to A(t) = U;(t, 0) AUg(t,0). The time-evolved operator has the
expectation value

(A(t)) = Tr (U;(t, 0) AUg(t,0) p) . (A2)



In terms of this expectation value, we define the response function:

9 (A())

RAB<t,t/) = W

ot —t). (A3)
h=0

The Heaviside function encodes causality: the system can respond to perturbations applied in the past, not the future.
Let us calculate the response function. By the product rule,

T
(20 o) | (v a 20 )

O(he)
We approximate the derivatives to first order in he. To do so, we approximate the central factor on the right-hand
side of Eq. (Al)). This exponential of a sum would equal a product of exponentials, if H commuted with B. The two
operators might not commute, however. According to the Baker—-Campbell-Hausdorff formula,

Rap(t,t') = ot —t). (A4)

h=0 h=0

o—iHe jiheB _ —i(H—hB)et+ i [H, B+ [H,[H,B]|+.. (A5)

The largest correction is of O(he?[H, B]), which we neglect. Next, we Taylor-approximate the ¢”**Z. The unitary
formula (A1) becomes

Up(t,0) = e L1 4 iheB + O ([he]?) } 7Y (A6)

This result implies the unitary’s rate of change with respect to he in the zero-field limit:

_ ; ,—iH(t—t") B —th’_ A
o) Ug(t,0) - ie e (A7)
Calculating the Hermitian conjugate, too, is worthwhile:
0 UL(t,0) = it BetHt=t) (A8)
d(he) ~ P h=0 .
Let us substitute into Eq. (Ad)):
Rap(t,t)) = [ (eth BeiH(t—t) 4 ,—iHt ) T iTr (ethAe—z’H(t—t’) Be—iHt pﬂ ot —t) (A9)
=i [Tr(A(t) B(t') p) — Te(B(') A(t) p)) O(t — 1) (A10)
= iTr ([A(t), B(t')] p) Ot — 1) (A1)
=i ([A@t), B{t)]), ©(t - 1). (A12)

We have defined (X} := Tr(Xp). The final equality gives the Kubo formula for the response function.

A 2 Derivation of conventional KMS relation

The following considerations motivate the KMS relation’s derivation. The Kubo formula expresses the time-
domain response function Rap(t,t') in terms of a time-domain correlator ([A(t), B(t')]),. The FDT will express a
frequency-domain response function in terms of a frequency-domain correlator. The latter correlator obeys a symmetry
property used to derive the FDT. That symmetry property is the KMS relation.

First, we introduce an assumption and notation. From now on, we assume that p is the canonical thermal state,
pwn = e PH /7. The partition function is defined as Z := Tr(e ##). The two-time thermal correlator has the form

Cap(t,t") == (A(t) B(t')) (A13)

Pth

Now, we prove a time-domain version of the KMS relation,

Cap(t,t") = Cpa(t',t +1ip). (A14)
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We substitute into the left-hand side from the definition (A13]). Then, we substitute in the forms of A(t) and pyy:
1 . .
Cagp(t,t') = 7 Tr (et Ae™"HE B(t)) e PH) . (A15)

Let us cycle the B(t') e7#H to the trace’s lefthand side. The thermal exponential combines with the et into e H(t+i8)
Then, we insert 1 = e " ¢PH rightward of A. The e’H combines with the e *#*. The e ## commutes through
them, to form a new thermal exponential on the right-hand side of the trace’s argument:

Cap(t,t') = Tr (B(t’) eH(t+i8) g p=iH (t+if) e—ﬂH) = Tr(B(t') A(t + iB) pin) = Cpa(t', t +1if). (A16)

We have proved Eq. (A14]).

We now take advantage of a property of the thermal state. py, is stationary, or invariant under time evolution.
Cap(t,t') therefore is stationary, depending on ¢ and ¢’ only through the difference ¢t — ¢#'. Abusing notation, we
redefine Cup(t,t') as Cap(t —t'). The time-domain KMS relation becomes Cap(t —t') = Cpa(t’' —t —if). Let us
relabel t — t as t:

Cap(t) = Cpa(—t —1iB). (A17)

From this relation, we derive the frequency-domain KMS relation. We define the Fourier transform and inverse
Fourier transform as in solid-state physics and in [3] [9]:

f(k) = /O:O dx f(x)e*® and f(z) = % /O:O dk f(k) e~ (A18)
Fourier-transforming each side of Eq. yields
Cap(Q) = / h dt Cpa(—t —if) et . (A19)
We multiply the right-hand side by 1 = e/ =82 = 89 ¢iw(i8) incorporating the final factor into the e
Cap(Q) = / T Cpa(—t —if) e +ih) (A20)
= Y C:,:(—Q). (A21)

We have derived the (frequency-domain) KMS relation.

A 3 Derivation of conventional FDT

We derive the FDT using the Kubo formula (A12]) and the KMS relation (A21]). First, we introduce notation for

antisymmetrized and symmetrized thermal correlators:

Clas(t,1) = 5 (A, BE,, . and Cpapy(tt) = 5 ({A®), BE)D,, (A22)

The notation {X,Y} = XY + Y X represents the anticommutator. Why have we introduced the correlators (A22)?
The Kubo relation expresses the response function in terms of C(4 ;. We aim to replace this correlator with C(4 py
for the following reason. Consider reinstating i # 1. In the classical limit (as Shw — 0), we should recover the
classical FDT from the quantum FDT.

We interrelate the correlators as follows. Both are stationary; so, abusing notation again, we redefine Cj4 p(t,t") =
Cia,p)(t —t') and Crq py(t, 1) = Cra,py(t —t'). We then Fourier-transform the equations (A22), beginning with the
commutator equation. Since Cia p)(t —t') = 1[(A(t) B(t')),,, — (B(') A1),

Cia,B)/(Q) = % [Cap(Q) — Cpa(—9Q)] = % (1—eP?) Cap(Q). (A23)

The final equality follows from the KMS relation, Eq. (A21)). Similarly, the second equation in (A22|) Fourier-
transforms to

(1+e7?) Cap(Q). (A24)

N | =

Cia,py(Q) =
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Let us divide Eq. (A23) by Eq. (A24) and rearrange factors:
Cra,5)(Q) = tanh (892/2) Cra 5} (Q). (A25)
To combine this equality with the Kubo formula (A12)), we must Fourier-transform the latter. We do so in multiple

steps. First, we represent the Kubo formula’s correlator as an inverse Fourier transform. The dummy Q' serves as
the variable conjugate to ¢t — t’. Then, we substitute in from Eq. (A25)):

Rap(t —t') = i2Cpa g (t — 1) Ot — ') = 2iO(t — t') / QY Cpa p)(Q) e (=) (A26)
) - ! o0 Q/ = : ’ ’
= ’@(tT”/ dQY’ tanh <ﬁ2 ) Crapy () e =1 (A27)

We now Fourier-transform each side, using the dummy  as the variable conjugate to ¢ —#'. The left-hand side
Fourier-transforms to R4p(£2). The right-hand side requires detailed evaluation:

. o0 o0 /
Rap(Q2) = 3/ dtem(t—”@(t—t’)/ dQY’ tanh (ﬁ;l

™

. ') / oo
- %/ dQ) tanh <5§ ) C{A,B}(Q’)/ dte(t —t) et (A29)

) Crapy () e 1) (A28)

We have interchanged the integrals. The Heaviside function cuts off the final integral from below at t — ¢’ = 0. That
integral becomes, via complex-analysis identities,

; P
Q@-)(t-t") _ 1y v _ Q_qQ ; ) A
/ dt e Ry ropro ] i (A30)

P denotes the principal part. We substitute the final expression into Eq. (A29) and evaluate the remaining integral.
Then, we split up the response function as Rap(2) = Rl(qll)g (Q) + in)B (), wherein

RU)L(Q) = tanh <fm> Ciap(Q) and (A31)
_ 2P dsy Q
Ry = -2 [ 55 e () Clam (@) (432)

Equation (A31)) forms the conventional quantum FDT.

Appendix B DERIVATION OF THE FINE-GRAINED KMS RELATION FOR ENERGY EIGENSTATES
OF SU(2)-SYMMETRIC QUANTUM MANY-BODY SYSTEMS

Below, we detail the derivation of our fine-grained KMS relation from the non-Abelian ETH. In App. we
introduce the modified NATS pnaTg in detail. In App. we review thermodynamic properties of pxars. These
thermodynamic properties will inform our analysis of energy eigenstates |«, m}, by the local similarity between |a, m)
and pnats. In App. [B 3] we derive a fine-grained KMS relation satisfied by the modified NATS. We begin to derive
the fine-grained KMS relation satisfied by an energy eigenstate in App. by introducing the correlator Cap(f2).
We also apply the non-Abelian ETH to the correlator there. In App. we calculate the general finite-size correction
in C45(Q). In App. we prove the fine-grained KMS relation satisfied by certain energy eigenstates |a, m). We do
not argue, there, that the correction can be anomalously large. We argue so in App.[B 7] which focuses on a different
parameter regime.

This appendix concerns the setup described in Sec. [[Il Certain parts of our argument involve extra assumptions,
introduced below. Also, we define Sth(E s) as the thermodynamic entropy at the energy E and spin quantum number
s. Define Dyoy (E, s) as the density of states at energy F and spin quantum number s. This density of states obeys
Sin(E, s) = In(Dyot(E, 5)). In contrast, we defined Sy, (E, s) as the thermodynamic entropy at the energy E, the spin
quantum number s, and any fixed magnetic spin quantum number (Sec. [lI| and [32]). The corresponding density of
states is Diot(E, 5) = Diot(E, 5)/(25 +1): Sen(E, s) = In(Dyor(E, 5)).
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B 1 Modified NATS

The multiqubit system’s NATS is defined as follows [I1} [I3HI5]. Let 8 denote an inverse temperature; and fi,, the
effective chemical potential associated with S,. Define p == />°,_, 2. The NATS has the form

pNNATS = exp (BH - Z .UJaSa> /Z = exp (75H - .USZ) /Z (Bl)

a=z,y,z

—,

The final equality follows from pointing the z-axis parallel to i = (s, tby, =) [equivalently, parallel to Tr(pnarsS)],
as we do throughout these appendices. This orientation implies that g > 0. The partition function Z =
Tr(exp (—8H — pS;)) normalizes the state.

Having reviewed the NATS, we define the modified NATS. First, we introduce the observable

S = Z Sala, m¥a, ml. (B2)

a,m

Its eigenvalues—the spin quantum numbers s,—label the eigenvalues s,(sqo + 1) of S2. Denote by v € R the
thermodynamic force conjugate to S. In terms of these quantities, the modified NATS has the form

pnats = exp (=B [H — pS. —7S]) /Z. (B3)

The partition function Z = Tr(exp(—B[H — uS, — 7S5])). Justifying the use of pnats is subtle: pnars does not
follow from a common derivation of the thermal state’s form [41]. In that derivation, we assume that the system of
interest and its environment are jointly in equilibrium—in a microcanonical state. The total entropy therefore attains
its maximal value. The total entropy depends straightforwardly on the total energy and on other total extensive
charges. The system-of-interest charges contribute additively to these total charges. One can therefore trace out the
environment from the microcanonical state, leaving the system-of-interest state expressed in terms of its extensive
charges. However, S is not extensive (additive). The thermal state therefore appears not to depend on S, according to
the microcanonical derivationﬂ This independence resembles the thermal state’s independence of H?, H3, S, etc. Yet
S is an observable whose expectation value we can control and have information about. Introducing S into the system-
of-interest density operator is therefore reasonable [39]. One might debate whether the density operator deserves the
label thermal state, though. Having introduced pnats, we define the thermal expectation value (A) := Tr(pxaTs A)
of arbitrary operators A.

B 2 Thermodynamic properties of the modified NATS

Here, we calculate thermodynamic properties of pnars. The main results are formulae for Sth derivatives

[Egs. (B12]), , and (B24])]. One formula is general; the second applies in just one parameter regime; and
the third, just in another parameter regime. These formulae will help us prove the fine-grained KMS relation for

energy eigenstates |, m), by the local resemblance between pyars and |a, m). To derive the formulae, we calculate
a finite-size system’s Z, (S,), and (S). Then, we approximate the results in the thermodynamic limit. Finally, we
specialize to certain parameter regimes.

B 2 i Thermodynamic properties of a finite-size system in pnaTs

Let us calculate Z, (S,), and (S):

1. Z: We compute the partition function’s trace using {|a, m)}:

7 —Tr (e_BH_MSz_'YS) _ Z i e B(Ba—pm—ysa) _ Z e B(Ba—7s54a) i ePrm (B4)

a m=—sq m=—=sq

5 Hence, in much prior literature, the NATS has not depended on S (e.g., [IT [T3HI5, 29} 130} 40]).
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Let us define a function G(z) similar to the m-dependent sum. By the formula for a finite geometric series,

1 Tm __ e s m
Gs(z) = 55 m;se =511 mz e (B5)
1 sinh +3
_ sin (a: [s+3]) (B6)
2s+1  sinh(z/2)
In terms of G(z), the partition function has the form
Z = (250 +1) G, (Bp) e PFamr5e) (B7)

2. (S.): By definition, (S.) = Tr(S, pnats) = Tr (SZ e_ﬁ(H_”SZ_'YS)/Z) = %Za S m e BBa—pm=ysa)

The sum over m has the form Y > me"™ = (25, +1) G, _(Bp). Hence

S

(82) = o 3(250 + 1) @), (Brr) e P Fare) (B5)

[e3%

3. (S): We evaluate (S) analogously to (S.): (S) = £ 3", sa(254 + 1) Gy, (Bp) e P Ea=750)

B 24 Thermodynamic properties in the large-system regime

Let us begin to evaluate the partition function. In the large-system regime, we approximate E, as the con-
tinuous variable E. We replace the Za(Qsa + 1) with an integral de and the density of states, Diot(F,sq) =
exp(Sen(E, sa))ﬁ For convenience, we move the G,_(8u) into an exponential and a logarithm: Gg_ (Bu) =
e(Gea (B1))  The partition function assumes the form

7 = Z/dE 6§ch(E’5a)‘Hn(Gsa (Br))—B(E—7vsa) . (Bg)

To evaluate Z further, we would invoke Laplace’s method. (Laplace’s method specializes the saddle-point approxi-
mation to real variables.) The exponent peaks sharply, so we would typically Taylor-approximate its argument about
the peak to second order. At the peak, the argument’s first derivatives vanish (and second derivatives are negative).
However, we will not approximately calculate Z fully.

Instead, we calculate the first derivatives at the peak, as well as (S,). In Eq. , the exponent has an argument
that we define as

F(E,50) = Sn(E, 50) + In(Gs, (B1)) = BIE = ¥5a)- (B10)
Denote by E, and s, the E and s, values at which .% (E, s,,) maximizes. These values approximately equal expectation

values (App. B 2 iil): F, ~ (H), and s, = (S).

Let us evaluate the derivatives of Z(FE, s,) where the function peaks. We begin with the energy derivative:

0 0 =
~—.F(E = —Su(E — = B11
0 8Ey( »Sa) (H)(S) 8ESth( > Sa) (H)(S) s (B11)
9 -
— E ~ 3. B12
aESth( )SOZ) <H>,<S> B ( )

Equation (B12]) is the first main result in this subsection.

6 Before we introduced this continuum approximation, « served as
an index that participated in a one-to-one mapping with eigenen-
ergies Fo. Furthermore, each a could be mapped to one spin

quantum number «. This structure ceases to exist once we ap-
proximate E, as continuous, however. « is now merely an arti-
fact in the notation for s4.
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The second main result concerns an s,-derivative of S’th at Bu = 0. The s,-derivative of .% vanishes reminiscently

of Eq. (BII):

o = 1 0
= 7Sth(E) Sa) mg

a a
~ —F(F,sq
0 F(E, 8a) D5,

0584, +

(H):(3)

+ Br. (B13)
(5)

G, (Bp)

(H)(S)
The final derivative’s form follows from the G4(x) formula :

9 o 1 Bu 2 (B
0.0 00, = 57577 sz oot (B 208 +1) gy (G v )} mi

We factor out sinh (57“[2 (S) +1]), then apply Eq. to the prefactor:

0 _ Bu 2
oG] = Gy (900 { oot (5 R5) +11) = 5 |- (B15)
Upon substituting into Eq. , we isolate the Sy, term:
iS'th(E Sa) ~ —fBu coth B 2(9)+1] |+ === — B (B16)
084 ’ (H) (S) 2 2(S)+1

We will evaluate this formula in each of two parameter regimes.
We must also calculate (S, ) in these regimes. In App. we derive the following general formula from Eq. :

(S2) = Gl (Br)/Gis)(Bh).- (B17)

Calculating the right-hand side from Eq. is straightforward. The result echoes a result in the theory of mag-
netism [59]. Consider a paramagnet of spins, each associated with the spin quantum number s. Denote by ng ) the

41 spin’s Pauli-z operator. Suppose that the spins do not interact, evolving under the Hamiltonian —B " j S,gj ). The
magnetization depends on the Brillouin function,

_2s+1

Bs(z) : 5

coth <% [2s + 1]) - 2—15 coth (;—S) . (B18)

At the inverse temperature 3, the paramagnet’s average magnetization has the form (ng )) = s Bs(8s). Our system
has a similar magnetization:

(S2) =~ (S) Bsy (Br(S))- (B19)

Two useful limiting behaviors of Bs(z) derive from limiting behaviors of the hyperbolic tangent. First, suppose each
function’s argument is small:

1 1
coth(z = 0) = - + % + 0 (2°) = Bs(z = 0) = % +0 (2?). (B20)
Now, suppose each function’s argument is large:
coth(z > 1) =14 O (e ") = lim B,(z) = 1. (B21)

Tr—00

Let us apply the foregoing results, with the first-derivative conditions (B12) and (B16), to ascertain how
05, St (F, s4) and (S,) behave under certain conditions on 5 and p (and, in one case, (S)):

1. If Bp = 0: We infer about 05, Siu(E, 54) from Eq. (BI6), using the small-argument formula (B20):

9 -
7Sth(Ea 3()/)
(H)

P ~ —B. (B22)

Next, we calculate (S,). By the (S,) formula (B19) and the small-argument approximation (B20)),

(S:) = 0. (B23)
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2. If B > 0 and (S) = O(N¢), wherein ¢ € (0,1]: Again, we infer about ds_ S (E, so), from Eq. (BI6). To
the hyperbolic tangents therein, we apply the large-argument approximation (B21)):

6§th(E, Sa)

o ~=Bu+7)+0((9)7). (B24)

)

To infer about (S.), we apply the large-argument approximation (B21]) to Eq. (B19):

(8.) ~ (S) — % {coth <52“) - 1} +0 (e*2ﬁu<5>) =(9) +0(1). (B25)

B 2 it Proof that, at the peak of F(E,sqa), (H) = E, and (S) ~ s.

Let us prove that (H) ~ E, and (S) &~ s, where .#(E, s,) [Eq. (B10)] peaks. To do so, we calculate (S), then (H).
We substitute into the first expectation value from the pxars definition (B1):

1 07
BZ 0y’
Applying Laplace’s method to Z, one Taylor-approximates to second order. By Egs. and (B10]), the partition
function has the form

(S) = Tr (Spnars) = T (5¢- 001529 ) = (B26)

Z = Z/dE exp(F (E, s4)) ~ Z/dE exp(F (E =~ E,, 4 ~ 5,)) (B27)
~ Y /dE exp (F(Bu ) + VI (B 50)| (B~ Buyso—s.) (B28)

1 -
+5 (E— By, 80 —8:)" - VH#F(E, 54)

g (B Buso s*)). (B29)

ﬁ%{ denotes the Hessian. The gradient (first-order term) vanishes by the definition of E, and s,. If the system is very
large, the second-order correction vanishes. We therefore approximate the partition function to zeroth order:

7 =~ exp (S'th(E*7 $«) + In(Gs, (Br)) — B[E« — ’ys*]> (B30)

Substituting into Eq. (B26]) yields (S) = s., the first claim we aimed to prove.
Now, we prove that (H) ~ E,. If pxars were a canonical state, rather than a modified NATS, then (H) would
equal —L 22 [60, Sec. 16.1]. Guided by this observation, we calculate —L9Z ysing the NATS formula (BI):

Z 0B Zop»
107 10
e —BH—pS.—7S)) — — _
795 = 795" (¢ ) = (H) = p(S2) = 7(S). (B31)
Solving for (H) yields
107
<H>——§%+H<Sz>+7<5>- (B32)

Let us approximate the first term to zeroth order. We substitute into Eq. (B30)) for G;_ (8u) from the definition (B5]):

10Z 10 & »

708 ~ 708 Z (28, + 1) exp (S’th(E*, $x) — B[Ex — pm — ’VS*D (B33)
_ % S @5+ V(B — pm —ys.) exp (Sun(Bey5.) — BIE. — pm — ys.]) (B34)
~F, — % Z (284 + 1)m exp (gth(E*, $x) — B[E« — pm — fys*]) — Y8 (B35)
~ B, —p(S.) —v(S). (B36)

Again, we have approximated Z to zeroth order. Substituting into Eq. (B32)) yields (H) ~ E., the second claim we
aimed to prove.
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B 24v  Calculation of (S.)

Let us derive the formula (B17)) for the modified-NATS expectation value (S,). By textbook thermodynamics,
reviewed in App. [B 2 iiil, (S:) =% 8?BZ/L)' We approximated Z to zeroth order in Eq. (B30). Substituting into the
(S,) formula, we pull the G outside the exponential. Across App. we showed that E, =~ (H) and s, = (5).

Combining these results yields

(S} ~ exp (=S (H) , (S) + BI(H) = (3)]) [Gisy (Brn)] ™" - exp (Sun((H), (8)) = BICH) = (8)]) 2 2E
The exponentials cancel; Eq. results.

B 3 Fine-grained KMS relation satisfied by the modified non-Abelian thermal state

Here, we derive the fine-grained KMS relation obeyed by pxars. This relation forms a model for that derived in
the rest of App. [Bf the KMS relation for an eigenstate of an SU(2)-symmetric Hamiltonian. The derivation here is
less straightforward than that in App. where we proved the conventional KMS relation for a quantum system in
a canonical state. The reason is, pyaTs contains an S that does not participate in simple commutation relations with
spherical tensor operators, to our knowledge.

This subsection is organized as follows. In App. we introduce a time-domain two-point correlator CY515(¢)
and a frequency-domain correlator CYATS(Q). We introduce a variation on the latter, the fine-grained correlator
CYBTS(Q, Am, As), in App. There, we also derive the fine-grained KMS relation for the fine-grained correlator.

We focus on correlators of spherical tensor operators, reviewed in Sec. For convenience, we address A := A(_kq)
and B = B,gk) .

B 31 Correlators defined in terms of the modified NATS

This subsubsection bridges the conventional KMS relation (App.|A 2) to the fine-grained KMS relation. Define the
time-domain connected two-point correlator

CXB">(t) = (A(t) B) — (A(t)) (B) . (B38)

Section concerned a disconnected correlator, for consistency with the conventional KMS relation (App. . Here,
we analyze a connected correlator because it more reliably encodes correlations between variables, by definition.
However, the proof below (of the fine-grained KMS relation) extends directly to disconnected correlators; one simply
eliminates certain terms.

To evaluate CYATS(¢), we replace the Heisenberg-picture operator A(t) with its definition, e'* Ae~"H* We also
calculate the traces using the energy eigenbasis. Finally, we insert an 1 =73__, . |o/,m')Xa’, m'| rightward of the first

A:

) ) —B(H—pS.—~S) ) ) —B(H—pS>—~S) —B(H—pS>—~S)
C’EQTS(t) —Tr (et pemiHtpS T )y (et gemiHtS © \my(p& 7
Z Z Z
(B39)

_ Z ( PN e P(Fa—pm=—71a) —i(Ey —Eq)t
= a,m|Ala’, m'Yo', m'| Bla, m) —y ¢ (B40)

’ ’
a,m,a’,;m

. . e~ B(Ea—pm—7sa) e_B(Ea/_Nm/_’YSa/)
— {a,m|Ala, m)a', m'|Bla’,m)

A Z

Fourier-transforming the time-domain correlator yields the frequency-domain correlator. We follow the Fourier-
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transform convention in App. [A}

CRATS(Q) = / dt Cap(Q) et (B41)
—B(Eo—pm—"sa) o .
= Z <<a7m|Aa’,m'}(a’,m’|B|a,m> e#/ dt €1~ (Bor—Ea)l] (B42)
a,m,a’ ,m’ -0
—B(Ea—pm—ysq) —ﬁ(Ea/—um’—vsa/) 00 ]
— {a,m|Ala, m)a',m/|Bla/, m”) ¢ ¢ / dt e
Z Z oo
The Dirac delta function has the integral representation §(k) = 5~ f_ e’** Therefore,

e B(Ea—pm—ysa)

7 4 (Q - [Ea’ - E(XD (B43)

O @) =2r ) {<a,mAla’7m’><a’,m’|Bla,m>

a,m,a’ ,m’

— {a, m|Ala, m)a/,m/|Bla/, m)

e B(BEa—pm—vsa) o—B(Eq —pm—ys,r)
() ».
Z Z

Whether CY4T5(0) obeys a KMS relation is unclear, so we fine-grain the correlator.

B 3 i Fine-grained correlator and KMS relation for the modified NATS

To motivate the fine-grained correlator, we highlight the Dirac delta function in Eq. (B43). That delta function
singles out an energy difference, E, — E,. Energy plays a role analogous to the magnetic spin quantum number and
to the spin quantum number throughout the rest of Eq. . Hence we put the latter two quantities on completely
equal footing with energy: we introduce a Am and a As analogous to 2. We do so using Kronecker delta functions
O’ (m+am) and G, _, (s, +As), rather than Dirac delta functions, because the spacings between consecutive m values
remains constant in the thermodynamic limit, as do the spacings between consecutive s, values. We define the
fine-grained (frequency-domain connected) correlator for the modified NATS as

e~ B(Ea—pm—ysa)

- 5 (= [Ew — Ea)) (B44)

é’géTS(Q, Am, As) =2 Z {(a,m|A|a’,m’>(o/,m’|B|oz,m>
, , , , e_:B(Ea_P'm_'YSW) e_B(Ea,_'u‘nl,_’ysﬂ,)
X Ot (mt-Am) Oss (satAs) — (o, m|Ala, m)a',m'|Bla/,m”) 7 Z 3(82) 6camy0d(as)o -

Summing the fine-grained correlator over Am and As yields the conventional correlator for the modified NATS

[Eq. ]:

ChES (@) = > CNATS (O, Am, As). (B45)
Am,As
The first sum must run over Am = ¢, and the second sum must run over As = —min{k, ¥}, — min{k, &'} +
1,...,min{k, k'}. Otherwise, the sums’ limits are arbitrary.

One can measure C’NATS (2, Am, As) experimentally by, for example, eigendecomposing the A and B. The correlator
reveals itself as an average with respect to an extended Kirkwood—Dirac quasiprobability [54] 55, [61]. One can infer
such a quasiprobability from each of multiple experimental protocols [54] [55] [61]. Granted, such protocols involve
weak or strong measurements of the energy eigenbasis. Such measurements are impractical if the system is large.
Three points weigh against this criticism, however: (i) The same criticism applies to direct experimental tests of the

ETH, which is used widely nonetheless. (ii) CNATS(Q, Am, As) is measurable in principle and therefore is well-defined
physically. (iii) Experimentalists’ control over quantum many-body systems has been advancing rapidly [62].
The fine-grained correlator obeys the fine-grained KMS relation for the modified NATS,

CNATS () Am, As) = eP(Q-pAm—7As) GNATS(_ () _ A —As). (B46)
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To prove this equation, we substitute into the right-hand side from the definition (B44)):

POQpAm—yAs) ENATS(_ () _ A —As) = 2 Z {(a, m|Blo/,m/ Yo/, m| A|a, m) P (- rAM=TAS) (B47)
e_ﬁ(Ew_l"m_'YSa)
X # 0 (_Q - [Ea’ - Ea]) 6m’ (m—Am) 530/ (sa—As)
e~ B(Ea—pm—ysa) e—ﬁ(Ea/—um'—'ysa/)

B(Q—pAm—yAs)

- B "/ Aled . m!
(o, m|Bla, m}{a/',m|Ala’,m) e Z Z

(=) 6—amyo 5(As)0}-
The first Dirac delta function simplifies as §(—Q — [Ey — Eqo]) = §(Q+ [Eor — Eo]) = 6(Q — [Eq — Eo]). It is nonzero
if and only if Q = E, — E,.. Therefore, we replace the first thermal exponential’s Q with E, — E,, while keeping the
Dirac delta function present. Similarly, first term’s Kronecker deltas are nonzero if and only if Am = m —m' and
As = So — 8o - In the final term of Eq. (B47]), we can remove the negative signs without changing the formula’s value:

e*B(Ea’ 7;Lm'7'ysa/)

P mpAm=yAs) Cﬁ'gﬁTS(fQ, —Am,—As) =27 Z {(a,mBo/,m'Xo/, m/|Ala, m)

a,m,a’ ,m’ z
x4 (Q - [Ea - Ea']) 6m’ (m—Am) 630/ (sa—As) (B48)
, , , , efﬁ(Eaf/,me'ysa) e_B(Ea’_p’m/—'Ysa’)
- (a,m\B|o¢,m>(o¢ , M |A|Oé , M > 5(9) 6(Am)06(As)O-

A A

We can interchange dummy indices: « + o and m < m/. By the commutativity of scalar multiplication, the
right-hand side of Eq. - equals C’NATS( ).

B 4 Fine-grained correlator in an energy eigenstate of an SU(2)-symmetric quantum many-body system

This appendix introduces the correlator in our fine-grained KMS relation. Appendix [B 4 i specifies the setting.
Appendix [B 4 ii| introduces the time-domain correlator Cyp(t ) Appendix [B 4 iii| introduces the frequency-domain
correlator C45(f2) and the fine-grained (dynamical) correlator C%; (Q, Am, As). We rewrite C’f‘y;(Q Am, As), using
the Wigner—Eckart theorem and non-Abelian ETH, in App. B To snnphfy the resulting expression, we package
factors together into coarse-grained functions that exhibit symmetries. The symmetries will help us prove the fine-
grained KMS relation.

B 4 i Setting

We specified much of our setup at the beginning of App.[B] Here, we sharpen our focus to certain energy eigenstates
|ae,m) and to certain local operators.

The following reasoning motivates or focus on certain |o,m)s. To derive the fine-grained KMS relation, we will
evaluate correlators C4p (£, Am, As) on eigenstates |, m). We expect these eigenstates to locally resemble modified
NATSs [Eq. ], whose thermodynamic properties we can therefore apply (App. . However, we expect a |a, m)
to resemble a pnars sufficiently only if the two share certain properties:

E,=(H), m={(S,), and s, =(S). (B49)
We focus on eigenstates that obey these relations. Furthermore, given any |a,m), one can construct a pnars that

satisfies Eqs. (B49): one fixes the equations’ left-hand sides and solves for (3, i, ) [13} B9 63H65].
We focus on correlators of spherical tensor operators, as in App. [B 3] For convenience, we analyze

— A) — plk
A=A") and B:=BM". (B50)

We assume that A and B, with H, obey the non-Abelian ETH. Local operators tend to obey ETH statements
(although other operators can) [66], so we assume that k, &’ = O(1). Consequently, ¢ = O(1).
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B 4 i Time-domain correlator in an energy eigenstate

The connected two-time correlator depends on the Heisenberg-picture operator A(t) = eIt A=t .

Cap(t) = Cap(t;a,m) = {a,m|A(t) Bla,m) — {(a, m|A(t)|a, m)} v, m| Bla, m). (B51)

Section concerned a disconnected correlator, for consistency with the conventional KMS relation (App. . In
the appendices, we analyze connected correlators because they more reliably encode correlations between vari-
ables, by definition (App. . Yet whether one begins with a connected or a disconnected correlator, here,
does not matter: we will soon form a dynamical correlator, subtracting off the static component, to which the
—{a, m|A(¢t)|a, m), m| B|la, m) above contributes.

To evaluate Cap(t), we substitute in the definition of A(t). Leftward of the first term’s B, we introduce an
1=> a,7m,|o/ ,m'Ya/,m'|. Invoking the Hamiltonian eigenvalue equation yields

Cap(t) = Z (a,m|Alo/,m')a!,m!| Bla, m)e! Fa=Fa)t _ (o m|A|a, m)c, m| Bla, m) (B52)
=Y (a,m|Ala’,m + g)a’,m + q|Bla, m)e" P2 Fa ) — (o, m|Ala, m)or, m|Bla, m) . (B53)

o

The final equality follows from Eq. (B50) and a selection rule (encoded in the Wigner—Eckart theorem’s Cleb-
sch-Gordan coefficient). The ) , represents a sum over the energy eigenstates |o’,m + ¢) labeled by the magnetic
spin quantum number m + q.

B 4 iit  Frequency-domain and (dynamical) fine-grained correlators in an energy eigenstate

We Fourier-transform the time-domain correlator as in App.
Cap(Q) == Cap(Qa,m) = / dt Cap(t;a,m) e (B54)

Upon substituing in from Eq. (Bb3), we invoke the Dirac delta function’s integral representation, d(z) =
1 oo ikax 7
5= dk e* I

2w J—o0

Cap(Q) =27 {Z(a, m|Ala,m + gXa’,m + q|Bla,m) § (2 — [Ear — E4)) — {(a, m|A|a, m)a, m| Blee, m) 6(9)} :

o’

(B55)
Let us separate the static correlator, which multiplies §(€2), from the dynamical correlator, in which E, # E,:
Cap(Q) = O3 5(2) + L5 (). (B56)
The static correlator has the form
osial = 21 ({a, m| Ao, m + gXo, m + q|Bla, m) — (o, m| Ala, m) v, m| B|o,, m)) . (B57)

It can be nonzero, suggestively of quantum memory, we explain in upcoming work [42]. The dynamical correlator has
the form

045 () =2m Y (o, mlAlo’,m + qfo’,m + | Blo,m) § (2 — [Ear — Eal). (B58)
o' #a
Let us fine-grain the dynamical correlator. As in App. we introduce Kronecker deltas 0.,/ (m4am) and

Os., (sa+As) - A selection rule has mapped m' to m + ¢, so the first Kronecker delta becomes d(am)q - The rest of
this appendix concerns the fine-grained dynamical correlator,

é’jg(ﬁ, Am, As) =27 Z (o, m|Ale/,m 4 q)Xa',m + q|Bla,m) § (2 — [Ear — Eql) d(am)q Os., (satnrs) -  (B5Y)
o' #a

7 This Dirac delta function is an idealization approximated in our

states |a’,m + ¢) associated with energies E,/ within a win-
numerics (Sec. . There, we average over the energy eigen- o @ & iy

dow: |E, — Eq —w| < Aw/2. The average assumes the form

1
Aw Za’ B —Eo—w|<Aw/2 *
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B 4 w Application of Wigner—Eckart theorem and non-Abelian ETH to the fine-grained correlator

The Wigner—Eckart theorem appears in the main text as Eq. ; and the non-Abelian ETH, as Eq. . We apply
these equations to the dynamical correlator (B59):

jgl(ﬂ’ Am’ AS) = 27T Z <SDt 7m|soé’ , M + q7 kl7 _Q><3a’ , M + Q‘Sa , M kv Q> (BGO)
o' #a
o Ea+E /1 sats, E E . ,
) |:T(A) (Ea 7804) 50&1’ +e Sth( 2 o >/2 fg?/la’ ( - —; - ’ Je _; - ’ _waa/) Rgi)/]
- EatBor satogr Ea Ea’ a a’
% |:7'(B) (Eaa5a> Soer + € Sth( 2 T2 )/QfIEaB(BI ( -; ’8 —;5 7waa/> Ré,gy:|

x (Q - Wo/oz) 5(Am)q 530/ (sat+As) -

We have replaced the Dirac delta function’s E, — F, with w,/o. This replacement motivated the main-text definitions
Wara = Eo — Eo and vy == Sor — Sq , despite the right-hand sides’ equaling the negatives of the w and v definitions
in [30].

Let us multiply out the (...4+...) x (... +...) in Eq. (B60). Four terms result; three vanish due to the summand’s
o’ # a. To neaten what remains, we package factors into two auxiliary functions. One is a product of Clebsch—Gordan
coeflicients:

C(D|3d ,’ﬁ’l, ];7 ]5/76) = <S5t 7T)’~L|S& + D,?’ﬁ + 67 15/7 _Q><851 + D,ﬁl + Q|S& ,Th, ]%’ 6> (BGI)

We have singled out the 7 in the left-hand side because we will sum over it later. The second auxiliary function is a
product of fs:

Frr ( ,g;w,ﬁ) = ) (Es —w) £ (Esw) (B62)

Equation (B60|) simplifies to

~ _ Ea+E_ 1 sats E + E , s + S
Cj§(97 Ama AS) =2m Z C(Vo/a“sa , 1, ka kla Q) € Sth( 2 ' 2 )-FAB ( - 2 : ) - 2 - y Waa Vaa/>
a'#a

x R RE) 50 = wara) 6(am) q 0, (sutie) - (B63)

We define a third auxiliary function in terms of the product R R(B). The motivation is, R R(®) is the only
random variable in Eq. ; the other factors are smooth functions. We expect the average of R4 RPB) to vary
smoothly, too []. Therefore, we decompose R R(B) into its average and its deviation therefrom. First, we define the
average over the eigenstate pairs (|@, m),|&’,m’)) whose energy and spin quantum numbers participate in appropriate
sums and differences:

RTT/ (E7 §’ (:}’ ﬁ) = <Rt(551:024’R21;:024> Ea+Egr 7 satsgs : (B64)
2

:E, 5 :§’ Edlea:(:},Sélf.S&:l;

Now, we estimate how much Rg‘i), RS?EZ deviates from its average. Rl(;i{B), analyzed alone, resembles a Gaussian-

distributed random variable of zero mean and unit standard deviation across a small energy window at fixed spin

quantum numbers [32]. However, R((;z), may share correlations with Rgﬁl. We therefore expect the deviation to be
a random variable of zero mean and O(1) standard deviation across a small window. The relative deviation (the

deviation divided by Rap), summed over 3" _,, obeys the central limit theorem: it scales as (number of terms)~!/2
= D;j/ 2(Ea/ Sar) - (Dyot is defined at the beginning of App. ) We expect this scaling to characterize also the summed
deviation divided by (i) Rap and (ii) the prefactors of the RW Rg(l in Eq. lb Substituting into Eq. (B63)

(e 7e%

8 One might be concerned because the prefactors include not only

. S . . as o varies: Sy, is a function of Eq, which is fixed implicitly in
smooth functions, but also e =th. Exponentials of entropies are

" ] . the equation’s left-hand side; s, which is fixed likewise; E,,
infamous for peaking sharply. However, the Si}, remains constant which is fixed by Ea, the Dirac delta function, and the 2 in the

equation’s left-hand side; and s/, which is fixed analogously.
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therefore yields

~ EaJrE /o Sats, E E ., s S/
Ci}gl(Q’Am,As) =2m Z C(Va’a|sozamak7k/7Q) Sch( ’ 2 )fAB ( oo ) ot S ;wao/a’/oza/>

2 2
o' #a
E,+Ey So+ Sar
X Ragp ( 9 ’ 9 yWa'a s Va’a) é (Q - wa’a) 6(Am)q 6sa/ (sa+As) |:1 + Dtot/ (Eoc’ asa’)i| . (B65)

We eliminate the Dirac delta function as follows. Let us replace the »_,,, with >° /(1 — dasa). As explained

below Eq. (B53), >° ., represents a sum over the energy eigenstates |, m + ¢) labeled by the magnetic spin quantum
number m —|— q. Denote the set of these states by S := {|a/,m + ¢)}. The set is a union of subsets: if N is an even
integer, S = Sp US1 U E| Each S;_, consists of the energy eigenstates labeled by the spin quantum number s,/ and
the magnetic spin quantum number m + q. Hence Y, =", y Z‘a m+a)€S,, * In the thermodynamic limit, the

second sum becomes an integral over eigenenergies, weighted by the density of states within Ss_, ﬂ
DEDINED DINED Y L) (B66)
a’ St |’ ,m+q)ES, o Saf

Accordingly, each E, in Eq. (B65) becomes an E. The §(Q — wyrq) becomes a §(Q2 — [E — E,]). When we integrate,
FE becomes E, + Q. :

~ _ Q Sats,s
Cj}g(ﬂ Am,As) = QWZ (1 —daar) eS“‘(E“JrQ’SW’)C(Va/a|sa .m, kK q)e Sen (E"+g R ) (B67)
Q Sa + S Q Sq+ S
X FaB (E + = 5 % —Q,l/aa/> Ran <E + = 9 % Qﬂ/a/a) 5(Am)q580/ (sa+As)

_ Q
X |:1 +Dt01/2 (Ea + 5 ,Sa/>:| .

For ease of evaluation, we rewrite Eq. (B67)) in six steps detailed in the next several paragraphs. First, we express
the sum over s, as a sum over v, . Second, we perform the sum. Third, we replace s, with s, + V4o everywhere
else. Fourth, we eliminate the 1 — §,, . Fifth, we replace the thermodynamic entropies Sy, with densities D of states.
Sixth, we package Fap and Rap into a variable G4p that exhibits useful symmetries.

Let us express the sum over s, in Eq. (B67)), as a sum over v,/. Equation (B59) bounds v/, implicitly containing
Clebsch—Gordan coefficients subject to selection rules:

<0¢7m|A(_kq)|O/7m+q> =  Sa € {|50/ 7k/|a|5a/ 7k,|+17'--75a/+k} = kK < S — Sa Sk, (B68)
(a’,m+q|B,§k)|a,m> = So €{|Sa — k|, |Sa — k| +1,...;8a+k} = —k<sy —354<k.

These inequalities condense into — min{k, &'} < v < min{k, k¥’}. Now, we perform the sum over v/, . This variable
becomes As, due to the (55 s (sa+As) 0 Eq. E

Once we climinate o from Eq. (B67), the 1 — doos has no meaning. Conveniently, its effect on Eq. (B67) is
exponentially small in N: the 1 — .4 excludes only one term from the sum, which contains O(2") other terms. We
therefore eliminate the 1 — 0,4/ , incurring an exponentially small correction.

Let us replace the thermodynamic entropies Si, in Eq. . Stn(FE,s) equals the logarithm of the density
D(E,s)/(2s + 1) of states at energy F, spin quantum number s, and magnetic spin quantum number m = 0 (see
Sec. [lIf the beginning of App. B} and [32]). In our final rewriting, we package two smooth functions together:

Grr (E,E;Q,l?) = Fro (E 8 — 71/> R (E :Q, ) (B69)
We have introduced three calligraphic-font smooth functions that obey a symmetry relation:

If x € {F,R,G}, then xpr (E Q) 17) = XT'T (E —Q, —17> . (B70)

9 If N is an odd number, S = S1/2U 83/2 u.

explained in footnote @
10 The significances of the symbols o’ and s, change slightly, as
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Let us apply all six rewritings to Eq. (B67): to within an exponentially-small-in-N correction,

~ Dtot (Ea + Q? Sa + AS) g <
AB

Q As
CP(Q, Am, As) = 21 C(As|sa ,m, k, k', E.+ —,s +;Q,As) O(Am) g -
AB( ) ( | e q) Diot (Ea+%,8a+%) «a «a (Am)q

2 2
(B71)

B 5 General finite-size corrections in the fine-grained correlator

From now on, we assume that s, ,F, > 1. Let us Taylor-approximate the G4p in Eq. . We will Taylor-
approximate the density-of-states ratio, too; however, different approximation methods will prove useful in different
subsections below.

Let us Taylor-approximate G4p about (E,, sq). We take the natural log of G4p, Taylor-approximate to first order,
and exponentiate. This strategy yields a simple polynomial correction that is easy to analyze. To simplify notation,
we define derivatives of In(Gap(...)):

If X €{E,s}, then I'x :=9xIn(Gap (E,s;Q,As))|, . . (B72)

o Sa

We define derivatives I'xy and I'xy z analogously. In terms of these derivatives,
GaB (Ba + /2,50 + As/2;Q, Vara) = Gap (Ea , 50382, As) (B73)

1 1 1
X exp (2 FE Q + §Fs As + g {FEEQ2 + QFESQ As + FSS[AS]Q} + 0] (nyz)) .

Let us substitute from Eq. (B73) into Eq. (B71)):

Dtot (Eoc + Q’ Sa + AS)

O (Q, Am, As) = 21 C(As|sa ,m, k, K, )
AB Diot (Bo + 5 550 + 52)

gAB (Ea ySas Qa AS) 5(Am) q (B74)

1 1 1
X exXp (2 FEQ + 5 FS As + g {FEEQ2 + QFESQ As + FSS[AS]z} + O (nyz)> .

B 6 Fine-grained KMS relation, not necessarily with any anomalous correction, for certain energy
eigenstates

In this subsection, we prove the fine-grained KMS relation for energy eigenstates |a, m), under two sets of conditions.
We will not argue, here, that this KMS relation contains any anomalously large correction.

First, we Taylor-approximate the density-of-states ratio in the correlator (B74)). Define the first derivatives of S,
as

If X €{E,s}, then Yx =0xSm(E,s)|, . - (B75)

Define Y xy and ¥ xyz analogously. By the beginning of App. B} Diot(F,s) = D“;;SrEl’s) = eXp(fgkjr(lE’s)) . We Taylor-
approximate the entropies:
Dtot(Ea + Q7 Sa + AS)
Diot(Eo + Q/2, 84 + As/2)

= exp (S’th (Bo +Q, 50 + As) — Sih (Ba + Q/2, 54 + As/2)) (B76)

28, + As+1
X—
25, +2As +1

1. ~ 1, - 3
= exp (28E5'th(E, Sa)’EuQ + §6SSth(Ea, s)‘SQAs + 3 [SeeQ® 4 25 5,Q(As) + B4, (As)?]

284 +As+1

+O(ZXYZ)) 250 +2As+1°

(B77)

The final ratio approximates to 1+O(s_1) ~ exp(O(s;!)). We package all the corrections into their own exponential.
Equation (B12)), with the similarity between pnars and |a,m), implies OgSin(E, )|k, s.~ B. (The ~ signs come
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from the zeroth-order approximation of Z in App. (B 2 iii). We assume that corrections of this type are negligible.)
Equation (B76)) becomes

Dtot (Ea —+ Q, Sa + AS)
Dtot(Ea + 9/27 Sa + AS/Q)

1 ~
— exp <2 [m +0.Sm(E, 5)| )SQASD (B78)
3

X exp (8 [EEEQQ + 2X s Q(As) + Ess(As)ﬂ +0 (sgl) + O (EXYZ)> .
Substituting into Eq. (B74]) yields

a 1 .

Cffgl(ﬂ, Am, As) = 2w C(As|sq ,m, k, k', q) exp (2 {ﬂQ + 05 Sin(F, s)‘Ea 75&As}) GaB (Ea , 543, A8) 6(am) q
1
2
“1‘0(8;1) +0(Txvyz) -‘rO(nyz)). (B79)

1 1
X exp (2 FEQ—|— FS AS—|— g {[EEE +FEE] QZ +2[2Es +FES]QA8+ [Zss +F55] [AS]Q}

We must identify how é’jgl(Q, Am, As) [Eq. (B74)] transforms under
B+ A Q- -0, Am— —Am, As+ —As. (B80)

Stn does not depend on any of the quantities in Eq. (B80|). Therefore, all derivatives of St remain constant. So do G
and its derivatives, by Eq. (B70). Also under the transformation (B80)), & <+ &, ¢ <+ —¢, and §(am)q = O(—am)(—q) =
d(am)q - Hence the transformed correlator is

é’%ﬁ’(—Q, —Am, —As) = 27C(—As|sq,m, k', k, —q) exp ( [ﬁQ + 0,5 (E, 5)‘EQ ’SQAS}) Gap (Eq, 8038, As)

1
2
1 1 1
X 8(Am) g €XD ( ~5 F'gQ— 3 s As + 3 {[Eep +TEp]Q* +2[Sks + Tps] QAs + [S4 + Ts] [As]?}

+O(8;1) +O(nyz)+O(ZXyz)). (B81)
We must compare the correlators (B79)) and (B81). To do so, we introduce the logarithmic ratio

(B82)

~ ~dyn _ .
La(Q,q,As;a,m) = In < Cap () Am=q, As;a,m) ) )

Ci’%yg‘(—ﬂ, —Am=q, —As;a,m)

The correlators’ §(am)qs enforce the Am=g condition on the formula’s right-hand side. Once we substitute in, many
factors cancel exactly:

(B83)

~ -~ A oy 7k7k/7
Lap(Q,q.As;0,m) = 2 + 0,5 (E, )|, . As+In (CC( l5e,m %) )

(—As|sq, m, k' k,—q)
+ FEQ + Fs As+ O (S;l) + 0 (Exyz) .

We wish to prove that the right-hand side has the form 8(£2 — um — s, ) + (correction). To analyze the second and
third terms in Eq. , we make further assumptions about the parameter regime in Apps. and Here,
we estimate the explicit corrections in Eq. . We cannot know a priori how I'y and ¥ xy 7 scale (as emphasized
in App. . The exact scalings do not matter here, as emphasized at the beginning of this subsection.

Therefore, we estimate these corrections crudely. First, T' is a function of O(1) numbers. Hence we estimate
I'x = O(X ’1). Second, Y xyz is a third derivative of Syn, which often scales extensively. Hence we estimate
Yxyz = O(NX~'Y~1Z~1). Third, Egs. bound As = s, — 84 in terms of k and &/, which are O(1). Fourth,
the non-Abelian ETH’s f function is sizable—and so the correlator C_'f‘}gl is—only when @ = O(1) [3, B2 43}, 44].
Therefore, we estimate the explicit correction in Eq. to be

O(s;")+O(E;Y)+O(NE?)+0(Ns;?) +O(NE s, ). (B84)

The O(s; ') correction that appears explicitly in Eq. (B83) [whose source we explained below Eq. (B76])] may cancel
between the log-ratio’s numerator and denominator. ETHs often hold when additive conserved quantities are O(N) [3],
so the overall correction may often be O(N~1). Regardless, the correction vanishes in the thermodynamic limit.
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B 6 i Fine-grained KMS relation for energy eigenstates whose sqo,m = O (NC), wherein ¢ € (0,1], and sa —m = 0O(1)

In the above-named parameter regime, we estimate the Clebsch-Gordan product C. Then, we estimate the DsSen
in the log-ratio .

Let us estimate the Clebsch—Gordan product C in the log-ratio . We leverage the following claim, labeled as
Egs. (B11)—-(B12) in [32]:

If 5,7 = O (N°) , wherein ¢ € (0,1], and 7,k,§,5 —m = O(1), then (B85)
(5+ 0,4+ G5, m; k, §) = c (D, k,q,5— m) (3)717=4/2 [1+ 0 (57")], wherein (B86)
¢ (u kG5 — m) = 05 + (1 — 855) O(1). (B8T7)

Our parameters satisfy the conditions 1D We can therefore apply Egs. (B86) and (B87)), with the C defini-
tion (B61)), to the Clebsch—Gordan product in Eq. (B83]):

C(Aslsam, kK, a) = {8as)q + O ([1= dan g 52 1) } 140 (53] (BSS)
= Sasq [140 (s2)] + (1= 6ana) O (5:°0). (B89)

This function remains invariant under the transformation (B80). Hence the two Clebsch-Gordan products in (B83))
cancel. Yet consider substituting for the Cs in Egs. (B79) and (B81)). Each C’s leading-order term is proportional to
d(As)q » which multiplies a d(ay)q - The following consequence will affect our result:

As = Am. (B90)

Now, we can apply the pnyars property (B24]) to energy eigenstates |«, m). This application is justified only if s,
m, and E, satisfy Eqgs. (B49). s, and m do by assumption [by the title of this subsubsection and by the boldface

text above Eq. (B24)] and by Eq. (B25)). Hence
6S§th(E7s>|Ea)5u: —B(p+7) +O<5;1)- (B91)
Let us substitute from Egs. (B88)), (B90), (B91)), and (B84) into the log-ratio (B83]):

Las(Q,q,As;a, m)=F(Q—pAm—~yAs)+ 0 (S;O(l)) +0 (E;l)
+O(NES?) +0 (Ns;?)+0(NE;'s;!). (B92)
We have proved the fine-grained KMS relation.

B 6 ii Fine-grained KMS relation for energy eigenstates whose so = O(N°®), wherein ¢ € (0,1], and m = 0

Again, we approximate the C in the log-ratio (B83|). Then, we approximate the Sy derivative.
Equation (B61)) defines C in terms of two Clebsch—Gordan coefficients, approximated as follows in App.

If5=0(NS), ¢ €(0,1], and k, G, = O(1), then (3 + 1,1 + |3, m; k, §) = ¢ (17; kq) 1+0 (Y], (B93)
Appendix |C| specifies the form of ¢(7; k, G). Therefore, the Clebsch—Gordan product in Eq. (B74)) approximates to
C(As|sa,m, k. k', q) = c(—As; k', —q) &(As;k,q) [L+0 (s31)] = C(=As|sa,m, K k,—q) [L+0 (s;7)] . (B94)

Now, we estimate the Sy, derivative in the log-ratio 1) Since m = 0 by assumption, yu = 0. Therefore, by the
similarity between pnaTs and |a, m), Eq. (B22) implies 055t (E, s)|g,, . s, = —07.
Let us substitute from the foregoing equation, Eq. (B94)), and Eq. (B84) into Eq. (B83):

L4(Q,q,As;a,m=0) = B(Q2 — yAs) + O (s2")+O(E;Y)+O(NE;?)+0 (Ns;?)+ O (NE s, ). (B95)

Again, we have proved the fine-grained KMS relation.

1 Equations (B68) bound As = s,/ — s4 in terms of k and &/, which are O(1).
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B 7 Fine-grained KMS relation, with anomalously large correction, for certain energy eigenstates

We argue in App. that, if s, = O NCE(O’I)) and m = ¢ = f = 0, the fine-grained KMS relation contains an
anomalously large correction. In App. [B 7 ii, we argue that s, can be of O(N¢€(0:1)),

B7i Ifsa= O(NCG(O’U) and m = q = 3 =0, the fine-grained KMS relation contains an anomalously large correction

Let us return to the relatively general formula (B74]) for the correlator éj}g. Again, we approximate the ratio
of Dyots. In App. [B 6] we expressed the Digss in terms of Sy, which we Taylor-approximated. Here, we invoke
Diot(E, s) = W and Taylor-approximate the Syys:

Dtot(Ea —+ Q, Sa —+ AS)
Dtot(Eoc + 9/2, S + AS/2)

= exp(Sth (Fo + 2, So + AS) — Sth (FBo + /2, 5o + As/2)) (B96)
1 1 3
= exp (22159 + 523 As + g [EEEQQ + 22E59(A8) + ESS(AS)Q] + O (Exyz)>. (B97)

Substituting into Eq. (B74]) yields

a 1 1
C’f‘y;(Q,Am, As) =21 C(As|sa ,m, k, k', q) exp (2 Ep+Te]Q+ 3 [Es +T5] As) GaB (Ea, 5052, A5) §(am)q

(BYS)
1
X exp (8 {[SZEE + FEE] QZ + 2 [32ES + FES] QAS + [3235 —|— FSS] [AS]Q} -|— O (Exyz) —|— O (nyz)> .
To progress further, we focus on a parameter regime:
S0 =0 (NC) ,  wherein ¢ € (0,1, and m=qg=0. (B99)

Under these conditions [and k, k" = O(1), as assumed earlier|, the Clebsch—Gordan product C exhibits the symmetry
C(As|s4,0,k,k',0) = C(—As|sa,0,k',k,0) [L+ O (s3?)] . (B100)

This property follows from Egs. (C12), (C22), and (C23b) of [67]. [If m or ¢ is nonzero, the correction is O(s; '), by

App. ]
The logarithmic ratio (B82|) quantifies the correction in the fine-grained KMS relation. Let us substitute in from

Eq. (B98)), from below Eq. (B99), and from Eq. (B100)):
EAB<Q, 0, AS, a, 0) = (EE + FE') Q + (ES + FS) As + O (8;2) + 0] (Exyz) + O (nyz) . (BlOl)

We aim to estimate how each term scales as IV grows. To do so, we must stipulate how two intermediate variables
grow:

1. s4: Consistently with , we assume that
S0 = [N, (B102)
for some constant ..
2. E, or B: We can address these options in two ways:

(a) We can assume that E, = &N, for some constant &.

(b) We can assume that
OpSm(E, 5)|p, .50 = 08Sm(E, 5)|E, 50 = B, (B103)

to within a correction of O(2~N). The first equality follows from Sy, (E,s) = Sin(E,s) — In(2s + 1)
(beginning of App. [B). The final equality follows from (i) Eq. and (ii) the local similarity between
pnars and o, m) under the conditions (5). However, the system does not necessarily have an |o, m) that
satisfies Eq. at arbitrary 8 values, because N is finite. But as N grows, however, the system’s
energy gaps shrink exponentially. Hence the correction is expected to be exponentially small.



26

Option [2a] resembles the microcanonical ensemble, which models a system of fixed energy; and option 2B resem-
bles the canonical ensemble, which models a system of fixed temperature [60]. We adopt option as the KMS
relation contains a f.

Now, we can estimate how each term in Eq. (B101)) scales with N:

1. ¥ g: By definition, X g equals the left-hand side of Equation (B103]). Therefore, to within an exponentially small
correction, Xp = 5.

2. I'g: One cannot know the form of I'g a priori. Yet ETHs’ components tend to depend on energy smoothly
through an argument E,/N. We posit that G4z depends so, such that 'y = O(N~1).

3. ¥s: We estimate X in five steps. First, we Legendre-transform Sy, (Eq, 5o) into Sin (8, s4). Second, we assume
B = 0. Under this condition, the s,-dependence of Siy, (3, 54 ) is known. Third, we approximate the s, derivative
with a finite difference. A polynomial in s, and N results. Fourth, we interrelate this polynomial with 3+,
using the thermodynamic results in App. Fifth, we calculate v in the thermodynamic limit, defined as
(87)oo- Sixth, we estimate 3, in terms of (57)s and N-dependent corrections.

We wish to assess the s,-derivative of Sin(Fa, So). We do not know this function’s s,-dependence. However,
we know the s, dependence of a Massieu function, which follows from Legendre-transforming the entropy [60),
p. 151]: Sin(B, 8a) = Stn(Ea, 5a) — BE4. Conveniently, the Massieu function’s s,, derivative equals the entropy’s
(equals ;). Let 8 = 0. The Massieu function has the form [31, Eq. (15)[]

- N!'(2s4 +1) 284 + 1 N!
Sin (0, =1 =In| /] +1 . B104
oo =w (it t) - (Feh) (o) o

We approximate the partial derivative with the finite differenceﬂ
_ _ 1+ 52 254 2(s0 +2)
ES ~ Sth(o, Sa + 1) - Sth(o, SQ) =In (1 n 2;) + In (1 - N) —1In (1 + N> (B105)
1 4s,, 9 2 —1

==~ +0(5:2) + O ([sa/NT?) + O (N ). (B106)

The final equality holds only if s, < N.
Let us interrelate this expression with 8. By definition [Eq. (B75))] £s := 955w (E, s)|g, s, - By the notation
introduced at the beginning of App. B Sin(E,s) = Si(E, s) — In(2s + 1). Hence

2
254 +1°

We can evaluate this derivative using App. Under the conditions 7 |a,m) locally resembles a pxaTs.

The |, m) is labeled by m = 0, which translates into = 0. Hence Eq. (B22) implies 9sSin(E, 8)| g, s, ~ —B37-
[The = sign comes from the zeroth-order approximation of Z in App. (B 2 iii). We assume that corrections of
this type are negligible.] Let us solve for 3, substitute in from the right-hand side of Eq. (B107)), and substitute

in from (BI03) (if ¢ = 1) or (BI0B) (if ¢ < 1):

Yo = 0,50 (E, s = 0:Sm(E,s)|, , =%+ (B107)

Nwse = 250 + 1

_ I+52N _ 2s4 2(s64+2)) 2 _
e (ot )
250 +1 — 24+ %2 4+0(s;2)+O(N ) +0 ([SQ/N}Q) (<L

Define the infinite-size parameter product (87) = limpy_ 0 8. To calculate this product, we apply the scaling

relation (B102)) to Eq. (B108):

(BY)oo = {m (Hy) ’ g (B109)

12 The formula here contains only one 2so + 1 factor, whereas
Eq. (15) of [3I] contains two such factors. The reason is, we
have fixed m to 0.

13 We estimated this approximation’s error by analytically contin-
uing the factorial to the Gamma function. The estimated error
is subleading, so we omit it.
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Finally, we calculate ¥, in terms of (37)s and finite-size (N-dependent) corrections. We replace s, with . N¢
in Egs. (B105) and (B106), then compare with (B109). The ¢ = 1 case is especially simple. If ¢ € (0,1), then

Ss=O0(N")+O0 (NN +...= (B7)ec +O (N mm{g,kg})' In summary,
(BN +O(NTY), =1
s — {(ﬂ’)/)oo +0 (Nf min{(,lfg}) , C c (O, 1) (BllO)

If ¢ = 1, the finite-size correction is as large as usual (in the absence of any non-Abelian symmetry) [9]. If
¢ € (0,1), the correction is polynomially larger in the system size—what we call anomalous.

4. T'y: We cannot know a priori how I'y varies with s,. If I'y depends on s, through s,/N, then T'y = O(N~1);
and, if through s,/V/N, then Ty = O(N~'/2). In any case, the I'y scaling will not eliminate the anomalous
correction from Y.

Let us substitute from the list items above into Eq. (B101f). We estimate the fine-grained KMS relation’s finite-size
correction to be, when § = 0,

BQ—=7As)+O (N7 +0(Ty),

ﬂ(Q—’yAs)—i—O(N—min{C,l—C}) +0(Ty), (B111)

ZAB(Q,07AS;0470) = {

Does the anomalous correction extend beyond 8 = 07 We expect so, for three reasons. First, the 3=0 anomalous
correction relies on Sy, (3, s) [Eq. (B104)]. If Sy, changed drastically as 3 changed from 0, the system would exhibit
an infinite-temperature phase transition, which seems unlikely. Second, one can regard the correction’s Sy, dependence
as reliance on the Hilbert space’s structure. The Hilbert space has this structure due to the non-Abelian symmetry (by
Schur’s lemma [68], 69]), which does not depend on temperature. Third, the high-temperature (f=0) limit generally
behaves relatively classically. One should therefore expect more-quantum behavior (perhaps exaggerated effects of
noncommutation) at lower temperatures.

B 7ii  Argument that s, can be O(N'/?)

In the previous subsubsection, we argued that an energy eigenstate’s fine-grained KMS relation can contain an
anomalous correction if s, = O(N€(®1) and m = ¢ = § = 0. Here, we argue that s, can satisfy this condition—can
be of O(N'/2). The argument relies on (i) the resemblance between |o,m) and pxars and (i) the equivalence of
thermodynamic ensembles. We invoked these two principles in the previous subsubsection, arguing that an |a,m)
can resemble a pnars if the two share their S values, rather than satisfying E, = (H). That is, one can construct
a pnars-like |a, m) by specifying (E,,m, so) or by specifying (8, m, s, ). Similarly, one can construct a pnars-like
|, m) by specifying (8, Bu, 7). We specify the latter here and prove that the modified NATS’s (S) can be of O(N'/?)
while m = 0. Then, we ascribe this scaling to an |a, m)’s s, via (i) and (ii).

First, we specify the modified NATS under consideration. For convenience, we assume that N is even. Let § = 0,
as in the previous subsubsection. Let Su = 0, for consistency with that subsubsection’s assumption m = 0. As N
grows toward the thermodynamic limit, v grows such that g+ remains constant. The modified NATS assumes the
form

pats(BY) = e P75/ Z(By). (B112)

The partition function Z (B7) depends implicitly on N.
To calculate thermodynamic properties, we must calculate the partition function. We invoke its definition, then
the formula for the total Hilbert space’s dimensionality [31, Eq. (15)]:

N/2

Z(By) =Tr (67675) = Z

s=0

N!(2s+1)2
(5 =) (§+s+1)!

ePrs (B113)

Assume that N > s,1. The large-s terms in (B113)) contribute most to the sum. We therefore assume that s > 1 to
Stirling-approximate the integrand:

Z(By) = ds s% e~ 25 /N+Os (B114)

N i
J/r(N/2)3 /0
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We expect the large-system approximation to incur an exponentially small error, which we neglect. Let us change
variables from s to x := 1/2/N s and from 87y to

7y :=+/N/83~. (B115)
The partition function becomes
Z(By) =2"12 (). (B116)
The reduced partition function is
q 14272 .
/ da 2% e T2 = % + +2 7 1+ erf (7)] o (B117)

The erf denotes the error function. }
From the partition function, we can calculate (S). By Eq. (B112)), (S) = 93, In(Z(57)). By the partition-function

formulae (B116f) and (B117)),

N
(S) = \/25 (%), wherein (B118)
. d 4(1492) + 277 (3+27%) [L + erf ()] €7
53 = L m(z (7)) = LT (+27%) 1+t (B119)

a5 294+ v (14 272) [1 +erf (7)] €7

The auxiliary function §(7) scales as follows in various parameter regimes controlled by 4 (by 8+ and N):
2y+0 (771 7>1
5(7) =14 0(), <1 (B120)

-2+0 <|’y|_3> , A< L.
From Eqgs. (B118)), (B120)), and (B115), we infer how (S) scales with N as changesﬁ

BYN/4, By> /BN
(8)={ /2N/x, By=0 (B121)
=3/(B7), By < —/8/N.

The middle line shows that (S) can be of O(N'/?), consistently with an assumption in App.

We can progress beyond this observation, by calculating the finite-size correction to 57 When (S) = O(N'/?) and
By =~ 0. These conditions are close to those in the middle line of Eq. . Equation (B , displaying finite-size
corrections (of £Lap) to (87)eo, motivates this study Let r denote a constant such that (S) = \/N 8r. By Eq. (B113J),

r = §(7). By this equation and Eq. (BI15), » = 5(1/N/8 7). Using Eq. (BI19), we solve for 8y: By = O(N —1/2),

Appendix C PROOF OF PROPERTY OF CLEBSCH-GORDAN COEFFICIENT

In App. [B 6] we invoked a property of Clebsch-Gordan coefficients:

Ifs=0 (N, ¢€(0,1], and k,q,m = O(1), then (C1)

(s+v,m+q|s,m;k,q) =c(v; k,q) [1 +0 (3_1)} , wherein (C2)
(k + ) (k — v)! "UELE k+q\ [ k—q

ik @)= 50\ gt — ) (N( ¢ >(V—q+f>' (©3)

{=max{0,q—v}

14 The middle line of Eq. (BI21) does not follow from the middle line of Eq. (B120) but follows from the other equations.
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The beginning of our argument echoes Eqgs. (B29) and (B30) in [32]. There, the general formula for a Clebsch-Gordan
coefficient is copied from Eq. (2.41) of [70]:
(s +v,m+q|s,m;k,q) (C4)
B \/[2(s+u)+1] Cs+v—kNk+v)E=—v)(s+m+rv+gl(s—m+v—ag)(s+m)(s—m)(k+q)(k—q)!

2s+v+k+1)

(-1)*
X%:e!(k—y—e)!(s—m—@!(mq—e)!(s+m+u_k+z)!(y—q+e)!'

The sum runs over the integers ¢ that render every factorial’s argument non-negative.
Let us begin to approximate the Clebsch—Gordan coefficient. First, we approximate a fairly general factorial. If
x> A, then
@E+A)=[z+A)(z+A-1)...(z+ Dzl =22 [1+0 (z7)]. (C5)

By Eq. (C1), s > k,q,m. Because s > k and by the selection rule obeyed by the Clebsch—Gordan coefficient in (C2)),
s> v. We apply these inequalities and the approximation (C5)) to Eq. (C4]). Many factors cancel exactly:

1

(54 v, + als, ms k. g} = Qk\/[z(s )+ 1] (k+ ) (k=) (k+q)! (k — q)![1 + O(s~1)]

(25)[1 4+ O(s71)]

(=1
" zg:f! (k—v=0lk+q= 0! (v =g+ 01+ O0(s1)] (C6)

The corrections simplify as

[1+0(s71)] 1 _ 1 s 1 1 o1 _O(s 1) = g1
I+0( ) L+0( 1] [”20( )} {1 50 )} 1-o@™M]=1+0(s7"). (07

Also, the square-root in Eq. (C6)) contains two factors that approximately cancel:

2 1
% —1+0(sY). (C8)
Hence Eq. (C6)) simplifies to
1
(s +vim+gls,mik.q) = o Vk+ ) (k=v)! (k+q)! (k—q)! (C9)

(_1)€ —1
X;E!(kfyff)!(k+q—€)!(yfq+€)! [L+0(™)]-

The proof’s final steps center on the sum. The summand, with the sentence below Eq. (C4)), implies that £ > 0,
k—v>{ k+q>{ and v—q > —{. In summary, max{0,q — v} < ¢ < min{k — v,k + ¢}. Consider inserting these
limits in Eq. (C9). The result is equivalent to Egs. (C2)—(C3)), one can check by evaluating the binomial coefficients:

!

if a,b > 0, then g)zm.

Appendix D TRANSFORMATION PROPERTY OF FINE-GRAINED CORRELATOR EVALUATED IN
ENERGY EIGENSTATE

This appendix introduces the transformation property invoked in the numerical analysis (Sec. . By invoking
the property, one can easily deduce general results from the examples analyzed. The property stems from the
Wigner—FEckart theorem as follows. In Sec. we analyze correlators of spherical tensor operators A(_k;) and Bék) .
The correlators depend on elements of the matrices that represent the operators relative to the energy eigenbasis,
{|ae,m}}. By the Wigner—Eckart theorem, Clebsch—Gordan coefficients encapsulate all the matrix elements’ m- and
g-dependences. For example,

(56, M+ qlSa, m; K, q)
(s%,,0]54,0;k,0)

= M (Sa, Sarsm, k, q) (o, 0B |ar, 0) (D2)

(o', m+ q|BP|a,m) = (s, m + qlsa, ms k, q) (o' BP]|a) = (', 0/B{"|a,0) (D1)
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We have defined the Clebsch—Gordan ratio

(s',m +qls,m; k,q)
(s',0|s,0; k,0)

M1(57S/amak7q) = (DS)

In Eq. (D2)), the prefactor depends on « and « only through s, and s,/. This property allows us to transform one
fine-grained correlator into another easily.

The  matrix-element  symmetry (ID2)) extends to  the fine-grained  dynamical  correlator,
~dyn
CA}<,_"';>,B§’“> (Q, Am=q; As; o, m) [Eq. (T4)]. If
Ma(s, As,m, k, k', q) = My(s + As,s,m + ¢, k', —q)M1(s,s + As,m, k,q), then (D4)
Adyn Adyn
OA)(,k’) Bt(zk) (Q7 Am:q, A57 «, m) = M2(5a7 AS, m, k'v klv q) OAEk’) B[()lc) (Q7 Am:oa AS; (&) 0) (D5)
SR .

Therefore, we can deduce about general dynamical fine-grained correlators upon evaluating a correlator between
spherical tensor operators’ ¢=0 components on |a, m=0).
To test the fine-grained KMS relation, we define the logarithmic ratio

o (Q, Am=q, As;a,m)

£ o oo (.0, Asirm) e (06)
(k") (k) y 4, AS; M) = In = = . D6
Aq By C}C;}EE)A(k,)(fQ, Am=—q, —As; o, m)

1 —q

By the transformation rule (D5|), the log-ratio transforms as
ZA(k’)BUC) (Qa q, AS, a, m) = M3(80¢7 AS, ms k7 k/7 Q) =+ ‘Z"A(k')B(k) (97 07 AS, a, O) (D7)
—q q 0 0

We have defined the function

M A kK
Mg(S,A&m; kaklvq) =In < 2(87 S, K, ’q) >

Mo (s, —As,m, k', k, —q)

of 8 Clebsch—Gordan coefficients.
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