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1. Preface

The goal of this review is to facilitate the construction of new bridges between different fields of physics that
study dynamical phenomena through the lens of quantum complexity. These fields define and use different notions of
complexity, which require distinct methods and tools for analysis. Many of these developments are individually reviewed
in [1-3]. We hope to offer a complementary, integrative perspective at the intersection of gravity, quantum information
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theory, quantum field theory (QFT), and quantum many-body systems. This is a fast moving field and our review captures
the state of the art in early 2025.

Historically, the study of quantum complexity originated in the field of quantum computation, generalizing ideas from
classical computation. The basic question was, “How difficult is it to solve instances of a particular problem class?” Here,
difficulty was measured in terms of a scarce resource like the minimal amount of time, space, or number of circuit gates
necessary to implement an algorithm to solve problems exactly, approximately, or even just with high probability. Defined
in this way, the concept of complexity functioned as a mathematical tool guiding the design of optimal problem-solving
algorithms or circuits, or in the language of quantum mechanics, unitary transformations. Given the arbitrariness inherent
in any computational model, the output of complexity theory was usually given in the form of bounds on the minimal
amount of resource required to solve general instances of the problem class, as a function of some measure of the problem
size. Many related questions have been asked in quantum information theory. For example, how many local operations are
required to build a given entangled state of N spins starting with a product state? The answer will depend quantitatively
on the “amount” and “kind” of entanglement in the target state, both quantified by information theoretic measures. Local
operations are privileged in such analyses because physical processes act locally, and nonlocal coordination or structures
must be constructed from local ones. Many of these notions are reviewed in [4].

Over the last two decades, these sorts of questions have also turned out to be relevant for quantum gravity. This is
because, in the “holographic” duality between d + 1-dimensional quantum gravity in Anti-de Sitter (AdS) spacetimes and
d-dimensional Conformal Field Theories (CFTs), entanglement patterns in the CFT state are geometrically encoded in the
dual gravity theory [5].! Matrix product and tensor network constructions of quantum states provide cartoon models for
visualizing the holographic encoding of quantum information, with coarser structure built up deeper in the network and
finer structure at the periphery. Questions about the structure, dynamical construction, and time evolution of entangled
quantum states can then also be geometrized. We will discuss aspects of the rich literature on this subject as appropriate.

Within this holographic quantum gravity setting, important impetus for thinking about “complexity” as a physical
quantity came from the observation that some aspects of geometry on the gravity side of the AdS/CFT duality could not
possibly be related to quantum information or entanglement-related quantities in the CFT [10]. Specifically, it turns out
that the volumes of spatial sections of black hole spacetimes keep increasing through to times exponential in the black
hole entropy, far after the timescale in the dual theory where all entanglement related quantities have equilibrated. Now,
if we think of time evolution in a physical theory as a quantum computation enacted by a local Hamiltonian, then the
complexity of that computation, understood for example as the size of the minimal local circuit that could perform it, can
increase for exponential time. This suggested the idea that some notion of quantum complexity may be geometrized
as the volume of spatial section in the AdS gravities dual to CFTs — see Chapter 6 of the review [4] — and seeded
many investigations of alternative notions of complexity in physical systems. The resulting ideas have been applied to an
enormous range of problems ranging from thermalization in bounded systems, to quantum information in many-body
physics, to quantum chaos and integrability, and to the quantization of gravity. Some of these ideas are also shedding
light on foundational problems such as the origin of the entropy of black hole horizons, and whether information is lost
during black hole evaporation. Some solutions to these problems suggest that black holes appear to have a horizon and
to destroy information simply because the fine structure required to decode the information is inaccessible to simple
probes (older approaches are discussed in [11] and new developments are reviewed in [12]). The new tools that are now
available to define and measure quantum complexity may enable us to study such ideas quantitatively.

Fig. 1 depicts the review’s structure; the arrows indicate possible paths through the material. All paths begin in
Section 2, a glossary for key concepts. A reader may study this section more or less thoroughly, depending on their
background, and return to the section later as necessary. Let us now outline the paths consecutively.

The leftmost arrow in Fig. 1 points to Section 3, a dialogue inspired by Galilei’s famous discourse on cosmology. The
dialogue is modeled on discussions at a conference: not all terms are sharply defined, and different speakers present
different perspectives. Later sections provide greater rigor and detail. The dialogue terminates the first, briefest path
through the review.

The second path, marked by the second-leftmost sequence of arrows in Fig. 1, focuses on quantum information
theoretic features of complexity. This path defines circuit complexity in Section 4. Section 9 presents applications of
complexity to quantum information theory and many-body physics.

The third path, marked by the second-rightmost sequence of arrows in Fig. 1, considers time evolution of complexity.
Section 4 uses counting arguments to analyze the effects of Hamiltonian dynamics and of random circuits transforming
a state. Some of this material has a bearing on proposed geometric duals of quantum complexity in the correspondence
between quantum theories of gravity in asymptotically AdS spacetimes and Conformal Field Theories, as discussed in
Section 7.

The right-hand side of Fig. 1 illustrates the fourth path through the review. It focuses on quantum complexity
definitions that are suited to continuous-time evolution. Section 5 introduces the idea that complexity of time evolution
can be measured in terms of lengths of geodesic paths on the unitary group from the identity to the time evolution

1 While the AdS/CFT is the most well-developed duality between a gravitational and a non-gravitational theory, other proposals have also been
discussed in the literature, including different proposals for de Sitter holography (which we refer to in Section 7.4) see e.g.,the review [6], celestial
holography, see e.g., the review [7] and Matrix model of M theory, see e.g.,the reviews [8,9] among others.
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Fig. 1. Structure of the review.

operator. Section 6 introduces approaches that measure complexity of dynamics in terms of the spread of operators or
states over time. Section 8 introduces approaches inspired by tensor networks.

Some of the main results and open problems are summarized in another dialogue in Section 10. Appendix contains a
guide to acronyms used in this review.

Many ideas about complexity in physical systems that are being studied today have antecedents in the classic works
of Landauer, Bennet, Zurek and other pioneers of the application of information and computation theory to physics.
Interested readers can learn more in the collection [13] where questions like “What is complexity?”, “What causes its
increase?”, and “Is there a limit to its increase?” are discussed along with topics of current interest like the onset of chaos
and the formation of complex states from simple initial conditions.

2. Key notions

Below we survey vocabularies from high-energy physics and quantum gravity through many-body physics and
quantum information science to assist readers from different backgrounds.

1. AdS/CFT correspondence: A duality between gravity in asymptotically anti-de Sitter (AdS) spacetime and a
conformal field theory (CFT) on the spacetime boundary.

2. Black hole: A spacetime region bounded by a horizon (see below) that conceals a singularity where certain scalar
functions of the curvature diverge. Mathematically, black holes are classical solutions to Einstein’s equations or to
another theory of gravity.

3. Duality: An equivalence between two seemingly distinct descriptions of the same physics.

4. Entanglement: Two degrees of freedom in a pure quantum state are entangled if their wavefunction does not
factorize. If they are in a mixed state, they are considered entangled if their density matrix is not separable. This
relationship can lead to the measurement of correlations stronger than any achievable classically. Entangled states
store information inaccessible via measurements on individual parties. The von Neumann or entanglement entropy
quantifies entanglement between systems.

5. Event horizon: A null hypersurface which bounds a region of trapped surfaces. Matter and light cannot escape to
infinity through the event horizon.

6. Fast scrambler: A quantum system that quickly distributes information across degrees of freedom. Generic OTOCs
(see below) of fast scramblers decay rapidly at early times:

OTOC(t) ~ (const.) — (CONﬂ eroroct | O(N~2). (1)

where N is the number of degrees of freedom and t is time. Agroc is defined via semiclassical expansion in a small
parameter like h or 1/N. At the scrambling time t, ~ )La%oc log(N), the first two terms in (1) are equal. Black holes and
the large-N SYK model are believed to be examples of fast scramblers, with the largest possible Agroc = 27t /8 [14].
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7.

8.

11.

12.

13.

14.

15.

16.

17.

18.

Holography: A duality stating that gravitational physics in a bulk region is equivalent to a quantum theory on the
region’s boundary. A holographic map between bulk and boundary quantities identifies bulk quantities with the dual
boundary description.

Jackiw-Teitelboim (JT) gravity: A two-dimensional gravitational theory coupled to a dilaton (a real scalar field
@) [15]. Let Gy be Newton’s constant; M, a 2-dimensional smooth manifold; g, the metric’'s determinant; R, the
Ricci scalar; L, the AdS radius; K, the extrinsic curvature of the induced metric on the manifold’s boundary, dM;
and h, the determinant of that induced metric. The JT-gravity action, excluding topological contributions, is:

1 2 1 1
= dxJ/=g® R+ = dx~/—ho (K —-). 2
16nGN/M V-8 < +L2>+87TGN /aM g < L> @

AdS/CFT duality relates JT gravity and the low-energy SYK model.

Sirlg, @]

. Kolmogorov complexity: The length of the shortest program producing a given output.
. Out-of-time-order correlator (OTOC): A correlation function measuring the spread of many-body entanglement.

Let S be a quantum many-body system, and let W and V denote local unitary or Hermitian operators that act on
distant subsystems of S. Let W(t) be the Heisenberg-picture time-evolved operator W and let p denote a state of
S. The OTOC [14]>

F(t)=Tr (WT(t)VI W(t)V p) (3)

quantifies the failure of W(t) to commute with V, or how much a local perturbation V later affects a far-away
operator W. Texts often refer implicitly to the real part of the OTOC.

Quantum chaos: The definition of quantum chaos is a subject of debate. According to an early definition, a
quantum-chaotic system has a semiclassical limit that is classically chaotic. Since then, quantum chaos has been
defined in terms of nonintegrability, energy-level statistics, out-of-time-ordered correlators, spectral form factors
and adiabatic gauge potential [16-19]. In the remainder of this review, we will argue that Nielsen (Section 5) and
Krylov/spread (Section 6) complexities can also be used as diagnostic tools of chaos.

Quantum circuit: A sequence of quantum gates (see key notion 14), often represented with time, discretized into
layers, running from left to right. Multiple gates can act in each layer (if they commute and if at most one gate acts
on each qubit). The number of layers is the circuit’s depth.

Quantum complexity: The least number of quantum gates (see key notion 14 for the definition of quantum gate),
selected from a chosen set required to (i) implement a target unitary transformation or (ii) prepare a target state
from a given initial one. High-energy theorists sometimes call this quantity quantum computational complexity,
which can have a different meaning in computer science. In sections providing analytic bounds, we will emphasize
differences between the exact circuit complexity Co(U) of a unitary U, and the approximate circuit complexity Cs(U),
the minimal number of gates to approximate U up to error §. When this distinction is unimportant, we drop the
subscript.

Quantum gate: An elementary unitary operation that acts on a quantum system, usually a set of qubits. A k-local
quantum gate acts on just k qubits. Example 1-qubit gates include the Hadamard gate; and example 2-qubit gates
include the controlled-NOT, or CNOT, gate [20].

Random state: A state selected from a Hilbert space according to the Haar measure. This measure is unitarily
invariant; so (Haar-)random states are “uniformly randomly”.

Sachdev-Ye-Kitaev (SYK) model: An exactly solvable model of N Majorana fermions ;, where i € {1, ..., N}. Let
Jiyiy...i; denote the strength of a random coupling among an even number q of fermions. The SYK Hamiltonian has
the form

Hsyg == iq/Z Z .]l'1l'2...iq WH Wiz s Wiq . (4)

1<iy<ip...<ig=N

The SYK model admits simplifications if we take N — oo and q — oo with the ratio Asyx = 2g?/N fixed. This limit
is often referred to as double scaled SYK (DSSYK).

Tensor networks: A graphical representation of quantum states [21] built from multilinear maps called tensors. A
tensor’s inputs and outputs, labeled by indices, represent degrees of freedom. Tensor networks are evaluated by
contracting tensors by summing over indices. Tensor networks assist variational studies of ground states, and can
be used to bound entanglement entropies in a simple, graphical manner. One example, the multiscale entanglement
renormalization ansatz (MERA) [22], efficiently approximates ground states of scale-invariant systems. A continuous
version (C(MERA) approximates ground states of free CFTs [23].

Thermofield-double state: Consider a quantum system with Hamiltonian H, and energy eigenstates |n) with
energies E,. The thermofield-double state

-ZL "

|TED) : 2 |n)q|n*), (5)

2 The OTOC often diverges in QFT. One therefore regularizes it by removing the p from the trace’s argument. Instead, most commonly, one places

ap

after each remaining factor. Alternative regularization prescriptions differ in the power of p and in operator ordering.
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is defined on two copies of the system, where Zg is the partition function. In the last equation we defined
[n*) = ©|n) with ® an anti-unitary operator, such as CPT, that commutes with the Hamiltonian, see e.g., [24].
The conjugation is sometimes kept implicit in order to simplify the notation. The reduced theory on each copy is
in a canonical, finite-temperature state.

19. Universal gate set: A set of quantum gates that can be used to approximately effect every unitary operator
arbitrarily precisely.

3. Dialogue

Sofia is leading a discussion about complexity. Complexio is an audience member who seeks to clarify ideas in the
literature, sometimes with technical questions. Sagredo mediates.

To the discerning reader

Sagredo: Finally, we resolved to meet today to clarify the past decade’s developments concerning complexity.

Complexio: Sofia, can you clarify the definition of quantum complexity?

Sofia: Quantum complexity is defined in terms of a gate set and a reference state. You can think of the set as containing
the gates implementable by some experimentalist. The reference state should be simple, or computationally easy to
prepare. Common reference states include tensor products, especially a product of |0)s. A state’s quantum complexity
is the least number of gates, drawn from that set, in any circuit that prepares the state from the reference.

Complexio: 1 have heard computer scientists invoke computational complexity when discussing a classical or quantum
algorithm. Is computer scientists’ computational complexity the same as quantum complexity—which I believe is also
called quantum computational complexity, confusingly?

Sofia: The two concepts are easily conflated. Let us use just the term quantum complexity, rather than quantum
computational complexity, to avoid confusion with computer scientists’ terminology. Computational complexity is a
concept applied in both classical and quantum computer science. It is the number of steps in an algorithm. In contrast,
quantum complexity is the least number of steps in any algorithm that prepares a target state or implements a target
unitary.

Complexio: Why should I care about quantum complexity?

Sofia: Complexity has diverse applications. One can use it to characterize the dynamics of a quantum system and
thermalization, solve optimization problems, capture chaotic properties, describe quantum information scrambling...Shall
[ continue?

Sagredo: These applications sound interesting, but complexity as a concept seems intangible. In most cases, I would
think that it is difficult or impossible to compute.

Sofia: Fair objection. Nevertheless, it is possible to make arguments that reveal how a state’s quantum complexity
changes under generic state evolution. Also, bounding complexity is easier than calculating it, and bounds suffice for
many purposes.

Sagredo: Sofia, even finding bounds — other than the simple bounds known already — seems difficult. How can we
make progress?

Sofia: At least two approaches can improve current bounds on complexity. One applies to random unitary circuits (see
Section 4.3-4.5), which are a toy model for chaotic dynamics. Invoking random unitary circuits, we can apply differential
topology and algebraic geometry to manifolds formed by unitary transformations. Also, when considering random unitary
circuits, we can use unitary designs—probability distributions that cannot be distinguished from the Haar measure in
polynomial time.

The second approach (see Section 5) centers on Nielsen’s notion of complexity. Suppose we want to perform some
unitary transformation on n qubits. Many circuits implement that transformation. Now observe that the unitary group
SU(2"), equipped with a continuous norm, forms a differential manifold. Nielsen considers geodesic paths on this manifold
from the identity to the transformation of interest. The geodesic is computed with respect to a “complexity metric” that
specifies that distances are small in “simple” directions on the manifold and large in “complex” directions. Here “simple”
can be defined in whatever way is appropriate to the problem at hand — for example, we might say that an operation is
“simple” if it acts on less than k qubits. The geodesic length in the complexity metric bounds the quantum complexity of
the unitary transformation [20,25]. This bound can be useful, but may not be tight.

Sagredo: 1 have heard of other notions of complexity, such as Kolmogorov complexity. Can you define them?

Sofia: Certainly! Kolmogorov complexity is the length of the shortest computer program that produces a target
output [26]. Another notion, Krylov complexity, quantifies operator growth—an operator’s spread across the space of
operators during evolution in the Heisenberg picture [27]. Similarly, spread complexity quantifies the expansion of states
across the Hilbert space during time evolution [28].

Complexio: Does Krylov or spread complexity offer any advantage over the other notions of complexity?

Sofia: Both have interesting physical applications and are relatively simple to calculate. Krylov complexity was intro-
duced to distinguish chaotic from integrable dynamics of finite-size quantum many-body systems that lack semiclassical
limits [27]. Spread complexity relates to spectral form factors, which characterize the energy spectra of many-body
quantum-systems [28], and provides tools for quantifying late time dynamics. To calculate the Krylov or spread complex-
ity, we must tridiagonalize the Hamiltonian and there are efficient numerical [27,28] and analytical [29,30] techniques
for doing so. Therefore, one can calculate these complexities relatively easily.
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Complexio: Interesting story. However, quantum complexity still seems...complex. Complicated. I wish there were a
simple way to understand and apply it.

Sagredo: 1 have heard that the holographic duality is an equivalence between gravitational physics in a bulk geometry
and a quantum theory defined on its boundary. Holographic duals often simplify difficult quantum problems. Does
quantum complexity have a holographic interpretation?

Sofia: We hope so! Quantum complexity has been proposed to have an Einstein—-Rosen bridge’s (ERB’s) volume as
a holographic dual. An ERB is a spacetime region that connects a maximally extended Schwarzschild black hole’s two
boundaries. In the holographic context, the black hole is in an asymptotically Anti-de Sitter (AdS) spacetime and is dual
to the thermofield-double state of a Conformal Field Theory (CFT) on the spacetime boundary. The ERB’s volume was
proposed to be a holographic dual to the boundary state’s quantum complexity [10,31]. More-complicated geometric
quantities were conjectured to be dual to quantum complexity, too [32-36].

Complexio: Why should I expect the volume to be related to the boundary state’s complexity? Does any evidence
support the conjecture?

Sofia: Yes. The geometric quantities behave similarly to the complexity of a quantum state evolving under random
dynamics. One important behavior is linear growth until late times. This is achieved by the proposed dual geometric
quantities in a semiclassical gravitational setting. Another behavior is the switchback effect, in which a perturbation delays
growth.

More evidence emerges from a class of two-dimensional bulk models. There, a notion of wormhole length was
formulated nonperturbatively. This length saturates at times exponentially long in the black hole’s entropy [37] (unlike the
classical theory where the length grows forever). This late time behavior mirrors the expected saturation of complexity at
times exponentially long in the system size [4]. Moreover, in [38-41], the authors show that a state’s spread complexity
precisely matches the dual wormhole’s classical volume at early times while also saturating at late times, at least in a
two-dimensional gravitational setting. What is more, in general dimensions and for any theory of gravity, the saturation
of the wormhole’s size at exponential values must be enforced by the finiteness of the black hole’s entropy, as explained
in [42,43].

Complexio: Are you sure that we are invoking the correct type of complexity? How do you know if we should use
Nielsen, Krylov, or another complexity?

Sofia: The map I just mentioned — between a wormhole’s volume and spread complexity — hints that spread complexity
is appropriate. Yet Refs. [44-52] point to other notions of complexity. We are not yet certain.

Complexio: The community sounds awfully uncertain about the correct notion of complexity in holographic contexts.
Why bother working on the topic?

Sofia: First, the gravitational and quantum settings would both merit analysis even in the absence of any duality. We
want to understand the structure of the interiors of black holes and to optimize quantum circuits. The notion of complexity
has facilitated these goals. Second, we do hope to replace the many conjectures with a smaller number of theorems.

Complexio: The community seems to me to be far from theorems. To support a bulk-boundary map for Nielsen’s
complexity, people constructed toy examples involving free QFTs. Yet free QFTs are not known to be dual to any
gravitational system. Rather, certain strongly coupled QFTs are. So how can the toy examples support the map?

Sofia: We expect some qualitative properties of QFTs not to depend on the coupling strength. An example is the
structure of the ultraviolet divergences in the notion of complexity used in a QFT setting. The UV divergence structure of
the entanglement entropy offers another example.

Sagredo: Indeed, entanglement entropy provides a striking example of a holographic mapping that has passed
important consistency checks. The dual to a boundary QFT state’s entanglement entropy is the area of a minimal surface
in the geometry dual to that state [5]. The dual objects have been identified clearly in this example for various states.

Complexio: But I heard of a paper with the title “Complexity=Anything” which seemed to imply that different notions
of complexity could match each of infinitely many gravitational quantities [35,36,53]. Every such quantity exhibits linear
growth and the switchback effect. But then, I can pick any conjecture I like, and all of them define a geometrical dual to
quantum complexity. Does this multiplicity make any sense? Is the cornucopia of such holographic conjectures useful in
any way?

Sofia: Well, actually, as we discussed, quantum state complexity depends on a gate set and a reference state. We are
free to choose each. This freedom mirrors the ambiguity in the complexity’s gravitational dual.

Still, I understand the concern — the catchphrase “Complexity = Anything” makes it sound like there is no concrete
statement at all. But as we discussed earlier, there is a precise relation between spread complexity and wormhole length at
least in the case of two-dimensional gravity. In terms of the “Complexity = Anything” idea, it would help to show that the
ambiguities in alternative definitions of complexity, at least within a single framework like circuit or spread complexity,
precisely match the corresponding ambiguities on the gravitational side. It could also be that some symmetries or other
desirable properties could restrict the appropriate gravitational quantities to one geometric object, and in this case we
would need a principle to select the corresponding notion of complexity. One approach, tried in [54], was to use bulk
symplectic forms to relate boundary quantities to circuit complexity.

Complexio: Most of the holographic complexity studies we just discussed were performed in the context of the AdS/CFT
correspondence. Why have recent works focused on de Sitter spacetime? I thought that de Sitter spacetime’s holographic
properties were less understood than AdS spacetime’s.
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Sofia: You are right; de Sitter holography is poorly understood. Nevertheless, it holds promise for understanding
quantum gravity in expanding universes similar to ours. After all, we do not live in AdS spacetime. If a holographic
complexity conjecture for de Sitter spacetime were correct, it could elucidate the quantum dial of such spacetimes.

Complexio: You mentioned earlier that the definition of quantum state complexity has ambiguities, and depends on a
choice of gate set and a reference state. Does any guiding principle direct these choices?

Sofia: Yes: certain operations may be easier to implement, and certain states may be easier to prepare, than others
in experiments. I can illustrate with an example. We should penalize difficult-to-implement generators. Distributed
computing offers an example of difficult operations: imagine performing a computation using multiple small quantum
computers, or on widely separated qubits. It is difficult to maintain quantum coherence across such separations. It is
easiest to keep the information processing coherent if one computer performs most of the computations on local qubits.
Any nonlocal operator, which acts on multiple nodes, deserves a large complexity penalty.

In the alternative Krylov or spread complexity approaches, we can start with any operator or state. But [28] proved
that, for a given initial state, these approaches yield a unique notion of complexity by minimizing the spread of the
operator or state over all possible bases describing the evolving system. In the case of spread complexity, different initial
states (e.g., random states, thermal states, states localized on some eigenspace) can be used to probe different dynamical
properties of the system.

Complexio: Interesting. I am excited to read whether we can simulate gravitational physics on a tabletop, using a
quantum computer.

Sagredo: And let this be the final conclusion of our long discussion. Above all, I shall impatiently read this review, to
learn more about recent developments in complexity.

4. Definition and time evolution of quantum complexity

A quantum circuit consists of gates. A gate is an elementary unitary operation that acts simultaneously on some
(typically small) number of qubits (or other qudits—d-level quantum systems). Every n-qubit unitary operation can be
implemented arbitrarily precisely, by selecting an appropriate combination of gates from a universal set [20]. Quantum
complexity is heuristically defined as the minimum number of gates needed to perform a certain task. Examples include
mapping an initial state to a final one. Experimentally implementing a gate costs a finite amount of time. Therefore, some
quantum-complexity measures reflect the duration of the optimal algorithm for performing a task.

In this section, we present the characteristic features of the time evolution of quantum complexity under the action
of a chaotic Hamiltonian. These features can be summarized as follows:

e Complexity grows linearly for a time exponential in the system’s size. It saturates at an approximately constant value
until a doubly exponential time. After that, Poincaré recurrences return the complexity to near-minimal values.
e The complexity exhibits a switchback effect: a small perturbation delays its linear growth by a scrambling time.

Section 4.1 shows that one can predict the linear growth and switchback effect from simple counting arguments in
a circuit model. Section 4.2 discusses the saturation of complexity in the context of quantum many-body equilibration.
In Section 4.3, we introduce random circuits as simple models for chaotic dynamics. With increasing depth, such circuits
mimic the properties of unitary transformations selected from the Haar measure. This phenomenon can be exploited
to make many of the heuristic arguments about the growth of complexity rigorous for random quantum circuits. In
Sections 4.4 and 4.5, we present two recent rigorous arguments that prove linear growth of quantum complexity for
an exponentially long time. In Section 4.6 we revisit the problem of proving linear growth of quantum circuit complexity
for exponentially long time for the time-evolution of time-independent local Hamiltonians from the perspective of
computational complexity theory. This perspective will show that significant progress in theoretical computer science
is necessary to even prove superpolynomial (in the system’s size) lower bounds on quantum complexity in this setting.

4.1. Time evolution of complexity, according to counting arguments about quantum circuits

Consider a fast-scrambling quantum system evolving under a unitary transformation U(t) := e~*. How does this
unitary’s complexity evolve in time? We answer this question with a simple counting argument [1,2,55,56].

To show how, consider a system of K >> 1 qubits.” Suppose that the Hamiltonian H is fast-scrambling: information
about initially localized perturbations spreads across the system in many-body entanglement quickly (in a time logarith-
mic in the system size [57,58]). Also, suppose that H is 2-local, effecting just 2-body interactions.* By discretizing time,
we can regard the evolution as formed from two-qubit gates. At each time step, all the qubits are paired, and each pair
is transformed by the action of a gate (Fig. 2).

What is the minimal number of gates needed to simulate evolution under H for some time t? If t is, at most,
exponentially large in K, the optimal circuit is believed to follow from discretizing the evolution under H. In other

3 We use qubits for concreteness; the argument extends to higher-dimensional qudits.
4 we just need the interaction to be k-local, for some k <« K. We are taking k = 2 for concreteness.
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Fig. 2. Illustration of the circuit that models unitary evolution following from a generic 2-local Hamiltonian.
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Fig. 3. Illustration of the time evolution of complexity for a generic 2-local fast-scrambling Hamiltonian.

words, the discretized time evolution circuit likely does not contain gates that cancel each other, since the system is
a fast scrambler. Of course, such cancellations would prevent the circuit derived from the Hamiltonian from being the
shortest. Hence the complexity of a fast scrambler’s U(t) should evolve linearly in the number n of circuit layers:

c=Kn/2. (6)

This is easily turned into an equation for the complexity evolution as a function of time, since n = t/¢ with ¢ the
characteristic time scale for the application of a layer in the circuit.” A precise mathematical derivation of Eq. (6) can
be made in the context of random circuits (Section 4.4).

For how long does the unitary’s complexity grow linearly? Another counting argument answers this question, as
shown in [20, Sec. 4.5.4] and [59, Sec. 8]. So far, we have reasoned about digitally simulating evolution under a 2-local
Hamiltonian. Consider, instead, an arbitrary, finite, universal set of 2-qubit gates. Consider the set of all depth-n circuits
formed from those gates. Each circuit implements some unitary transformation. The complexity of U(t) stops growing
linearly once the aforementioned circuits have explored most of the volume of the group SU(2X).° This exploration is
achieved by a time t ~ ©(2%K). At this time, the complexity reaches a maximal value Cp. ~ O(2%€). The complexity
is expected to then fluctuate around its maximal value. After a time ~ 22K, the complexity is expected to return to
near-minimal value, in a Poincaré recurrence. Fig. 3 depicts these expected features of the evolution of complexity.

In the previous two paragraphs, we supposed that gates would not cancel each other’s effects. If a circuit does contain
gates that cancel, we call the cancellation a shortcut: the circuit implements the same unitary as a shorter circuit that
lacks the cancelled gates. The no-shortcut assumption also enables us to answer the question how does complexity react
to a perturbation?

Consider, again, the qubit system introduced above. Denote by W a one-qubit unitary perturbation. Its precursor
operator is

W(t) == U(t)WU(—t). (7)

Using this precursor, we can test how the system would behave if the perturbation W acted an amount t of time earlier.
What is the complexity of W(t)? If W is the identity operator, then the precursor’s complexity vanishes always: gates
used to implement U(t) always cancel gates used to implement U(—t).

5 In Section 4.5 we introduce T for a similar quantity: the number of layers in a 1D random quantum circuit in a brickwork layout.

6 This claim and the ones to follow are based on populating the group manifold with § size balls, where § is the tolerance. The following claims
therefore hold when studying approximate circuit complexity Cs, see Section 2. The exact derivation is reviewed in [2].
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Fig. 4. Circuit implementation of the precursor operator W(t). Yellow gates are necessary for implementing W(t). Gray gates are not necessary and
cancel out, failing to appear in the optimal circuit.

Gates cancel less if W is nontrivial. Consider Fig. 4, a circuit that implements the precursor W(t). The gates leftward of
W represent the optimal construction of U(t). That construction’s first gate does not commute with the perturbation W.
Therefore, gate 1 contributes to the complexity of W(t). In contrast, gate 2 commutes with the perturbation. Therefore, the
gate cancels between the circuit implementations of U(t) and U(—t). Hence gate 2 does not contribute to the complexity
of W(t). Like gate 2, gate 3 commutes with W. However, gate 3 does not (generally) commute with gate 1, since both act
on the same qubits. Therefore, gate 3 likely contributes to the complexity of W(t).

If a perturbation has influenced a given qubit (if the qubit is in the perturbation’s light cone) by a given time, we call
that qubit infected. The number of infected qubits — the qubit epidemic — grows with the circuit depth. Once all qubits
are infected, we expect gates not to cancel any longer. The epidemic crests at a time that we call the scrambling time, t,.
After this time, as we will see, the complexity grows at twice the rate specified in Eq. (6).

Again using counting arguments, we answer two questions:

1. How many qubits are infected at a given circuit layer?
2. What is the precursor’s complexity?

To answer these questions, we review and establish notation. As before, ¢ denotes a circuit layer’s time duration. s
denotes the number of qubits infected after a time t, or after n = t/£ circuit layers.
Let us answer question 1. At any given layer, the s infected qubits interact to some extent with the K — s uninfected
qubits. These interactions change the number of infected qubits by an amount As. We expect on probabilistic grounds.’
K—s
. 8
K —1 (8)

We can turn this finite-difference equation into a differential equation for ds/dt: recall that the number of circuit layers
is n = t/¢. Therefore, An =1, s0 As = 45 = (45, The infinitesimal version thereof is % = s £ by the right-hand side
of Eq. (8). We solve the differential equation, invoking the boundary condition s(0) = 1 and neglecting small corrections
of relative order 1/K:

s(t)=K Ty e’ (9)
where we have introduced the scrambling time t, = £ logK.

Now, we can answer question 2, calculating the precursor’s complexity. The complexity — the number of gates —
follows from how each infected qubit probably infects another qubit, via a gate, at each circuit layer n’. Layer n’ thereby
appears to increase W(t')’'s complexity by one-half the number s(t’) of qubits infected by (up until the end of) layer n’.
However, if a gate appears on the left-hand side of W(t’) in Fig. 4, then the gate appears also on the right-hand side.
Therefore, layer n’ actually increases W(t)'s complexity by s(t’). To count the gates, therefore, we sum the number of
qubits infected by the first time step, the number infected by the next time step, the number infected by the next time
step, and so on, until the final circuit layer n. We convert this sum into an integral over the time t:

AS=Ss

L
We substitute in from Eq. (9) and integrate:

c(t) = 1/ s(t'dt’ . (10)
0

Kelt—t<)/t t <ty

K(t—t)/e t>t, (11)

c(t) = K log(1 4 e!'~%)/t) = {

7 Ata given layer, all qubits are paired. The number of newly infected qubits is proportional to the number of previously uninfected qubits, times
the probability that they are paired with infected qubits. A qubit cannot be paired with itself; hence the K — 1.
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Fig. 5. Precursor’s expected complexity, as a function of time. The switchback effect is the delay, until t ~ t,, in the complexity’s linear growth.
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Initially, the complexity grows exponentially, as e'/*. Yet the complexity is small throughout this stage, due to the e
and the scrambling time’s large size. Once t is large enough, we say that the perturbation has scrambled. Afterward, the
complexity grows linearly, at twice the rate at which the unitary’s complexity grows, because W(t) contains two unitaries.
Fig. 5 illustrates the delay in the complexity’s linear growth — the switchback effect — encoded in the —t, in the second
line of Eq. (11). Holographic complexity proposals reproduce the switchback effect and the initial exponential growth of
complexity (see Section 7.2, particularly the discussion around Eq. (123)). This fact originally motivated the complexity
conjectures discussed in Section 7. An interesting question for future research is to investigate whether more formal
arguments with random circuits can be used to reproduce the switchback effect. The discussion above focused on a simple
perturbation of one qubit at one instant, as well as on 2-qubit gates. These assumptions can be relaxed [1,2,31,55,56,60].

4.2. Complexity saturation as a late-time stage of quantum many-body equilibration

The second law of thermodynamics suggests that state complexity should grow under generic dynamics. Of course,
the second law concerns entropy, not complexity, and originally described classical systems. Yet complexity seems like
it ought to obey the spirit of the second law [61]. In fact, there is an analogy, with a late time saturation of complexity
characterizing the final stage of quantum many-body equilibration.

To elaborate, we first review equilibration and thermalization. We say that a system has equilibrated if it satisfies
two necessary conditions: (i) Large-scale quantities, such as temperature and volume, remain constant. (ii) No net
flow of anything, such as energy or particles, enters or leaves the system. We can also define the thermalization of a
system that exchanges only heat with a temperature T environment as follows. Suppose that the system is classical,
and consider measuring its energy. Let p(E) denote the probability of obtaining the outcome E. The system thermalizes
as p(E) — e /1) /7., Here kg is Boltzmann's constant, the partition function Zguss == [ dE u(E) e E/®T) normalizes
the distribution, and ©(E) denotes the density of states. Now, suppose that the system is quantum and evolves under a
Hamiltonian H. The system thermalizes as its state (density operator) approaches e~"/(keT) /7 where Z, := Tr(e~1/(s1)),
This canonical state is an example of a thermal state. Different thermal states arise if the system exchanges quantities Q,
other than heat with the environment; examples include particles. In the more general case, the thermal state becomes

e (- 1aa)/ *81). the u,s denote effective chemical potentials.

To review the second law, we recall a classical monatomic gas in a box. Suppose that the gas particles are bunched
together in a corner. The particles will spread across the box: the entropy of the gas, calculated with the Sackur-
Tetrode equation, will end up greater than it was originally. The gas will equilibrate internally. Furthermore, suppose that
the particles interact. They will thermalize; a particle’s phase-space distribution will approach the Maxwell-Boltzmann
distribution.

Given the second law’s ubiquity, one should expect generic quantum many-body systems to also equilibrate and
thermalize internally. Quantum many-body systems undergo more stages of equilibration and thermalization than
classical systems do. We will describe some stages, which end with complexity saturation. First, we discuss the kinds
of systems that are expected to thermalize.

Which systems thermalize is difficult to predict and prove. Thermalization is often attributed to chaos, but there
are many definitions of quantum chaos [16-18]. According to early thinking, a system is quantum-chaotic if it has
a chaotic semiclassical limit. Later studies defined chaos through energy-level statistics modeled by Wigner-Dyson
distributions. Recent work has defined chaos through properties of out-of-time-ordered correlators [62] and spectral form
factors [16,63-65], reviewed below. Some authors acknowledge challenges of characterizing quantum chaos by writing
“chaos” within quotation marks and taking the term to mean nonintegrability [66]. Yet debate surrounds the definition
of quantum nonintegrability, too. According to a common definition, a system is integrable if it has extensively many
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nontrivial conserved quantities [17].3 To compound the ambiguity, many equilibration results follow from empirical
observations, rather than from proofs, and govern specific systems, rather than general ones. We will therefore write
“chaotic” within quotation marks in this subsection to communicate expectations about behaviors common to many
systems called chaotic or nonintegrable.

In reviewing stages of quantum many-body equilibration, we refer to the following setup. Consider a closed quantum
system of K >> 1 subsystems—for example, qubits. Let the Hamiltonian H be “chaotic”; and let the interactions be k-body,
for some k € {1, 2, ..., K}. Suppose that the system begins in a simple, pure nonequilibrium state, such as an K-qubit
product state.

We now define two quantities — the out-of-time-ordered correlator and spectral form factor — used to define stages
of equilibration. Let W and V denote local, Hermitian or unitary operators localized far apart. Examples include Pauli
operators that act on distant qubits. Define the Heisenberg-picture operator W(t) := e*We=Ht and consider an arbitrary
state p. The (four-point) out-of-time-ordered correlator is Tr(Wt(t)VIW(£)V p); we discuss its significance below. Define
the partition function Z(8) := Tr(e #"). Taking g, t € R, then the spectral form factor is |Z(8 + it)/Z(8)|?. It measures
correlations across a Hamiltonian’s spectrum.

As time progresses, our paradigmatic system will likely pass the following mileposts:

1. Local equilibration: Two-point correlators decay to ~ 1/e of their initial values. Time-ordered correlators relax
to approximately their long-time values. Small subsystems thermalize. This equilibration occurs at the dissipation
time tp [14], also called the thermalization time. The same timescale is called the collision time if a system admits a
quasiparticle description. Under certain conditions (e.g., if the interactions are highly nonlocal), tp is constant in K,
the number of degrees of freedom. Under other conditions, tp ~ K. For example, this latter scaling characterizes a
one-dimensional system with nearest-neighbor interactions, by the Lieb-Robinson bound [67].

2. Quantum information scrambling: Initially localized information spreads across the system through many-
body entanglement. Out-of-time-ordered correlators decay from their O(1) initial values [62]. This scrambling
occurs around the scrambling time, t,. t, can be parametrically larger than tp, for example if there are all-to-all
couplings [58]. A lower bound limits how quickly many-body entanglement can form: t, > % log(K) [14]. This
bound saturates only if tp is constant. In the context of semiclassical, single-particle quantum chaos, an analogue
of t, is called the Ehrenfest time [68].

3. Breakdown of quantum-classical correspondence and rise in random-matrix theory’s predictiveness: This
stage can begin around the same time as scrambling. Hence we have already seen one name for the time when this
stage takes place: the Ehrenfest time tg, also called the Thouless time tr. This time scale varies logarithmically with
the system size: tg ~ log(K). How this stage manifests depends on the system and measures studied. An example
involves transport in electronic systems [69,70]: an initially narrow wave packet expands to cover a classically
relevant length scale around tg. The quantum system’s behavior diverges from its classical analogue; hence the
name Ehrenfest time alludes to Ehrenfest’s theorem, which highlights a parallel between quantum and classical
systems. In another example, at this stage, the spectral form factor stops declining and begins to ramp upward again:
random-matrix theory begins to accurately predict the spectral form factor, which ceases to depend on microscopic
details [71-73].7

4. The spectral form factor changes from increasing linearly with time to remaining constant: This change
happens at the Heisenberg time ty, or plateau time [71]. Denote by A the average inverse gap between consecutive
eigenenergies. The Heisenberg time is ty := h/A ~ X [70].

5. Complexity saturation: The state’s complexity grows to ~ eX. The saturation time has been conjectured to scale
as eX. This conjecture has been proven under certain conditions (Section 4.3).

As a caveat: different authors use the same terms differently when referring to stages of quantum many-body
equilibration. Also, the above list is intended to be illustrative, not comprehensive; compiling all the stages [3,18,72,77-79]
would require another review. For example, subtleties in the spectral form factor define other stages; see Sec. 1.1 of [77],
and Sec. 1.4.3 of [72], for clear synopses and for references. Operator dynamics in Krylov space and the spread of
wavefunctions require their own treatment [3,27,28]. Additionally, if K is finite, then revivals (Poincaré recurrences and
complexity revivals) occur long after times ~ eX. Such revivals temporarily undo the equilibration but are consistent with
the second law for systems of finite size.

Nevertheless, the list above demonstrates two points: (i) Quantum many-body equilibration involves more stages than
classical equilibration. (ii) Complexity saturation constitutes a late stage.

8 Consider eigendecomposing an arbitrary quantum Hamiltonian: H = ) . Ej|j)(jl. The Hamiltonian conserves every eigenprojector [j)j].
Furthermore, the number of eigenprojectors is exponentially large in the system’s size. Yet these facts do not render H integrable; if they did,
every H would be integrable. A conserved quantity must at least not be a simple sum of eigenprojectors in order to be considered nontrivial.

9 Certain semiclassical behaviors of some quantum systems may extend beyond the Ehrenfest time. [74-76]. This extension mirrors the ambiguities,
described above, surrounding chaos. All these ambiguities motivated our formulation that the “paradigmatic system will likely pass the following
mileposts”.
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4.3. Growth of complexity under random circuits

Random circuits are a toy model for chaotic quantum dynamics. We can prove random-circuit versions of conjectures
originally formulated about the complexity of chaotic dynamics. When forming a random circuit, we choose the gates
independently from a probability distribution on the unitary group, for example SU(4) if we have a four dimensional
Hilbert space. Typically, we choose gates according to the Haar measure uy on the unitary group, the unique distribution
that is invariant under left- and right-multiplication by any unitary. uy generalizes the uniform distribution on an interval,
as well as the Lebesgue measure, to (locally compact) Lie groups. uy can be viewed as the uniform measure on these
groups.

Known barriers such as the natural proof barrier discovered by Razborov and Rudich [80-82] prevent us from
proving superpolynomial lower bounds on the circuit complexity of an explicit Boolean function. The minimal number of
elementary gates (such as AND, NAND, and XOR) in a Boolean function’s implementation is called its circuit complexity.
A similar obstructions might inhibit us from proving superpolynomial lower bounds (in the system size) on the quantum
complexity of quantum states. That is, the minimal number of 2-local quantum gates required for construction of the
target state from a similar reference. One can more easily prove lower bounds on the complexities of states prepared
with random circuits as the latter quickly assume properties of the Haar measure, counting arguments about which yield
lower bounds on the circuit complexity. In 1949 Claude Shannon [83] observed that the number of Boolean functions
f :{0,1}" — {0, 1} outgrows the number of functions implementable with less than ~ 2"/n gates. A similar counting
argument applies to Haar-random unitaries [84].

Section 4.4 and Section 4.5 review two results about the growth of quantum circuit complexity. Both arguments
followed from adapting Haar-measure counting arguments to random circuits. In a sense, these arguments offer to
replace statements about vaguely defined “generic” dynamics reviewed in Section 4.1 with well-defined statements about
average dynamics. These statements should apply to the dynamics of “most” systems and so should be “generic” in a
well defined sense. We will arrive at these results by thinking about the statistics/distribution of unitaries and circuits,
where “genericity” acquires the sense of being “very likely” or “with likelihood=1". Section 4.6 reviews why we still lack
satisfying lower bounds on the quantum complexity of chaotic dynamics.

4.4. Linear growth of exact circuit complexity

Here, we review a proof of the linear growth of the exact circuit complexity [85] for random circuits. More precisely,
we show that the exact circuit complexity grows linearly with the number of layers, up to exponentially depth, with unit
probability over the choice of circuits. Moreover, the complexity saturates for exponentially deep circuits, again with unit
probability. The exact circuit complexity quantifies the minimal number of gates required to prepare a state or effect a
unitary exactly. The preparation and action of the unitary cannot include errors. Consequently, some unitaries arbitrarily
close to the identity operator have exact circuit complexities of e2(),10 where K denotes the system size, or number of
degrees of freedom (qubits).

We now sketch a proof of the conjecture [61] that circuit complexity grows linearly for an exponentially long time,
as applied to random circuits and the exact circuit complexity. We will compare the degrees of freedom in two sets
of unitaries: the unitaries generated by the depth-D circuits and the unitaries generated by smaller, depth-D’ circuits.
The basic idea echoes the fact that, in R3, a plane has no volume. In terms of a well-behaved probability measure on
a manifold M, every lower-dimensional submanifold has a probability of 0. Denote by ¢4z the set of all unitaries that
can be generated by R gates each. Fortunately, i/, although not a manifold, turns out to be a semialgebraic set defined
by constraints {f; > 0,g; > 0, h; = 0}, where f;, g, h; : SUD) — R are polynomials. Every semialgebraic set has a
well-defined dimension similar to a manifold’s dimensionality.

We can apply the dimension—-comparison logic above to random circuits: let A C U denote a semialgebraic set with
dim(A) < dim(i4). If we draw elements of ¢ from random circuits, then elements of A appear with probability 0.

One can lower-bound dim(i4z) in multiple ways [85]. Ref. [86] contains a particularly simple proof of this fact for
circuits in a brickwork architecture. The bound is ~ R/K, roughly the number of layers. As a consequence, we find the
following lower bound for the exact circuit complexity Co(U) of a random quantum circuit. The minimal number of gates
in an exact circuit implementation of U is

Co(U) = 2(R/K). (12)

with unit probability over the choice of random quantum circuit. Up to a factor ~ 1/K, this is exactly the behavior
predicted by the informal counting argument in Section 4.1. Recall that heuristic arguments predict Co(U) > nK /2, where
n denotes the number of layers. This result confirms the intuition that gates typically do not cancel in circuits. In the next
subsection, we discuss how to prove that even approximate cancellations have a low probability of occurring. The proof
relies on unitary designs.

10 1y this section, we use big-Omega notation, £2(X), to mean, roughly, “a term that grows at least as quickly as X".
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4.5. Linear growth of approximate circuit complexity

The simple argument of Section 4.4 is fine-tuned to the exact circuit complexity. Using combinatorial methods, we can
obtain similar results about more operational notions of circuit complexity such as the approximate circuit complexity: the
minimal number of gates to approximate a state or unitary up to some fixed error. Below, we present such a combinatorial
argument, using approximate unitary designs (defined below) [87-89]. Unitary designs were first used to lower-bound
quantum complexity in [90-92].

Unitary designs are probability distributions on the unitary group SU(D). One cannot distinguish a unitary t-design
from the Haar measure using only expectation values of degree-t polynomials. More formally, let v denote any probability
distribution on SU(D). Denote by Ey~,f(U) the expectation value of a random variable f : SU(D) — R, over unitaries drawn
according to v. We call v a unitary t-design if

E(U.0)= E (W.0), (13)

for all balanced polynomials f of degree 2t. Balanced means that the fs are polynomials in the matrix elements of U and
U such that each monomial contains the same number of U elements and U elements. This definition is equivalent to the
operator equation
E (U®f ®U®[) - E (U®f ® Ug’t) . (14)
U~v U~puy
There are various definitions of approximate unitary designs based on how to relax Eq. (14).

To see why unitary designs imply lower bounds on the approximate circuit complexity, we review why the circuit
complexities of Haar-random unitaries are nearly maximal with the overwhelming probability 1 — e=24, Consider a
K-qubit system and an arbitrary K-qubit pure state |i). The e-ball B.(|1)) around |v) consists of the pure states |¢) that
differ from |v) in overlap by, at most, e: B.(|¥)) := {|¢) € (C*)®X, (p|¢p) = 1, |{(¥|p)|> = 1 — &}. We must count the
g-balls that fit into SU(2X). The volume of a ball of radius r in R? grows as ~ r?. Similarly, the probability of drawing an
element of the e-ball B.(|¥)) from the Haar measure on {|/) € (C2)®X, (¥|y) = 1} is Pr(B:(Jy))) ~ O(¢2" ). Therefore, at
least 2¢2¢ (for some constant ¢ > 0 depending on &) balls B,(|v)) are needed to cover most of SU(2X). On the other hand,
consider the circuits of R gates chosen from a finite gate set G. These circuits can implement < |G|} unitaries. Therefore,
the majority of the 2¢ 2 ¢_balls are outside the set of states that can be approximated with o(2X) gates. In other words,
their approximate circuit complexity is exponential.

The rough argument above applies to every ensemble of states: almost every state from any ensemble v has a circuit
complexity > maxy, log(v(BE(lw)))). Consider the ensemble of states generated by random circuits. We can lower-bound
almost every state’s approximate circuit complexity by upper-bounding max,y){vk(B:(|y/)))}. The design property (14)
implies lower bounds on the approximate circuit complexity, via higher moments of the Haar measure [90-92]. By the
above counting argument for Haar-random states, a unitary drawn from a design on SU(2X) has, with high probability,
an approximate circuit complexity lower-bounded by $2(Kt).

We can combine this bound with the quick convergence of random circuits to unitary designs. Brown and Viola
provided evidence for fast convergence by analyzing the spectra of moment operators via mean-field techniques [93].
Ref. [91] then rigorously showed that brickwork random circuits of depth T > Ct%> [2Kt + log,(1 /g)]ll are e-approximate
unitary t-designs, for a constant C > 0 (whose form the authors calculated) and for all t < 0(2%(/3). An approximate
design is a probability distribution that relaxes the equality in Eq. (14). In particular, the notion of approximation we
get is surprisingly strong and implies relative errors (also called multiplicative errors) to Haar random unitaries for the
outcome probabilities of any quantum experiment that queries the t copies of U in parallel. See Refs. [91,94] for details.
This relaxation of the design property is sufficient to imply a circuit lower bound of Cs5(U) > $£2(Kt) with probability
1 — e~ _In particular, the probability of significant short-cuts is small, not only in the system-size, but also in the
number of copies t. The exponent 10.5 of ¢t in this bound was improved to 5 + o(1) in [95] and Ref. [94] reduced the t
dependence to an optimal, linear scaling. More precisely, random circuits are g-approximate unitary t-designs in depth

T > CK3 [2Kt + log,(1/¢)]. (15)
We can now combine the design depth in Eq. (15) with the lower bound of §2(Kt) on the circuit cgomplexity for unitaries
drawn from a unitary t-design. Random depth-T circuits U satisfy, with a probability 1 — e~ ?{T/K")

Cs(U) > L2(Kt) = 2(K(T/K*) = 2(T/K3). (16)

Cs(U) denotes the minimal number of 2-local unitaries necessary to generate any V that is §-close to U in operator-norm:
lU — V|| < 4. Notice that the probability of significant short-cuts is negligible. In particular, for very deep circuits, this
becomes increasingly crucial as the number of random bits that are required to draw a circuit of depth T scales like ~ KT.

11 we use the parameter T to denote the number of layers in a brickwork layout. This parameter is similar to the parameter n presented in
Section 4.1. This change in notation is to avoid confusion as n is almost exclusively used for the system size in the context of quantum information
theory.

14



S. Baiguera, V. Balasubramanian, P. Caputa et al. Physics Reports 1159 (2026) 1-77

Very recently, the K dependence of the depth in the generation of approximate t-designs was improved to a near
optimal scaling of O(log(K)t polylog(t)) [96]. While this would further improve the K dependence in Eq. (16), the circuit
layout in Ref. [96] is not a random brickwork circuit as discussed in this section and different t require vastly different
circuit layouts. Improving the design depth of random quantum circuits in a standard brickwork layout to the same near
optimal scaling is currently an open problem.

Combinatorial arguments based on unitary designs are flexible: the idea of using counting arguments via moment
bounds was extended to more operational definitions of complexity, such as the minimal number of gates required to
distinguish a state from the maximally mixed state [90]. The proof technique relies on unitary designs, as in [90,91,95,97].
It offers a second advantage over the dimension-comparison technique of [85,86]: the bound (15) holds also if we draw
the gates from a universal gate set—from a finite set G C SU(4) whose gates can approximate every K-qubit unitary.
Moreover, the techniques of Ref. [94] yield similar results for other circuit layouts as well as randomly chosen layouts.

Similar techniques can be used to study the growth of quantum circuit complexity in models of time-dependent
dynamics. For example, a discretized model of Brownian motion converges to approximate designs as quickly as random
circuits do [98]. Ref. [99,100] provides evidence for a similar convergence by continuous Brownian dynamics. These
continuous versions can be directly formulated in the context of holography [101,102] as we discuss in Section 7.

This and the previous subsection mostly concern the growth of quantum circuit complexity for random circuits. Using
high moments (of the order t ~ 4X), one can also bound the time at which quantum complexity saturates and even show
that (with high probability) a recurrence to low circuit complexity happens after a doubly exponentially long time [103].
More precisely, for random circuits, the approximate circuit complexity saturates near its maximal value after a depth
25K with high probability over the choice of circuit. The approximate circuit complexity exhibits a recurrence at a depth

. e 221( 221( . . .
drec that satisfies ai° < dp. < b . The constants a, and b, depend only on the approximation error ¢ > 0 in the
approximate circuit complexity’s definition. To tightly bound the time at which saturation of circuit complexity occurs,
one would have to extend the bound in [94] to extremely high moments (t ~ 4X). Such a tight bound is possible for a
classical analogue of random quantum circuits called random reversible circuits [94]. The latter generate random elements
in the permutation group S,k acting as permutations of n-bit string.

4.6. Barriers to proving that quantum complexity grows superpolynomially at late times

Each of the methods discussed above exploits a counting argument. The argument concerns a placeholder quantity
that roughly measures the ensemble’s randomness. Finding such a quantity for an ensemble is far easier than finding a
similarly growing quantity for individual circuits. In the exact-circuit-complexity proof, the placeholder is the “accessible
dimension” dim . In the approximate-circuit-complexity proof, any quantity that signifies the convergence to designs
Vi, ..., V4. This strategy dominates all our proofs of lower bounds on circuit complexity beyond linear depth. Indeed,
this limitation might be fundamental as circuit complexity is known to be notoriously difficult to bound.

But these comments apply to individual states. What about time evolution under randomly drawn local Hamiltonians?
This scenario is closer to the setting considered by Brown and Susskind [61], who conjectured that the quantum
complexity grows linearly for an exponentially long time for a typical time-independent local Hamiltonian. Still, the
total number of distinct local time independent Hamiltonians is upper bounded by 2P°Y): so clearly the above counting
argument fails to establish superpolynomial lower bounds on the approximate quantum circuit complexity in the system
size.

The problem of proving lower bounds on the quantum complexity for the time-evolution of local Hamiltonians turns
out to be related to the separation of computational-complexity classes: Aaronson and Susskind [59] point out that the
circuit complexity of exponentially long-time evolution by local Hamiltonians is superpolynomial in the system size if
and only if PSPACE ¢ BQP/poly. PSPACE is the class of all computations that can be performed with polynomial memory.
BQP/poly is the class of all problems that can be solved with (nonuniform) families of polynomially sized quantum
circuits. Separations of complexity classes are notoriously difficult to prove, and few such separations are known. Proving
a separation of the kind PSPACE ¢ BQP/poly appears to require a breakthrough in theoretical computer science. Therefore,
even showing the existence of a local Hamiltonian for which the circuit complexity does not saturate after a polynomial
time requires major technical advances.

5. Paradigms for complexity I: Nielsen complexity

As discussed in the previous section, one can define two notions of complexity for a unitary operator: exact and
approximate. Each notion has a downside. For starters, exact complexity can behave counterintuitively. For example,
a unitary close to the identity can have a large complexity as obtaining it exactly might require fine tuned combination
of very many gates. On the other hand, approximate complexity involves a tolerance, which may seem arbitrary. One can
resolve both issues by defining complexity in terms of a continuous quantity.

Nielsen et al. identified the optimal implementation of a unitary transformation U, using complexity geometry [104-
106], which we will now explain. Consider the manifold of the unitary group equipped with an inner product on its
tangent space that assigns a large norm to “complex” operations and a small norm to “simple” ones. Equivalently, this
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inner product defines a “complexity metric” on the unitary group manifold. We have to choose what is complex and
what is simple — for example, a simple operation may be one that acts on a small number of qubits. Now consider the

time evolution operator of a physical system, U(t) = 7<; exp(—ifot dt’H(t")) where H is the Hamiltonian and (7; indicates
path ordering. Over the time interval [0, T], the time evolution operator follows a trajectory from the identity U(0) = 1 to
U(T). Nielsen et al. defined the complexity of the unitary U(T) as the length of the shortest geodesic from 1 to U(T) on the
unitary group manifold equipped with the complexity metric. The length of this geodesic upper bounds the approximate
circuit complexity and lower bounds the exact circuit complexity of implementing U(T) as a composition of discrete
gates [20].

Nielsen complexity has several appealing features:

1. In Nielsen’s framework, evolution along a continuous trajectory decomposes into a sequence of infinitesimal steps.
This decomposition is equivalent to Trotterization, a technique for building a discrete circuit to simulate Hamiltonian
time evolution [107]. Hence Nielsen’s complexity is related to an important quantum-computational concept.

2. Using Nielsen’s geometry, one can upper-bound the approximate circuit complexity, and lower-bound the exact
circuit complexity, concepts discussed in Section 4.

3. Nielsen complexity is a geometric object and thus we can try to compute and analyze it with the methods of
differential and algebraic geometry.

4. Nielsen complexity connects naturally to Hamiltonian control problems that are extensively studied in the quantum
computation literature.

5. One has substantial freedom in equipping Nielsen’s complexity geometry with a distance measure on the unitary
manifold. This freedom mimics the choice of a gate set in the definition of exact and approximate circuit complexity.
A priori, it is difficult to compute Nielsen’s complexity because the complexity geometry in interesting cases is
generally high-dimensional and highly curved. But different choices of metric can belong to the same equivalence
class with the same long-distance behavior. Within an equivalence class, we can sometimes find modestly curved
members [25,106,108], facilitating the calculation of Nielsen complexity.

6. The problem of calculating Nielsen complexity can become exactly or approximately solvable when we consider
unitary representations of certain symmetry groups. Examples include unitary representations of symplectic and
orthogonal groups (relevant respectively for free bosonic and fermionic quantum systems), the global conformal
group, and circuits constructed from the Virasoro algebra of generators (relevant for spacetime transformations in
CFTs).

7. Nielsen complexity, as a continuous quantity, naturally relates to continuous features of QFT and cMERA tensor
networks [23,109], as well as to physical time evolution. In fact, the parallel with cMERA motivated the earliest
works on complexity in free QFT [110,111].

We start in Section 5.1 with the definition of Nielsen complexity. Section 5.2 discusses possible choices of complexity
metrics. In Section 5.3, we discuss the required properties a complexity geometry should have in order to reproduce
the linear time dependence and switchback effect for system evolution with a chaotic Hamiltonian. Section 5.4 presents
general results on the time evolution of Nielsen’s complexity on the unitary manifold. In Section 5.5, we discuss a choice
of norm on the unitary manifold relevant for distributed computing, which highlights a connection between complexity
and the entanglement entropy. We then turn to studies of Nielsen complexity in QFT in Section 5.6.

5.1. Definition of Nielsen complexity

We will first define a complexity geometry for the special unitary group SU(N) with N = 2X describing transformations
acting on states of the K-qubit system in Section 4.1. As we will later see, we can also define complexity geometries for
the global and local conformal groups relevant to conformal field theories, and for the symplectic and orthogonal groups
relevant to free bosons and fermions.

We want to identify the optimal trajectory in SU(N) for generating a target unitary U from the identity via the action
of a Hamiltonian H(t). If H and t are the physical Hamiltonian and time, we can think of this as describing physical time
evolution as a trajectory on the unitary group. But H(t) could also be an alternate family of operations carried out over
an auxiliary time, perhaps giving a quicker way to reach the target U from the identity. Let {T;} be a Hermitian basis for
the Lie algebra of the group, su(N). We can expand the Hamiltonian in this basis as:

H(t) =Y _Y'(O)T;. (17)
1

The Y!(t) denote velocities or control functions. They are the components of the vector that is tangent at time t to the
trajectory generated by H(t) through the group manifold. Different trajectories represent different ways of generating U.
We have parameterized each trajectory by t € [0, 1], such that U(t=0) = 1 and U(t=1) = U.

At each point along the path, the generated unitary transformation has the form

- t
U(t) = Pexp (—i/ dt’H(t’)) ) (18)
0
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The path ordering 7<; constructs the trajectory by multiplying the exponential terms from right to left. Let F[Y(t)] be a cost
or distance function defined on infinitesimal displacements on the group manifold via an inner product on the tangent
space. The cost function encodes the difficulty of carrying out an operation that displaces the unitary operator in any
given direction along the tangent space at a given point in the group manifold. The integrated cost/length of a trajectory
is an integral of these infinitesimal costs. Nielsen’s complexity is defined as the minimal cost/length induced by the inner
product, evaluated over all trajectories between 1 and U:

1
Cr[U] = min / dt FIY'(£)]. (19)
(Yl(t): u0)=1, u()=U} Jo

The above definition of the complexity of unitary transformations induces a notion for the complexity of states in
the Hilbert space on which the unitaries act. To construct this quantity, assume that the SU(N) elements act on an
N-dimensional Hilbert space #. We would like to define a quantum state complexity that captures the difficulty of
producing an arbitrary target state |yr) from a fixed reference state |y). Let us define Nielsen state complexity as the
lowest complexity of any special unitary transformation that evolves the reference to the target:

state H
GRSy, )] = omin - CrlU] (20)
It would be helpful if this quantity could be written directly in terms of a metric on the Hilbert space. We will define
such a metric below.

To define a metric on the Hilbert space, recall first that quantum states should be thought of as equivalence classes
of elements that differ by a global phase. So we should first ask, what transformations in SU(N) leave a particular state
invariant up to a phase, as such transformations should induce zero cost. The set of such transformations is the stabilizer
of the state. Think of the given state as a basis element of the Hilbert space. Then transformations that only affect the
remaining N — 1 basis elements leave it invariant. Including multiplication by a phase, the stabilizer of a state |¢) is
therefore the maximal proper subgroup SU(N — 1) x U(1) of SU(N).

We can define equivalence classes in terms of the stabilizer as follows. Let V denote an element in the [y) stabilizer.
Consider right-multiplying any element U € SU(N) by V. The resulting unitary, U’ := UV, lies in the same equivalence
class as U:

Vi) =€?ly) = U =UV~U. (21)
Eq. (21) defines a quotient from the unitary group to the complex projective space CPN—!:
SU(N
7 SU(N) > CPV™ ! = ___Suv (22)

SU(N — 1) x U(1)
We can now induce a norm on the tangent to the state space that accounts for this equivalence
Suppose we have a state |y/(t)), and we change it slightly with derivative |1'p(t)) = —iH(t)|y¥ = —i Z, YY) (t)).
Certain linear combinations of Y! are fixed by fixing the state and its derivative, while others remain free; the latter
correspond to the stabilizer of |1/(t)). Minimizing the cost function over the stabilizer’s degrees of freedom produces a norm
on the tangent to the state space:

Fstate[h'p(t))]w(t» = Starg}‘iﬂt)) FIY'(t)]. (23)

In terms of this definition, we can express the state complexity (20) as
1
CE [ |yrr), [YR)] = min / dt FR[ 1y () o) - 24
F V). [¥Ve) {ly(O) : 1Y (0)=lyR), [¥(1D)=I¥1)} Jo Vo) e (24)
We can use this formula to study geodesics in the state space without referring to unitaries.

5.2. Geometric features of Nielsen complexity

The cost function F[Y'] encodes the geometric properties of Nielsen’s complexity, through the definition (19). Important
cost functions have the form

%
FpalY'] = (Z a |Y’|") : (25)
1

The penalty factors q; > 0 are in one-to-one correspondence with the generators T; of the su(N) algebra. They quantify
the difficulty or cost of moving along each direction of the SU(N) tangent space. If we think of the tangent directions as
operations performed on states, we can choose penalty factors to reflect the difficulty of implementing the corresponding
gates. For instance, few-qubit operators are naturally easier to implement than many-qubit operators. Therefore, it is
natural to assign smaller penalty factors to the easy generators (that implement few-qubit operations) and larger penalties
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to the hard generators that act on several qubits. The terms easy and hard refer to the magnitude of the penalty factor
associated with each generator. A trajectory in the group manifold is then approximated by a circuit whose gates act for
short time intervals.

Returning to the cost function (25), consider taking p = 1. When p = 1, Fp:L;,[Y’ ] has a natural physical interpretation:
it counts (with an appropriate measure) the number of gates used to build the continuous trajectory in the group manifold
SU(N). However, szm[Y’ ] has the disadvantage of not being smooth. We therefore cannot apply the calculus of variations
to the geodesics. When p = 2, the norm (25) induces a Riemannian metric on the group manifold, simplifying the study of
the geodesics. In this case, the map (22) is a Riemannian submersion [112] (defined in [113]). Heuristically, a Riemannian
submersion is a smooth mapping from a higher-dimensional manifold to a lower-dimensional one. This mapping preserves
distances in the directions perpendicular to the fibers.'? In our setting, the fibers correspond to the maximal subgroup
SU(N — 1) x U(1). The submersion maps SU(N) to CPN~!. These facts provide a systematic means of determining the
metric induced by the cost-function minimization (23) on the state space. The Nielsen complexity literature has mainly
focused on p = 1, 2 [25,46,48,50,61,108,110-112,114-126].

One may wonder whether Nielsen’s complexity is related to discrete gate complexity. The answer is yes: Nielsen’s
complexity provides both upper and lower bounds on the gate complexity, provided the cost function satisfies certain
conditions [104,105]. The authors of [ 104,105] further show that, by sufficiently penalizing the generators acting on several
qubits, one can force the geodesic trajectory that reaches a unitary in the complexity geometry with arbitrary precision to
only use generators acting on one or two qubits. The penalties required for this construction typically make the manifold
highly curved. However, as we will discuss, Nielsen’s complexity is universal at long distances within a certain equivalence
class of metrics, and this equivalence class can be shown to also contain moderately-curved metrics. A priori, this fact
makes the computation of Nielsen’s complexity easier by using tools from differential geometry. Finally, let us mention
that when the motion in the unitary manifold is restricted to a small subgroup, exact or semi-analytic results can be
obtained, which we discuss in later subsections.

Equivalence classes of metrics and the universality of penalty schedules. There is substantial freedom in choosing a cost
function. However, there is a large universality class of cost functions leading to metrics on the group manifold that may
vary significantly at short distances, but differ at large distances only polynomially in the path length and in the physical
system’s size [25,108]. To simplify the rest of this subsection, we will take the penalty factors to only depend on the
number of qubits k on which a gate acts, and denote them as g,. Sometimes k is referred to as the weight of the gate — g,
should not be confused with the q; introduced in Eq. (25). The notation q; means that generators T; that have the same
weight k share the same penalty factor.

Consider increasing any penalty factor while keeping the others constant. Above a critical value gy, the complexity
ceases to depend on that penalty factor because we can implement this generator with weight k as a composition of
other, cheaper gates. The reason is as follows. Consider any fixed m > 2. Using the m-local gates, one can reconstruct all
the m’-local gates for every m’ [20]. Consequently, one can identify a certain critical schedule {q;} in terms of which we can
define a universality class of cost functions that yield metrics with the same long distance properties [108]. Specifically,
given the critical schedule, we consider penalty factors {q;} satisfying g = g, and, for all m > 2, ¢, > qn. Metrics
arising from this universality class of cost functions may differ greatly at short separations but lead to approximately
equal distances at long separations. That is, short and long distance scales decouple. The critical schedule is conjectured
to be the only universality class member for which the conjugate points are pushed to infinity, and geodesics are straight
lines for an exponential time in the number of qubits [108].1> Brown argued that the same universality class consists of
metrics whose associated Nielsen complexity, measured by the geodesic length from the origin, is polynomially equivalent
to the gate complexity. At the same time, it is possible to pick a metric inside the universality class such that the unitary
manifold has modest curvature [25], thus making computations easier.

5.3. Constraints on the cost function from expected time dynamics

In Section 4.1, we showed that quantum complexity for discrete time circuits exhibits two behaviors: linear growth
which can last for an exponentially long time, and the switchback effect. These derivations relied on simple counting
arguments. Afterwards, we quantitatively demonstrated this linear growth for random unitary circuits, by using algebraic
geometry and unitary designs (Sections 4.3-4.6). We would like to understand which complexity geometries reproduce
the above key features of complexity when applied to the unitary time evolution generated by a chaotic Hamiltonian. To
do so, we must select an appropriate metric on the SU(N) manifold. The requirements turn out to be [56,61,106]:

12 The fibers are points in the higher-dimensional space that are mapped to the same point in the lower-dimensional manifold.

13 5 conjugate point occurs along a geodesic if there is a local shortcut from the start of the trajectory to some point along it (the notion of local
shortcut will be more precisely defined below). Such conjugate points can be diagnosed by locally perturbing a geodesic. If the perturbation does
not change the length, the geodesic can be deformed to find a shorter geodesic between the same endpoints. There can also be global obstructions
to minimality of a geodesic, such as geodesics encircling a sphere in opposite directions along a diameter. We will discuss conjugate points in more
detail in Section 5.4.
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1. The metric should be right-invariant, because the unitary manifold is homogeneous.

2. The group manifold must have a negative average sectional curvature [56,106], such that nearby geodesics diverge.
This is necessary, but not sufficient, for establishing the above key features for chaotic and ergodic Hamiltonians.

3. The geometry’s sectional curvatures should scale as 1/K, where K denotes the number of qubits, in order for the
Nielsen complexity to display the switchback effect.

Let us comment on the implications of these requirements. First, consider Eq. (23) which yields a metric on the space of
states rather than on unitaries. Do the above properties have a reflection in the induced geometry on the space of states?
In fact the induced metric is not homogeneous, complicating the study of the geodesics and curvature in the space of
states [119]. Nonetheless, as mentioned earlier, for the case of Riemannian cost functions, the map (22) is a Riemannian
submersion [112] (defined in [113]). Riemannian submersions relate sectional curvatures in the space of unitaries and
sectional curvatures in the space of states, via the O’Neill formula [127]. The latter implies that the sectional curvature
along a plane in the space of states is lower-bounded by the sectional curvature along an appropriate plane in the unitary
manifold.

Second, the group manifold equipped with the Cartan-Killing metric — the standard metric on SU(N) — does not
satisfy the above requirements because it has only constant positive sectional curvatures. How can we construct a
geometry that has negative sectional curvatures? We can assign the penalty factors such that some of the su(N) algebra’s
nonvanishing commutators have the structure [easy, easy] = hard. The easy and hard refer to generators associated
with small and large penalty factors in the cost function. When the penalty factors are associated to generators such
that the commutators take the above-mentioned form, then the Pythagorean theorem for curved space guarantees some
negative sectional curvatures [ 119]. The latter statement was proven in the contexts of the unitary manifolds of qubits and
qutrits [112,119].'* Note that manifolds that are equipped with right-invariant metrics, like the ones we are interested
in, must also have some positive sectional curvatures; otherwise, they are flat [128].

Refs. [123,125] studied time-dependent trajectories generated by the SYK Hamiltonian on the unitary manifold. The
authors showed that the geodesic distance from the origin to the time evolution operator is lower-bounded by a geodesic
whose length grows linearly with time. This linear growth is truncated at conjugate points along the geodesic. There is
a shorter path connecting the origin to a conjugate point than the one produced by extending the earlier time geodesic.
It is possible that the linear growth is truncated even earlier by global obstructions — geodesics that wind in some other
direction around the unitary group to the same point — but these are much more difficult to study, as we will discuss
in Section 5.4. Conjugate points in the critical complexity geometry described at the end of Section 5.2 are pushed to
infinity [108]. Therefore, the linear growth of Nielsen’s complexity in that geometry persists for a time exponential in the
number of qubits. In the context of spin chains, Brown showed that many complexity geometries have diameters that are
exponentially large in the number of qubits [25]. This exponential relation is necessary for complexity to saturate at an
exponentially large value (Fig. 3).

We have argued that Nielsen complexity exhibits one behavior characteristic of quantum complexity: the initial linear
growth. Nielsen complexity also reproduces the other behavior — the switchback effect — in toy models [61]. Qualitative
features similar to the switchback effect are also displayed by single-qubit and two-qubit systems [129]. However, a
comprehensive picture of the emergence of the switchback effect from the complexity geometry is still lacking and is an
open question for future research.

5.4. Physical criteria for complexity growth: general results and applications

How is Nielsen complexity related to standard concepts in physics, like energy spectra, correlation functions, and
Schrédinger dynamics? Several connections were uncovered by the authors of [ 123,125], who investigated physical criteria
that control the length of time over which Nielsen complexity will grow during Hamiltonian time evolution. We will
discuss their results below, and use this discussion as a way of illustrating how to perform practical calculations of Nielsen
complexity.

For concreteness, let us consider a time-independent Hamiltonian acting on an N-dimensional Hilbert space. Time
evolution is then governed by the unitary operator U(t) = e~f{, We want to think of this operator as tracing a trajectory
on the SU(N) group manifold from the identity 1 at t = O to U(t). Following Nielsen, we will regard the complexity of
U(t) as measured by the length of the shortest geodesic from 1 to U(t) in a certain complexity metric that we will define
below.

In fact, finding the shortest geodesic on SU(N) for general N is a difficult problem in any metric because the group
manifold has a complicated fiber bundle topology. So, if we find one geodesic between two group elements by solving
the appropriate differential equation, there may well be others that start at the identity and go “around” the group
in another direction to get to the same point. Some of the latter may even be shorter. The simplest example of this
occurs in SU(2), whose manifold is a 3-sphere. Geodesics on the 3-sphere are great circles. If we continue on a great
circle past the point diametrically opposite to the initial one, there is a shorter geodesic that goes the other way around
the sphere. For general SU(N) there may be many more distinct paths between two group elements that exploit the

14 a qudit is a d-level quantum system, represented by a Hilbert space C%. A qubit has d = 2; and a qutrit, d = 3.
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complicated topology, and finding them all is an unsolved problem. The problem is even believed to be NP-complete
from an algorithmic perspective. While finding all global shortcuts on SU(N) equipped with a given complexity metric
is intractable, the authors of [123,125] pointed out that there is a class of shortcuts that we can analyze, associated
to conjugate points along a geodesic. Conjugate points imply that the geodesic we started with is a saddlepoint, not a
minimum of the length, so that we can find a shorter path by descending from the saddle. Below we will explain how to
find conjugate points, and present physical criteria that delay their occurrence until exponential times under Hamiltonian
evolution.

Our goal is to find geodesics on a Lie group manifold in a metric that penalizes “hard” generators that represent
infinitesimal transformations that are difficult to implement. First, consider the group generators that span the tangent
space to the group manifold at the identity. Consider the Cartan-Killing form Ky o< f}%/l fjﬁf’ where fUL are the group’s structure
constants defined using the commutation relation for the group generators [T;, Tj] = ifULTL with repeated indices summed.
Now define

c+c
Gy = ’2 LKy, (26)

with ¢ = O(1) for “easy” directions in the group’s tangent space at the identity, and ¢; = O(e€) for the “hard” directions.
Here € is any constant, and S = InN is the logarithm of the dimension of the Hilbert space on which the group acts.
We may take the hard directions to be generators that act on more than k qubits for some k, or act non-locally, or are
differentiated in some other way appropriate to the problem at hand. For SU(N) we will split generators into the easy
ones {T,} and the hard ones {T;}, so that the diagonal metric is

_ ([ %ap 0 ) o 0€S
G,,_(O (1+M)5dis> L ou~eS, (27)

This is the metric, or inner product, on the tangent space at the identity. If X and Y are tangents at any other point U on
the group manifold we define g(X,Y) = G(XU™!, YU™!) where G is a functional notation for the bilinear inner product
defined in (26).

With these definitions, the geodesic equation on SU(N) in Euler-Arnold form is [123]"°

dvl
GUE = If VIGVt, (28)

with repeated indices summed. Here, V' is tangent to the path, !° s is the parameter along the path, and f,;( are the structure
constants of the group. If we solve this for the tangents V/(s), then the geodesic path is

U(s) = pelo &/ V& (29)

where 7g represents path ordering. We consider the Nielsen complexity defined by
1
cu(t)) = min/ ds /Gy VI(s)VI(s), (30)
0

where the minimum is taken over all geodesics from I to U(s). This is a generalization of the complexity definition
associated with the p = 2 cost function in Eq. (25).

This is a practical formalism for calculations. For example, consider the simple case of SU(2) with generators Ty, = 1.2
and T3 = iy;y,, where y; are the standard Gamma matrices and T5 is deemed “hard”, while T; , are easy [123]. Geodesics
take the explicit form

VI(s) = v! cos(v3us) — v?sin(v3us) ; V2(s) = v? cos(v3us) + vl sin(v3us) ; V3(s) = v (31)
and the Nielsen complexity of going from U(1) = 1 to U(1) = Utarget iS

=2+ 2+ (1+ R, (32)

where the initial velocities v have to be chosen to get to the target at s = 1. We can now pick geodesics for which
U(1) = e~ with a Hamiltonian H = J;T; + J,T> built from the “easy” generators. It is straightforward to then show that

the complexity initially grows linearly as C(t) =t ]]2 + ]22 as the Hamiltonian itself generates the shortest trajectory from
the identity by avoiding the more expensive direction Ts. The linear growth ends when the trajectory reaches the opposite
pole of SU(2) from the identity because then there is a shorter geodesic to e~ that goes around the other side of the S3
manifold of SU(2). This causes the complexity to decrease back to zero as U(t) = e~ returns to the origin. Continued
time evolution leads to oscillations in the complexity. We can view the return to zero complexity as the analogue of a

15 we relabeled the time ¢ along the circuit as s to avoid confusion with the physical time of the system.
16 The v/ are analogous to the control functions Y’ in Eq. (17); we use V! in this subsection and reserve Y for the map described below Eq. (34).
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recurrence in this simple integrable dynamics. Notice that the linear growth of complexity was truncated by a shortcut
in the unitary group. In this case the shortcut is a global obstruction to complexity growth — it exists because of the
non-trivial global topology of the group manifold.

Now consider SU(N) for general N. Following [123,125] we will consider a representation of the group based on the
algebra of Gamma matrices y, witha =0, ..., N — 1 and {y,, y»} = 284. We can construct the 2V generators of SU(N)
as Tyy.am = VYa; - Yan SUbject to the condition a, < aq if p < q. We will label the generators as T; with a multi-index
I = (a;---ay). We will later discuss a physical realization of the SYK model, constructed from N Majorana fermions v,
where y; ~ v,. In view of this identification, we will say that generators T, with no more than k y matrices in their
definition are k-local, and that generators T; with more than k y matrices in their definition are k-nonlocal. We will also
say that k-local generators are “easy” and that k-nonlocal generators are “hard” and are therefore penalized by 1+ u in
the metric in (27). Now suppose that the Hamiltonian is k-local: H = )", J*T,. Then the authors of [123,125] showed
from the Euler-Arnold Eq. (28) that there is always a geodesic from the identity to e~ along the path taken by the
physical time evolution. In the notation of (28), the components of the tangent vectors along this geodesic are V¢ = J*t
leading to the tangent vector V = Ht. This means that the Nielsen complexity grows linearly in time,

cy=t [> (ep (33)

if the time evolution trajectory, which is a geodesic, is also the shortest geodesic.

At least at the early stages of time evolution, we can be sure from the results discussed above that the trajectory
generated by the Hamiltonian is the shortest between 1 and e~ How could this linear geodesic trajectory stop being
the shortest? One possibility is the existence of a geodesic loop that allows us to exploit the topology of SU(N) to arrive
at the same destination through a different path. This is what happened in the SU(2) example above. Geodesic loops
are difficult to work out in the general unitary group, so we will not attempt to do that. However, note that in SU(2)
the shorter path arising from a great cycle on the group manifold became relevant after the time evolution trajectory
had traversed a diameter of the manifold. We expect something like that to be also generally true for geodesic loops of
SU(N > 2). Following Ref. [25], we also expect the diameter of SU(N) to be exponentially large in the number of degrees of
freedom in complexity metrics satisfying reasonable consistency criteria. This means that, all else being equal, we expect
the geodesic loop obstruction to start to play a role in complexity growth after exponential time. So we will focus on
another kind of shortcut on the group manifold that could truncate the linear complexity growth in (33) far earlier. These
shortcuts are associated to conjugate points on the linear Hamiltonian trajectory that we will now describe.

A conjugate point occurs on a geodesic U(s) : [0, 1] — SU(N) with U(0) = P and U(1) = Q if a perturbation of the path
produces a new curve with the same boundary conditions that satisfies the geodesic equation to first order. This implies
that the geodesic we started with is a saddlepoint, not a minimum of the length, so that we can find a shorter path. The
actual minimizing geodesic signaled by the appearance of conjugate point can be a finite distance away. Since conjugate
points indicate converging geodesics, they cannot occur if all the sectional curvatures are negative. There is a result of
Milnor [130] that says that most sectional curvatures of Lie groups are negative. So some authors have considered high
genus Riemann surfaces with a metric induced from the covering space, a hyperbolic disk, as a toy model of the unitary
group manifold [56]. In such a toy model there are no conjugate points, so they are irrelevant. Others have constructed
special metrics on the unitary group that are designed to push the conjugate points to infinity [ 108]. But these approaches
seem misleading about the structure of the unitary group because the main result of Milnor is that any right invariant
metric on SU(N) with N > 2 must have some positive sectional curvature, or else it is flat. Indeed, as we will see, conjugate
points are some of the earliest obstructions to complexity growth in free and integrable theories.

To find conjugate points we start with a linear path along the time evolution trajectory from 1 to e~*¢, This path has
tangents V(s) = Hs which produce a line of unitaries U(s) = e~ with s = [0, 1]. We want to perturb the trajectory
V(s) — V(s) + éV(s) and still solve the Euler-Arnold equation to first order, with the same boundary conditions. In first
order perturbation theory, this gives the Jacobi equation. In detail, let 6V = V|, 4+ §Vj, where the subscript L indicates a
projection to the k-local/easy subspace, and the subscript NL denote a projection to the k-nonlocal/hard subspace. Then
the Jacobi equation implies:

dsVi(s
di( ) tH, V)

where the subscripts L and NL again indicate projection to the k-local/easy and k-nonlocal/hard subspaces.

By solving this equation, we can work out how an initial perturbation of the trajectory at the origin changes the
trajectory. The authors of [123] used the formal solution of the above equation to write down a superoperator Y[5V(0)]
mapping the initial perturbation of the trajectory, §V(0), onto a perturbation of the endpoint. Conjugate points occur when
the endpoint is unchanged, namely when the superoperator Y has a zero mode in the formalism of [ 123]. We do not write
the superoperator explicitly here because it has a complicated form that requires further definitions to explain, and instead
refer the reader to [123]. By working out criteria for the appearance of such zero modes, the authors of [123,125] arrived
at a number of general results for the appearance of conjugate points that are described below:

dsv, t
iﬂ _ Mt + [H, §Vni(s)Ine oo

i =
ds 1+un
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Result 1: For arbitrary local Hamiltonians with a finite complexity cost factor u, conjugate points must exist at finite
distance along the linear geodesic. This is proved by starting with the result of [131] that conjugate points exist at
finite distance when the complexity penalty w vanishes. The persistence of the conjugate points is then established by a
continuity argument as u increases, along with Morse theory on the space of paths on the group [125]. So the absence
of conjugate points must be shown to establish linear complexity growth until times of order t ~ e°.

Result 2: If a g-local Hamiltonian has an adjoint eigenoperator O such that [H,0] = A0 with A € R and O €
{local/easy operators}, then conjugate points occur at times t, = ZT”Z (where R are the reals and Z are the integers).
This is proven in [125] by explicit examination of the zero mode condition on the superoperator Y mentioned above.
Result 3: If a g-local Hamiltonian has an adjoint eigenoperator O’ such that [H,0'] = A'0’ with A’ € R and O’ €
{nonlocal/hard operators}, then conjugate points occur at times t, = WZ. This is proven in the same way as Result
2: above.

Result 4: Let My4(t) = fol ds fol ds' Tr{els—s 1T, e~16=HT, ] where T, and Ty are any two local/easy operators. Suppose
M,p(t) has an eigenvector X%, with vanishing eigenvalue at some time t*, then a conjugate point occurs at t*. We can
think of M, as a temporally smeared, infinite temperature 2-point function of local operators. To prove this, given the
zero mode X*, the authors of [125] expanded an initial perturbation of the linear geodesic as §V(0) = ), X*T, where T,
are the local/easy generators, and showed that the Frobenius norm of the superoperator Y discussed above vanishes when
it acts on this §V(0). This implies that the superoperator vanishes on this perturbation, which by construction implies a
conjugate point.

Result 5: Let |m) and |n) be any two energy eigenstates, and let T, be the local/easy generators, and T, the nonlocal/hard
generators. Then linear growth of Nielsen complexity persists for a time of ©(e®), where S is the logarithm of the Hilbert
space dimension, if

>, [(mITy In) 2
Yo mITaIn)* + 32, [(m|Ts [n)|?

where rp,, = O(1) for m # n and poly(S) means polynomial in S. This criterion, which is called the Eigenstate Complexity
Hypothesis (ECH) (since it recalls the Eigenstate Thermalization Hypothesis), says that energy eigenstates cannot be
mapped onto each other by easy operators. This result was proven in [123] by showing that if we assume ECH, the zero
modes of the superoperator Y occur at times t* = (277 / Amax)(1 + %), where Ay is the largest gap in the spectrum.

= e_ZSPOIY(S)rmn (35)

mn —

These theorems can be applied to the SYK model with n Majorana fermions, which we will return to in Sections 6.3.3
and 7.5.1. Here we briefly summarize the results of [123,125] in this regard. The authors provide evidence that: (a) The
Nielsen complexity of the free SYK model (with only quadratic interactions) is bounded as ¢(t) < +/n; (b) The Nielsen
complexity of integrable deformations of the free SYK model is bounded as C(t) < poly(n), meaning that the initial linear
growth is guaranteed to truncate in polynomial time; (¢) above, and numerical analysis of the spectrum and eigenstates of
chaotic deformations of the free SYK model suggest that the Nielsen complexity of such systems is bounded as C(t) < e€",
meaning that linear complexity growth can persist for exponential time, if we neglect possible global obstructions from
geodesic loops. The finding (c) applies to any theory in which the energy eigenstates are a Haar random unitary rotation of
a “standard” or “free” basis of states. The ETH hypothesis for chaotic theories suggests that their eigenstates may indeed
be of this form.

5.5. Relation between Nielsen complexity and entanglement: binding complexity

The penalty factors in the definition of Nielsen’s complexity can be attributed to the relative difficulty of applying
certain generators. An interesting choice where analytic results can be obtained is the case in which our system is split
into parts, and the penalty factors associated with generators acting within a given subsystem are much smaller than
those of generators acting between multiple subsystems. This setting serves as a model to describe distributed quantum
computing, where a large computer is divided into small quantum computers (called nodes). The operations between
nodes, which are possibly located far away from each other, require significantly more resources than operations within
each subsystem.

The limiting case, where only operations acting between subsystems have non-vanishing cost, was referred to as
binding complexity in [122]. There, the authors suggested that binding complexity quantifies the difficulty of distributing
entanglement among multiple parties. The authors of Ref. [122] further suggested that the notion of binding complexity
could serve as a measure for the robustness of entanglement. Here, one typically has in mind the n-party (with n > 2)
generalizations of the W and GHZ states. The GHZ state is separable upon tracing out any subset of the parties, but the
W state is not. In this sense, W states possess more robust entanglement. The authors of [122] argued that the binding
complexity should scale as O(n) for GHZ states, and as ©O(n?) for W states. The paper also presented results for the binding
complexity of Gaussian states of free QFT. As we review next, we can get exact results for the binding complexity of spin
chains in Nielsen’s framework when the cost of generators acting within each subsystem is small enough [126]. It turns
out that cost functions satisfying this property relate Nielsen’s complexity to the Rényi min-entropy in a precise way.
Moreover, the above cost functions are bounded by the entanglement entropy of a state over a subregion [126,132].
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To illustrate these results, let us begin with a formal definition of the binding complexity. Consider splitting a quantum
each acting on a limited number of subsystems, needed to ffﬁplement a target unitary with cost only incurred for gates
acting between subsystems [122]. Below, we focus on 2-local gates which act on, at most, two subsystems each. Within
Nielsen’s framework, binding complexity has a close analogue, obtained by choosing a particular cost function on the
unitary space. To illustrate, consider a bipartite system whose Hamiltonian (17) decomposes as'’

H(t) = Y (OTH @ 12 + YL (1M @ T2 + YI(OTh @ /2 . (36)

Each of the generators TaA T and T,-A 2 acts on only one side of the system. In contrast, Tf '® TiA 2 can entangle the sides.

The velocities split into subsets Y' := {Yj\l], YAZ, Y®}. This division implies a decomposition of the penalty factors (25) into

subsets q; := {qﬁl1 , q?Z, Qai}-

Having specified the setup, we define the Nielsen binding complexity BC. It is the unitary complexity (19) evaluated
with the penalty factors

@d=¢=0 and gu>1. (37)

These penalties impose greater costs on entangling (or non-local) gates than on single-subsystem (or local) operations.
Let us substitute the penalties (37) into the cost function (25) and perform the minimization (20) to obtain a complexity
norm on the space of quantum states. Two simplifications follow: first, the space of states contains null directions, defined
as the loci of states interconnected via local unitaries along which the cost function vanishes. Second, one can integrate
out nondynamical degrees of freedom in the geodesic minimization. We obtain a norm BF[\, Ar] on the space of states.
BF depends only on a state’s Schmidt coefficients A, and their derivatives ke

We can analytically compute the binding state complexity for certain choices of the penalty factors q, in Eq. (37),
and of the parameter p in Eq. (25). A Riemannian cost function is our first example. Let us write out the binding state
complexity associated with the cost function (25), p = 2, and the penalty factors (37) with g, = 1 [126]:

2 1
Besate arccos (e—jscc(W/T))) . (38)
2,hom NAl-/\/Az

The hom stands for the nonlocal generators’ homogeneous penalties. The A, are normalization factors defined such that

tr(T{f k Tf k) = Na,8ab- The S, denotes the Rényi min-entropy of the reduced state of subsystem A; in the target state |1/IT>.18

In our second example of an analytically computable binding complexity, we set p = 1 in the cost function (25). This
binding complexity does not depend on the penalty factors for nonlocal generators (up to an overall normalization), under
certain assumptions about the generators acting along the optimal trajectory. Consequently, changing the penalty factors
cannot yield arbitrary functions of the Schmidt coefficients. Rather, for certain choices of the generators acting along
the trajectory, the binding state complexity is a fixed function of the Schmidt coefficients, independent of the penalty
factors. This independence implies that, within a certain class of cost functions, there is a universal relation between the
entanglement of a state in a subsystem and its binding complexity.

The relationship between binding complexity and Schmidt coefficients leads not only to exact results, but also bounds
other quantum-information quantities. For instance, one can lower-bound the binding state complexity, in terms of the
entanglement entropy of a state over a subregion A; [132-135]. Denote by S,, the entanglement entropy of subregion A;,
by d the dimensionality of the smaller subsystem’s Hilbert space, and by c a constant. The p=1 binding state complexity
upper bounds Sy, as follows:

S,
M < B[ |y), )] (39)
clogd

Binding complexity also provides lower bounds for other notions of complexity, such as the geometrically local complex-
ity [132]. Further details of the latter quantity will be discussed around Eq. (156).

Finally, let us mention that in the context of the holographic correspondence, binding complexity has been conjectured
to be dual to the interior volume of multi-boundary wormbholes [122].

5.6. Complexity in quantum field theories

As we will review in Section 7, Nielsen’s complexity experienced a revival following a conjectured relationship with
gravitational quantities in the context of the holographic AdS/CFT correspondence. The holographic correspondence deals

17 We denote the generators of the special unitary group in subsystem A; with index a € {1,..., le — 1} from the beginning of the alphabet,

and the generators in A, with index i € {1,..., N}Z — 1} from the middle part of the alphabet. We also denote with a sub(super)script Ay, A, the
subsystem where the local generators act.

18 The Rényi min-entropy of the reduced state of a subsystem A; in the state |y) is defined by S, (|¥r)) = —2log A, where 1, is the maximal
Schmidt coefficient of the target state with respect to the same bipartite division.
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with Quantum Field Theories (QFTs) - a description of many-body quantum systems in terms of fields. To allow a
quantitative comparison with holographic conjectures, it was therefore necessary to develop a method for calculating
complexity in QFTs. Naturally, the first examples studied were those of free QFTs, first bosonic [110,111] and then
fermionic [114,115], as reviewed in Section 5.6.1. While these calculations are too simple for an exact comparison with
chaotic theories in general - and with holographic systems in particular - this approach helped to bridge the gap between
heuristic arguments and more rigorous calculations. This framework also inspired later studies of complexity in more
complicated field theories, including weakly interacting theories [117,136], and conformal field theories, as described in
Sections 5.6.2 and 5.6.3 below.

5.6.1. Free quantum field theories

The calculation of complexity in free field theories is based on Nielsen’s approach (see Section 5.1). In this framework,
the evolution of quantum states is treated continuously, with a cost assigned to each possible evolution. To simplify
the problem, one often restricts to unitary representations of finite-dimensional spaces. For free QFTs, this is typically
achieved by restricting to transitions between Gaussian states. Such transitions are underpinned by the symplectic group
for bosonic Gaussian states and the orthogonal group for fermionic Gaussian states.

Like many other quantities in QFT, complexity is expected to diverge because quantum correlations must be built at
arbitrarily short distance scales. Therefore, a regulator should be introduced to handle short distances, or equivalently,
large momenta. The exact result will depend on the choice of reference state, and in QFT, it is not immediately obvious
which one to choose. Inspired by quantum computation, the reference state is often chosen to be completely unentangled,
meaning that it lies outside the Hilbert space of the non-regulated theory, leading to the observed divergences.

The study of complexity in scalar bosonic QFT began with [110,111]. In these papers, the authors considered the
following Hamiltonian for a scalar QFT in d-dimensional spacetime:

H=1 / X [7 R + (VOR)Y + m*$(%7°] . w0

The relevant symplectic transformations were constructed using the (typically discretized set of) phase space degrees of

>

freedom &7 = (¢(%), 7(X)).!° Symplectic transformations of the form

0(t) = exp(—%é“kww(r)é"), (41)

where k(qp)(t) is @ symmetric matrix, move us between Gaussian states. A natural description of Gaussian states is in terms
of their covariance matrix G() and displacement vector »? defined using the first and second moments of the phase space
variables

N1 .
Tr (f)s”gb) =2 (@ +i2™), T (ﬁg“) — ot (42)

where p is the Gaussian density matrix, and £2!®! encodes the anti-symmetric commutation relations of the phase space
variables. The covariance matrices were not the original formulation used to study complexity in bosonic QFT. Originally,
the studies only focused on squeezing operations, and therefore expressing everything in terms of the wavefunction was
sufficient. Nevertheless the use of covariance matrices permits for more general transformations between Gaussian states
which was employed in later studies, see e.g., [115,116]. We will therefore stick with this approach in our presentation.

The quantum circuits generated by the unitary transformation (41) can be recast in terms of their influence on the
covariance matrix and displacement vector as follows

G=SGS", ®w=Sw, where S:=ek, (43)

Here G, ® and Kk denote the covariance matrix, displacement vector and symmetric matrix in the circuit (41) and explicit
indices have been suppressed to shorten the notation. The control functions Y' in Eq. (17) can be read off as follows

Y= %tr (9,557'K)) . (44)

where K; is an orthonormal basis for the symplectic group. This setup is the input for the complexity calculation with the
cost assigned according to Eq. (25).

When evaluating complexity in QFTs, there are several choices to be made. Initial studies [110,111] selected cost
functions according to Eq. (25), with g = 1 and p = 1, 2, and only squeezing operations were considered. The target
state was taken to be the regularized ground state of the bosonic field theory (40). Regularization was implemented
either via a lattice discretization or a sharp momentum cutoff. The reference state was chosen as the ground state of the
Hamiltonian

H= % / dx [r (X + n2o(x)], (45)

19 These can alternatively be spanned using momentum-grid phase space variables é“ = (¢>(E), n(E))
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case (a): case (b):

e 1Y (72)) )
N N ~—

1V(T1)) () [¥(72))(a) —
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/\Tt /\Tt =<

(o

T

Fig. 6. Two kinds of circuits that can be considered in the context of conformal transformations, or, more generally, QFT (in this latter scenario, one
should think of o as a set of coordinates on spatial slices). Case (a): The circuit parameter 7 is an auxiliary parameter whose increase takes one
CFT state to another CFT state. The transformation does not lead to a shift in the physical time t. This is the setting addressed in [46]. Case (b): The
circuit parameter t is identified with the physical time t, as considered for the first time in [137].

Source: Figure adapted from [137].

where u is a characteristic energy scale. This Hamiltonian describes a set of independent, or unentangled, oscillators
with a characteristic frequency w. When constructing correlations at all scales, it is natural to begin with a state whose
frequency is of the order of the inverse lattice spacing, so we define i := ud, where § is the lattice spacing.

The original papers [110,111] focused primarily on the structure of divergences and found some degree of agreement
with holographic results. In particular, they calculated the complexity of the vacuum state of a free bosonic theory, which
reads:

1 1% -
o = [ dettogton /) = gt + -

(46)

1
1 1 2
ez =5 /, llog(en/)P = 5 (5%) | log(i)] + - - -
where for p = 1 only an upper bound was found. In these equations V stands for the spatial volume of the system, §
is an ultraviolet cutoff (for example a lattice spacing) and the dots stand for less divergent terms (see the review [2]).
These results should be contrasted with those obtained from holography (125). We will later see that the Cp—; expression
matches well with the volume-law divergence found in holographic calculations, see Eq. (125). Additionally, the choice
of reference scale in the field theory parallels the choice of the counterterm scale L. in holography, as we will see in,
e.g., Eq. (128a).

Subsequent studies explored a variety of alternative cost functions, free theories with other fields such as charged
bosons, fermions, and gauge fields, weakly interacting theories and other target states, including the thermofield-
double state, and mixed states [114-118,120-122,136,138-142]. These studies concluded that, in general, the structure
of divergences observed in QFT complexity calculations qualitatively matches the results from holography. This is not
particularly surprising, since at very short distances (or equivalently, near the cutoff scale), the precise details of the
theory tend to become irrelevant. On the other hand, the time dynamics of the theory shows significant deviations
from holographic results, which is to be expected, as free and chaotic theories typically exhibit very different dynamical
behavior. In particular, a natural expectation is that in free systems of finite volume, after including penalties on Gaussian
gates coupling distant parts of the system, complexity growth associated with Hamiltonian time evolution will terminate
at times of the order of the volume (and even sooner without the penalties [116]). In chaotic systems, we expect
complexity growth to occur over significantly longer timescales, exponential in the volume.

While many basic insights were obtained from the above approach, it fails to reproduce many important properties
of holographic complexity, including those related to temporal dynamics. This observation motivated a shift of focus
towards the study of complexity in field theories more closely related to holography. The latter included attempts to study
complexity in conformal field theories via a focus on their universal conformal symmetry, which we describe below.

5.6.2. Two dimensions — complexity of Virasoro circuits

Nielsen’s geometric approach is appealing from a geometric point of view, and is tailor-made to mimic discrete
quantum circuits built with gates available in laboratories. However, it is not clear how to define gates in a generic QFT.
Indeed, we may need to consider all local operators, in view of the fact that an operator product can be represented as
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a sum over local operators via the operator product expansion. There is also the question of choosing a meaningful, yet
tractable, cost function that gives rise to an optimization problem that is under control.

Such challenges forced the community to approach the problem of Nielsen’s complexity in QFT in a creative way.
Progress can be traced back to [46], whose authors proposed to study Nielsen’s complexity for conformal transfor-
mations of 2-dimensional CFTs, i.e., coordinate transformations that preserve the form of the metric up to an overall
(coordinate-dependent) scalar factor.

The immediate advantage of this approach is that it focuses on universal properties shared by all CFTs, regardless of the
value of the interaction strength. As a result, it holds promise for understanding the gravitational dual of complexity within
the AdS/CFT correspondence. Of course, this universality poses also a restriction, as the resulting complexity measures
will be insensitive to the detailed microscopic dynamics.

The connection between gates and local operators in a QFT occurs because conformal transformations are generated
by a local operator that is universally present in any QFT, the energy momentum-tensor, smeared over a time-slice. A
familiar example of a conformal transformation is time translation generated by the Hamiltonian, which in turn is an
integral of energy density — the time-time component of the energy-momentum tensor.

In more detail, [46] and subsequent studies focused on two-dimensional CFTs living on the Lorentzian cylinder. As
illustrated in Fig. 6, we parametrize the spatial circle of unit radius by o and the physical time by t. In two dimensions,
the energy-momentum tensor of a CFT has two independent components that commute with each other. In the following,
we will predominantly focus on one of them only, T(¢) = 1Ty + %Tm. The algebraic structure underlying this subsection’s
construction is the Virasoro algebra

c
(Lo, Ln] = (1 = )Ly + o n(0* = Ddaimo. (47)
whose generators L; are related to Fourier modes of T(o)
Cc .
T(o) = (L ~ L )e—““’. 48
(o) % n 24 n,0 (48)

In the above expressions, c is the central charge of the CFT, which can be thought of as measuring the number of degrees
of freedom in the following sense. For a CFT containing N free bosons, ¢ = N, which is the number of bosonic degrees
of freedom; whereas for a CFT containing N free fermions, ¢ = % In holography, where the boundary CFTs are strongly
coupled, c — o0. Since the algebra is the same for all CFTs with the same value of c, one explicitly sees here the point
we introduced earlier: the properties of Virasoro algebra-based complexity will not differ between N — oo free bosons
and strongly-coupled holographic theories.

The setup of interest for [46], as well as subsequent works including [143,144,144,145], is given by continuous unitary

circuits
U(t) = Pexp U Q(r’)dr’] , (49)
0

acting on a CFT Hamiltonian eigenstate |h) with the label h corresponding to a primary operator with conformal dimen-
sion h (h = 0 gives the vacuum state). The circuit generator in (49) is a smeared component of the energy-momentum
tensor operator over the full time slice

2 d
Q) = /0 % e(r,0)T(0) = gen(r)(un ). (50)
where
e(r,0)= Zen(r)ef"”“. (51)
nez

In comparison with Eq. (17) discussed in the context of qubit systems, the integral over o is the analogue of the summation
over the I-index, the €(t) factor is the tangent space velocity Y/(t), and the generators can be thought of as T(o).
Alternatively, we can think of the Virasoro generators as defining circuit generators. In such case, the summation over
them is the analogue of the sum over I in Eq. (17), and the tangent space velocity is related to €,(7).

In considering the Nielsen’s complexity, there is an important choice to be made regarding the interpretation of the
parameter [137]. The first choice is to regard it as an auxiliary parameter in relation to the physical time t, see case (a)
in Fig. 6. For this choice, relevant for [46], the function €(7) associated with the diffeomorphism o — f(t, o) is given by

0.f(z,

e(r,o)= M. (52)
¥:f(z, o)

The complexity minimization problem at hand now requires us to find a function of two parameters f(z, o) subject to

the condition f(t = 0,0) = o and f(r = 1,0) = f(o), where f(o) is a diffeomorphism that transforms the state |h)

according to the CFT rules.
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The papers [46,143,144,146] uncovered and developed a very beautiful relation between optimizing cost functions of
the form

2 2
Fle] = \// da/ de (o —k)e(r,o)e(T, k), (53)
0 0

and Euler-Arnold-type partial differential equations (PDEs) of relevance for mathematical physics. In particular, for penalty
schedules of the form

Mo —«x)=ad(c —k)+bs8"(c —«) (54)

with a and b constant and §(o — «) the Dirac delta function, the solutions of the optimization problem are the solutions
of the following paradigmatic PDEs [144]

o Korteweg-de Vries equation predicting solitons: a =1, b =0,
e Hunter-Saxton equation relevant for liquid crystal physics: a =0,b =1,
e Camassa-Holm equation modeling wave breaking: a=1,b = 1.

Furthermore, Refs. [144,146] considered the Fubini-Study cost function, which corresponds to Eq. (53) with
. c h
"~ 32sin* (0 —«)/2)  2sin? (0 —«)/2)

and solved the associated optimization perturbatively for sample conformal transformations close to identity. This result
was subsequently used for comparisons with holography, building on [147], see Section 7.

There are further generalizations of the approach described above. Ref. [143] connected with the rich literature of the
Kac-Moody groups by incorporating an additional global symmetry. Furthermore, in Ref. [148] a scalar primary operator
was added as an additional generator on top of the energy-momentum tensor operator. The main limitation of the works
prior to [148] is that the previously described unitary circuits remain bounded inside a conformal family (the so-called
Verma module) of the Virasoro algebra. Results in [ 148] concern trajectories that move between different Verma modules in
a CFT, revealing the dependence of the Fubini-Study cost of such circuits on the source function of the primary generator.
This investigation constitutes an important step towards arriving at a general picture of Nielsen’s complexity with local
operators viewed as generators, as advocated above.

Finally, another line of works devoted to the study of complexity in CFT by examining trajectories in which the physical
time t is the circuit parameter t [50,137,145], see Fig. 6 case (b). In the context of the examples considered, this approach
requires slightly different choices of the circuit velocity €(t, o). The main advantage of this approach is that it makes
direct contact with the spacetime (path integral) formulation of QFTs and with holography [50].

(o —«) (55)

5.6.3. Circuits in the conformal group ind > 2

While it is helpful to use the conformal algebra to generate circuits, as we have seen above, the calculations are still
quite challenging for two dimensional CFTs as the conformal group in this case has an infinite number of generators. The
problem simplifies for higher dimensional CFTs because the conformal group is finite dimensional. The global conformal
group SO(d, 2) associated with symmetries of the vacuum of CFTs in d spacetime dimensions also plays a key role in
connection to holography, since it coincides with the local isometries of higher-dimensional AdS spacetime. Within the
setup discussed in Section 5.6.2 this corresponds to the subgroup?? of the Virasoro algebra associated with the generators
L,1, L() and L].

This framework is similar to the qubit setup in Section 5.1, with the exception that we now consider a unitary
representation of a (possibly non-compact) Lie group G.2! For concreteness, a generic trajectory on the conformal group
can be constructed out of the generators P, D, L,,, and K, (which generate translations, dilatations, rotations and special
conformal transformations, respectively) as follows,

U(S) — eiot(s)-Pein(s)D (1_[ e”n;w(ﬂ’-;w) eiﬂ(s}K , (56)

Hw<v

where oy, yp, A,y and B, are complex variables, and s € [0, 1] is a path parameter along the circuit. The reference state
is chosen to be a primary state |A), such that D|A) = A|A) and K,|A) = L,,|A) = 0. The states reached by the unitaries
(56) live within the same conformal family; the extension to a larger family of CFT states is still an open question.

Let us discuss Nielsen's state complexity associated with a target state |yR), reached by acting on a primary state
|A) with a unitary operator of the form (56). The projection of a Riemannian right-invariant cost function from a Lie

20 The global conformal group for CFTs living in two spacetime dimensions, SO(d, 2), factorizes into a product of two SO(1,2). The Virasoro
generators considered in Section 5.6.2 contain (among other things) one of these SO(1,2). The other SO(1,2) originates from the remaining
independent component of the energy-momentum tensor operator: T := %Tn - %Tm.

21 Ope can always build a unitary and finite-dimensional representation of a Lie group by using Euclidean generators.
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group G to the coset space G/H (where H is the maximal proper subgroup of a state) is unique, and it is defined by a
pseudo-Riemannian submersion [149,150]. This provides a systematic procedure for inducing a metric from the conformal
group SO(d, 2) to the coset space B = %. Moreover, the projection procedure is equivalent to two other ways of
generating a metric over the quotient: the minimization in Eq. (23), and the use of a geometric action associated with the
geometry of coadjoint orbits [151]. A coadjoint orbit is the space of all equivalent configurations that can be reached by
acting with the symmetry group on a point in the dual space of the corresponding Lie algebra. Physically, it represents
a phase space corresponding to a fixed value of a conserved charge, where the symmetry group of the system allows

movement within this space. Two cost function candidates were considered in the literature in this context [48]
Fp14=1do = [(Yr|UTdU|y)] , (57a)
N 1/2
dsrs = Frsdo = ((¥nldUTdU ) — |(WlUTdUYR) (57b)

Both cost functions have some limitations because of the absence of penalty factors associated with different gates.
Nevertheless, they provide a good starting point. In particular, the Fubini-Study (FS) line element dsgs given by Eq. (57b) is
the natural metric on the coset space B of the conformal group, whose geodesics are known. The cost function in Eq. (57b)
can be related to a Kidhler metric associated with coadjoint orbits in the dual space [48]. It is still an open problem to
generalize the results of [46,48] to account for non-trivial penalty factors; this is the subject of ongoing research [151].
Finally, Ref. [48] found an explicit form of the complexity metric for higher-dimensional CFTs. In terms of the control
functions in Eq. (56), their result has a precise analogue in terms of distances between geodesics in AdS, as we will
discuss in Section 7.6.

6. Paradigms for complexity II: Krylov and spread complexities

In the previous sections, we explained notions of complexity that arise from thinking about physical time evolution as
a computation. From this perspective, the complexity of a physical process is quantified by asking how many elementary
or cheap operations are needed to effect it, given some fixed repertoire of operations or a function quantifying their cost.
Alternatively, consider that in classical physics, if we start with systems populating some small compact region of phase
space, we might call the dynamics “simple” if these initial conditions are transported to some other small region of phase
space at a later time. We might call the dynamics “complex” if the initial conditions are spread out throughout the phase
space by the dynamics. A notion of quantum complexity quantifying this sort of spread would seem to have a natural
relation to physical phenomena like thermalization and chaos in quantum many-body systems and QFT.

One approach in quantum mechanics is to quantify the growth of different operators over time via the notion of Krylov
complexity developed in [27]. Alternatively, we could ask how different initial states dynamically explore the Hilbert space
during unitary evolution via the notion of spread complexity developed in [28]. These approaches are related, but each of
them is convenient for answering different questions. In both approaches, the key insight is to recognize that, while
physicists often analyze quantum systems by diagonalizing the Hamiltonian to extract the density of states, it is much
more convenient to tri-diagonalize the Hamiltonian if we want to study dynamics. The diagonal and immediately off-
diagonal components of the triadiagonalized Hamiltonian are called the Lanczos coefficients, and any quantum dynamics
can be written as a one-dimensional hopping chain in terms of the Lanczos coefficients and the associated Krylov basis for
the Hilbert space. Among other things, this representation of a quantum system makes it possible to explicitly quantify
and compute how a quantum wavefunction spreads under Hamiltonian dynamics across the Hilbert space, or how an
operator spreads in operator space.

Below, we review the background for Krylov and spread complexities, and explain how to compute these quantities.
We present numerical methods, analytical results in systems with a lot of symmetry, and a general analytical formula
relating the density of states of a system to its Lanczos coefficients. We also present a formula for the correlations in
the Lanczos coefficients of Random Matrix Theories. Along the way, we relate these ideas to Nielsen complexity, and
describe applications to the study of chaos and integrability. In the next Section, devoted to holography, we will describe
a precise relationship between the length of wormholes in the two-dimensional JT gravity, and the spread complexity of
the Thermofield Double state of the dual SYK model, see Section 7.5.1. Readers may also wish to consult the excellent
recent review [3].

6.1. Spread complexity of evolving states

Consider the unitary time evolution of some initial quantum state |¥;)
o0

it (=it)*
#(0) = e o) = Y = HE ), (58)

k=0

where H is a time-independent Hamiltonian. Since the evolution is unitary, the state at any given time is just a fixed vector
in the Hilbert space. Standard methods, including the Out-Of-Time-Order-Correlation (OTOC, see definitions in Section 2),
quantify how time evolution spreads a collection of nearby states through the Hilbert space. At least at early times, this
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process can be characterized by computing quantities akin to the Lyapunov exponent. Instead, we will quantify how widely
the trajectory of a single state explores the Hilbert space over time. One way of doing this is to measure the spread of the
support of a time-evolving state in some fixed basis. Which basis should we pick? The early work of Kolmogorov, defining
the complexity of sequences as the size of the smallest Turing machine that produces them, suggested a paradigm: the
complexity of a system should be measured in terms of the size of its minimal representation. Taking this perspective, we
could define the complexity of an evolving state by minimizing the spread of the wavefunction over all possible bases.
The authors of [28] proved that there is a unique orthonormal minimizing basis throughout a finite time interval for
continuous evolution, and at all times in the case of discrete evolution. This is the Krylov basis which can be constructed
by a variety of methods described below.

For discrete time evolution, a simple argument explains how the Krylov basis minimizes the spread of the wavefunc-
tion. Consider an initial state |v), and a basis supporting the state on a single basis element |Ky) = |v). Time evolution
produces the state at time 1 as |y;) = U;|vo), where Uj is a unitary operator. By picking the second basis element |K;) to
be proportional to the part of |;) orthogonal to |}, we can support |41) on two basis elements, {|Kp), |K7)}. Continuing
in this way by recursively orthogonalizing the time-evolving state, we produce a basis that obviously minimizes the
support of the state at any time. The analogous proof for continuous time evolution is more subtle and is described
in [28].

6.1.1. Recursion method and tridiagonalization
To represent the time evolving state (58) in the minimizing Krylov basis for a continuous time evolution, we write

WOy =3 —

k=0

W) = an Kz (59)

where K is the dimension of the span of the time-evolving state, |Ky) = |¥q), and the remaining |K;) are constructed by
the iterative Lanczos algorithm [152]:

IAni1) = (H — @)|Ky) — balKn1),  [Ka) = b, ' |Ay) . (60)
The Lanczos coefficients a, and b,, are defined as
ay = (KolH|Kq), by = (AnlAn)'? (61)

with by = 0. This procedure is just a systematic way of applying Gram-Schmidt orthonormalization to the Krylov subspace
{H*|¥,)}, and will terminate at some n = K for which b = 0. Thus K, the dimension of the Krylov basis, measures the
dimension of the subspace of the Hilbert space explored by time evolution of the initial state.

Tridiagonalization. The construction (60) implies that the Hamiltonian acts tridiagonally in the Krylov basis
H|Kn) = an|Kn> + bn|Kn—1) + bn+l |Kn+1) . (62)

In other words, the Hamiltonian in this basis can be written as a matrix with entries a, along the diagonal, and entries b,
just above and below it. For finite dimensional systems, this is called the Hessenberg form of the Hamiltonian. Numerically
stable algorithms for computing the Hessenberg form of a matrix are implemented by standard libraries in Python and
Mathematica (see [28]). These methods improve upon the numerically unstable Lanczos procedure, but generally require
a change of basis to represent the desired initial state in a canonical form required by the implemented algorithm. We
can use the Hessenberg form to extract the Lanczos coefficients without explicitly constructing the Krylov basis.

Finally, differentiating Eq. (59) with respect to t and using Eq. (62), we find the Schrédinger equation

iatl/fn(t) = anl/’n(t) + anﬂn71(t) + bn+ll/fn+l(t) s (63)

that we should solve with the initial condition v,(0) = 8, . This equation describes the dynamics of an effective “particle”
hopping on a one-dimensional chain with sites labeled by the Krylov index n € {0, 1, 2...}. The Lanczos coefficients a,
determine the probability for staying at site n, whereas b,, determine the probability of hopping to the left or right. Thus,
the procedure we have described reduces any quantum dynamics to an effective one-dimensional hopping chain — i.e., a
quantum Markov process — where the states defining the chain and transition coefficients are determined from the initial
state |vo) and the Hamiltonian.

6.1.2. Moment method and the survival amplitude
The Lanczos coefficients can be efficiently extracted from the moments of the Hamiltonian in the initial state

pn = (Kol(—iH)"|Ko) - (64)

To see why, suppose that a quantum system is localized, at t = 0, in the initial state |Kp). The Markov-like structure of
Eq. (62) means that the probability amplitude for remaining in |Ky) after one application of the Hamilton is —iag, while
the amplitude for transitioning to |K;) is —ib;. Next, let us apply the Hamiltonian a second time. The amplitude to wind
up in |Kp) again is iz(aé + b%). But we already know ay from the first step. So, if we also know the second moment of
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the Hamiltonian (Kq|H?|Ko) through some means, then we can extract by by subtracting aé and taking a square root.
Proceeding recursively in this way, we can show that each successive moment allows the extraction of an additional
Lanczos coefficient — the a,, are computed from the odd moments by dividing out products of already computed b,s, and
the b,s are likewise computed from the even moments. Applied numerically, this procedure is potentially sensitive to
rounding errors from repeated divisions, but there are methods for circumventing this potential obstacle [28].22 We can
use the moment method to compute the Lanczos coefficients without constructing the Krylov basis.

6.1.3. Survival amplitude
The moments of the Hamiltonian are all encoded in the so-called survival or return amplitude for the state to remain
unchanged over time:

n

. d
S(t) = (W(O)lYo) = (Yole™™ o) = = (Kol(—iH)"[Ko) = IR

So, if we have access to the survival amplitude through some other means, we can use it as a moment generating
function for the Hamiltonian, and then proceed as described above to extract the Lanczos coefficients without explicitly
constructing the Krylov basis. For example, consider a thermofield double state?3

1
Wp) = 7 > e Prinny, (66)
B

an entangled state in two copies of the same system. Tracing over either copy yields the thermal density matrix with
partition function Zg in one copy. Suppose that the two copies have Hamiltonians H; and Hg. Time evolution by H =
(HL + Hg)/2 or separately by H = H; g produces the state

[Wa(t)) = e ™ 1Wg) = [Ypiair) . (67)

and the associated analytically continued partition sum Zg_is = ), e~(A=iDEx A short calculation shows that the survival
amplitude can be written as
Z(B —it)

S(t) = (Ypraielp) = 28 (68)

Thus, given an analytic form for the partition sum of a system, we can analytically continue to compute the survival
amplitude for the thermofield double, and hence its Lanczos coefficients following the procedure discussed above. It is
also interesting to note that the square of this survival amplitude is precisely the spectral form factor

|Zg_ic|?
|Z|?

which has been used to study late time quantum chaos [154,155] in random matrix theory and quantum gravity, quantum
speed limits [156], and other phenomena that depend on energy spectrum statistics.

. (65)
t=0

SFF[},[[ — (69)

6.1.4. Coarse-grained Lanczos spectrum and the density of states

Suppose we tridiagonalize the Hamiltonian by the recursion method or the moment method, as described above. The
resulting Hamiltonian, written entirely in terms of the Lanczos coefficients, should still have the same spectrum as the
original one. So we may wonder whether we can directly relate the energy spectrum, or equivalently the density of states,
to the tridiagonal Lanczos spectrum (i.e., the distribution of Lanczos coefficients). Indeed, as we will discuss below, we
can find such a relation in the limit of large system size, given some smoothness assumptions and after coarse-graining
the Lanczos spectrum [29].

Consider a quantum system with an N dimensional Hilbert space. Let n be the Lanczos index and define x = n/N. In
the large N limit, x is a real number between 0 and 1 and it is convenient to write the Lanczos coefficients as functions
a(x) and b(x) instead of as ayy and byy. Let us consider Hamiltonians and initial states for which a(x) and b(x) have a
continuous large N limit. As we will explain, if the large N limit is continuous in this way, there is an analytical formula
relating the density states of the theory to the Lanczos spectrum, coarse-grained in a way that we describe below.

Recall from Section 6.1.1 that the Lanczos coefficients a,, and b,, describe hopping dynamics on a one dimensional chain
defined by the Krylov basis. Cut this chain into segments of length L such that L/N — 0 at large N. For example, we can
take L ~ +/N. We are assuming that a(x) and b(x) with x = n/N have a continuous large N limit. This requires that a, and
b,, vary slowly within the blocks of length L. Coarse-graining over these blocks, which represent infinitesimal intervals
of x, we can approximate the Hamiltonian as consisting of N/L blocks within each of which the Lanczos coefficients are
constant, i.e., it is Toeplitz. A standard formula from linear algebra then tells us that the energy eigenvalues associated to
the block of size L are Ex = 2bcos(kw /(L4 1))+ a for k=1, ..., L, where a and b are the constant values of the Lanczos

22 ope possible way to resolve this difficulty, e.g.,is to find squares of the Lanczos coefficients by using rational arithmetics [153].
23 The notation in Eq. (66) is analogous to Eq. (5) in the key notions. Here we stress the dependence of the state on the inverse temperature 8.
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coefficients in the block. Thus, keeping in mind from the Lanczos algorithm that we can take a real and b positive, the
density of states within each segment is

1L O@4b? —(E —a)p)

Pab)(E) = = ,
@b \dEx/dkl — 7 /4b? — (E — a)?

where @ is the Heaviside step function. The union of the block eigenvalues must reproduce the complete energy spectrum.
In the large N limit both L ~ +/N and N/L are large, so we can write the full density of states as an integral over the
blocks indexed by x:

' O4b(x)* — (E — ax)))
Ey=|[ d :
o fo i 7/4b(x)? — (E — a(x))?

This analytical formula universally relates the density of states and the coarse-grained Lanczos coefficients for large
systems. For the systems like the SYK model and Random Matrix Theories that are defined by ensembles of Hamiltonians,
this formula will also relate the average density of states to the ensemble average of Lanczos coefficients for random
initial states. The authors of [29] give a more formal analysis for why this formula is true, and explain how to invert it
to calculate a(x) and b(x) from the density of states. The formula is valid for initial states for which the large N limit of
a(x) and b(x) is continuous, and so long as x is not too close to the edge, i.e., x ~ O(1/N). At the edge, we have to use the
recursion or moment methods described above to find the Lanczos coefficients step by step.

(70)

(71)

6.1.5. Defining spread complexity

Suppose we have derived the Lanczos spectrum using one of the methods described above. We can use it to solve the
Schrodinger’s Eq. (63) for the wavefunction in Krylov basis (59). Squaring the v,(t) yields a probability distribution that
quantifies the spread of the wavefunction over the Krylov basis

K-1
pa(t) = [Yn(D)2, > palt) = 1. (72)
n=0

From the 1d chain perspective, the wavefunction starts out localized on |Kp). As time passes, the peak of the wavefunction
moves to the right (higher Krylov index n) and spreads out. The wavefunction has a sharp, tsunami-like edge as it moves
outward [28]. This recalls the sharp edge seen in the spread of entanglement after a quench [157-161], at least in two-
dimensional conformal systems and in theories with a holographic dual. In chaotic systems like Random Matrix Models
(RMTs), the spreading wavefunction retains this coherence until it “bounces off” the end of the Krylov chain (n = K)
and settles down to equilibrium with broad support on all the basis elements. This bounce arises distinctively from the
spectral correlations in chaotic theories. This was illustrated in [28] by comparing chaotic RMTs in the Gaussian Unitary,
Orthogonal, and Symplectic Ensembles (GUE, GOE, GSE) with systems having the same density of states but Poisson,
i.e., uncorrelated, spectral statistics.

Complete information about the spread of the wavefunction is contained in the distribution (72). We could quantify the
width of this distribution in various ways. For example, we could consider moments of the distribution (n°) = )", n° pa(t).
The first moment, or average position in the Krylov chain, was called the spread complexity in [28]

C(t) = (n) = Y npy(t), (73)

and the analogous quantity for the spread of operators (which we will discuss below) is often referred to as the Krylov
complexity (its study was initiated in [27]). These quantities have proved useful in characterizing many aspects of quantum
dynamics and, as we will discuss in Section 7, turn out to be geometrized in the duality between the SYK model and
Jackiw-Teitelboim gravity as the wormbhole’s length.

While the spread complexity in (73) has proven useful in many applications, alternative measures of wavefunction
spread surely have their uses as well. First of all there are the higher moments we mentioned above — see, e.g., [162].
Another natural measure of spread would be the entropy of the distribution (72) or its exponential

K-1
H(t) ==Y pa(t)Inpy(t) ; cu(t) =€, (74)
n=1

This quantity was studied in the operator and state contexts in [163-166], but has not yet been widely applied.

Of course, we could have defined a distribution like (72) in any basis. The proofs in [28] demonstrated that the Krylov
basis minimizes both spread complexity Cx(t) and the entropic measure Cy(t) at least in some finite time interval starting
at t = 0. The Krylov basis is also, in a sense, the most classical representation of the spreading wavefunction. This is
because, as shown in [167], the Wigner function associated to the one dimensional Krylov chain has the lowest possible
negativity as compared to any other basis. The Wigner function is the closest thing in quantum mechanics to a classical
description of the state. Indeed, a quantum system with a Wigner function that is everywhere positive for all times can
be efficiently simulated on a classical computer through standard methods for describing statistical systems. But if the
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Wigner distribution has negative regions, quantum phenomena play an essential role, indicating a likely advantage for
quantum computers in simulating these systems [168-171].

Below we will apply these methods to many physical systems including particles moving on group manifolds, spin
systems, the SYK model, random matrix theory (RMT), and Jackiw-Teitelboim gravity. For lack of space we will not
give a detailed discussion of applications to quantum billards [172-174], which are especially fascinating because such
systems can have vanishing Lyapunov exponents, but can nevertheless manifest chaos. For example, the triangular billiards
studied in [174] can be integrable, pseudointegrable or non-integrable, depending on the internal angles which control
how bundles of classical trajectories do or do not diverge when bouncing off the walls and corners. As such, billiard
systems provide a tractable venue for studying how integrability and non-integrability affect the spread of states in
a quantum system. Billiards also give a way of studying the effects of symmetry on the spread of wavefunctions. For
example, pseudointegrable and non-integrable isosceles triangular billiards have independent sectors that are symmetric
and antisymmetric under reflection across the diagonal, and these sectors separately reproduce characteristics of chaotic
theories, although the complete dynamics approximates some aspects of an integrable system, e.g., a Poisson distributed
spectrum [174]. It is interesting to more broadly consider how symmetries and their breaking may affect the spread
of the wavefunction. We will give some examples of these effects below for particles on group manifolds and different
random matrix symmetry classes. The effects of discrete symmetries have been studied in [175] whose authors developed
a framework for understanding the effects of parity and time-reversal symmetry, and their breaking, on the spread of
wavefunctions. Among other things they found interesting localization phase transitions on the Krylov chain. In some of
these systems such as the SYK model and RMTs, there are efficient techniques to calculate the average of the survival
amplitude S(t) over an ensemble of theories. Note that in these cases S(t) S(t') need not equal S(t)S(t’). This similarly
implies that correlations between Lanczos coefficients that affect the structure of the dynamics must be directly computed
and will not be accessed by just computing the average of these coefficients over the pertinent ensemble.

Above we focused entirely on systems with time-independent Hamiltonians. It would be interesting to extend the
methods to systems with time-varying Hamiltonians. We also only discussed closed systems and pure quantum states,
but many of the techniques can be extended to open systems and mixed states [176,177], as reviewed in [3]. Since the
density matrix describing mixed states can be considered an operator on the Hilbert space, it is natural to think about
this in terms of the spread of operators, to which we turn now.

6.2. Krylov complexity of evolving operators

In Section 6.1, we followed [28] to quantify how quantum states spread dynamically over the Hilbert space. In this
section, we will discuss a similar approach to the spread of operators [27], which was introduced earlier than Ref. [28].
We started with a description of the spread of states because it is technically simpler to some extent, and the proofs of
minimality of the Krylov basis were developed in that context. But the relation between the operator-based methods of
this subsection and the state-based methods of the previous section is analogous to the relation between the Heisenberg
and Schrédinger approaches to quantum mechanics — either approach may be more convenient depending on the
question we are studying.

The idea of defining operator size through an expansion in a natural basis was, to our knowledge, first explored in
holographic systems such as the SYK model [178-181]. This concept was later quantified in [27], whose authors studied
operator spread in the Krylov basis, and proposed to quantify operator size in terms of the Krylov complexity (the operator
analogue of (73)). In this framework, we consider the Heisenberg evolution of an initial, “simple” operator O(0)

3,0(t) = i[H, O(t)] . (75)
This equation can be formally solved as
o(t) = e o(0)e M = e“'0(0), (76)

where in the second step we introduced the Liouvillian super-operator £ = [H, - ]. As before, we can expand the operator
O(t) as a power series in t that involves nested commutators of the Hamiltonian with O(0), or equivalently, various
powers of the Liouvillian acting on ©(0). As in Section 6.1, this series builds the Krylov subspace to which we want to
apply the Lanczos procedure. If the Hilbert space is N-dimensional, the associated operator space in which we carry out
this procedure is N>~dimensional because operators have matrix elements O, with a, b = 1..., N.

The procedure for extracting the Krylov basis for operators and the associated Lanczos coefficients is the same as
described in Section 6.1 for states, after vectorizing operators by mapping them into an auxiliary Hilbert space by the
GNS (Gelfand-Naimark-Segal) construction (see, e.g., the discussion in [182]). In quantum information theory, such a
vectorization also appears as the Choi-Jamiolkowski isomorphism, otherwise known as channel-state duality [183,184].
After vectorizing operators in this way, © — |©), we also have to choose an inner product on the auxiliary Hilbert space.
The authors of [ 182] showed that the Krylov complexity defined with respect to the alternative choices behaves differently
as a function of time. However, the approach described in Section 6.1 suggests that we should pick the inner product that
produces a Krylov basis that minimizes the spread of operators. As discussed in [28], the results of [182] imply that this
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minimization is achieved by the Wightman inner product. Indeed, this was the choice advocated in [27], albeit for other
reasons. Thus, we set

1
(AIB) = (e7HATe""B),,  (X)p = ——Tr (e #1X) (77)
Z(B)
where Z(B) is the thermal partition function at inverse temperature 8 = 1/T. For finite dimensional Hilbert spaces, we
often use the 8 — 0 version of this formula which is the Hilbert-Schmidt inner product.
Finally, we map the operator evolution into a time-dependent state

K—-1
0(6)) = €“10(0)) = > i"gn(t)]Kn). (78)
n=0

For Hermitian operators, the a,’s (recall Eq. (63)), vanish and we derive the Schrodinger equation

0 @n(t) = bn@n—_1(t) — bpy1@n1(1). (79)
Solving it yields the probability pa(t) = |@a(t)|* and the Krylov complexity, which quantifies the operator size, is computed
by (73). Interestingly, [185] showed that the dimension i of the Krylov space for operators is bounded by

1<K<N>-N+1, (80)

where N is again the dimension of the Hilbert space.

As in Section 6.1, the Lanczos coefficients can be computed by either the recursion method or the moment method.
As explained above, the moments of the Hamiltonian can be extracted from the survival amplitude,?* written in terms
of the Wightman inner product as

S(t) — <3§Ho(t)€7gHO(O))5 — %'8) Z |(n|o|m)|Ze*(§fit)5ne*(§+it)5m . (8])

In the second equality, we introduced resolutions of the identity in the energy basis and represented the answer in terms
of the matrix elements of the operator.

The spread of states and operators can be used as a probe for understanding the dynamics of quantum systems. Below,
we will show how to use this tool in a number of different systems. General results can also be obtained. For example,
the authors of the pioneering paper [27] performed numerical and analytical studies of Krylov complexity in integrable
and chaotic systems, including the SYK model, and found that the growth of Lanczos coefficients b, is at most linear in n

b, < an+«. (82)

They conjectured that theories in which operator growth saturates this bound are chaotic, in the same sense as probed by
the OTOC correlators (see Section 2 for a definition of these correlators). In particular, they related the coefficient « to the
characteristic exponent Ax in an exponential growth of the Krylov complexity for chaotic theories, i.e., Ax = 2«. In the case
of the SYK model, this exponent coincided with the Lyapunov exponent read from the OTOC, which we label with Agroc.
In other words, they observed that for the SYK model Ax = Aoroc. This match will be further discussed in Section 6.3.3.
However, in many theories, including 2D CFTs, operator return amplitudes are universal and do not readily distinguish
between integrable and chaotic models. Therefore, the hypothesis of [27] requires refinement; indeed, as we will discuss
below in Section 6.3.4, the difference between chaos and integrability may be more apparent in the cross-correlations
between the Lanczos coefficients and the effects of these correlations on the dynamics.

6.3. Applications

6.3.1. Particles on group manifolds

Explicit solutions of the Lanczos algorithm can be obtained when there are dynamical symmetries governing the
time evolution on the 1D Krylov chain [27,28,164,186,187]. Since the Krylov space representation depends on both the
Hamiltonian and the initial state, this emergent symmetry need not arise from the fundamental symmetries of the model.
As we have seen, the Lanczos coefficients can be constructed from the survival amplitude. Within the same model, some
scenarios may exhibit dynamical symmetries, while others may not. Below, we present examples in which a dynamical
symmetry arises from the motion of a particle on a group manifold [28,164].

Consider a family of fictitious Hamiltonians based on the SL(2, R) group,

H=oa(l_1+L)+yL+d1 ; [Lo,Lei]l=FLyr ; [L1,L4]=2L. (83)

Here y, «, § are constants that depend on the details of the physical set-up such as the operator dimension, temperature or
the initial state as well as the physical, evolving Hamiltonian. Recall, that in the discrete series representation with scaling

24 Sometimes the survival amplitude is referred to as the auto-correlation function in this context.
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dimension h, Ly|h, n) = (h + n)|h, n), L_1|h,n) = /(n+ 1)(2h + n)lh,n + 1), and L {|h,n) = /n(2h +n — 1)|h,n — 1).
Now suppose we start at t = 0 with a highest weight state. Then, applying the recursion method or the moment method,
the Krylov basis elements coincide with the Lie algebra basis |K;,) = |h, n) by construction. Using this we find that

a, =y(n+h)+34, b, = ay/n(n+2h—1), (84)

are the Lanczos coefficients. For coefficients of this form, one can solve the Schrédinger Eq. (63) analytically and a general
form of the spread/Krylov complexity in this scenario is given by

2h 4y?
x(t) = _ sinh? (m,/l _ ’;) . (85)
1 Y o

402

This form also appears in other contexts such as the SYK model at large q. Indeed, for the growth of operators with
dimension h ~ 1/q, we have y = 0 and o« = 7 /8 [164]. Quantum speed limits have also been used to show that this
form leads to the fastest possible universal growth of operators [188]. More generally, (85) can be divided into three
different classes depending on the relative magnitude of the parameters. The class with y < 2« where complexity grows
exponentially, the class with y > 2« where complexity is periodic and the intermediate class with exactly y = 2« where
the complexity grows quadratically.

For compact semi-simple Lie groups, we generically end up with finite dimensional Krylov spaces. For example, we
can consider the SU(2) algebra with Krylov basis representation of a tri-diagonal Hamiltonian

H=a(i+])+vlo+381 5 UoJel=4x 5 Us.J-1=2). (86)

Evolution of the initial highest (lowest) weight state |j, —j) labeled by spin j allows us to express the dynamics using
coherent states of SU(2) and discrete series representations labeled by the spin j. Indeed, there are 2j + 1 Krylov basis
vectors and Lanczos coefficients that read

a, =y(n—j)+34, b, = ay/n(2j+1—n). (87)

Again, constants y, «, § and j, depend on details of the physical setup, i.e., the initial state, and physical Hamiltonian. After
solving (63) analytically, we find the corresponding complexity is periodic in time

2j 2
o) = —2__sin? (at,/l + Vz) . (88)
‘1+ 4o

Y
4a2

Finally, we can work out a similar class of solutions controlled by the Heisenberg-Weyl algebra for which the
Hamiltonian in the Krylov basis can be represented as

H=ald"+a)+yN+681 ; [a,a]=1, [N,a’]=a', [N,al=—a, (89)

where N = afa. The Hamiltonian is tri-diagonal in the |n) basis of eigenstates of the number operator N, which is
generated by the ladder operators a and a'. Thus, this basis is the infinite-dimensional Krylov basis for H. The Lanczos
coefficients are

a, =yn+$6, b, = av/n, (90)
and the complexity becomes
40 t
Ck() = = sin? <L> . (91)
y 2

For y — 0 it grows quadratically, but otherwise oscillates in time despite the Krylov basis being infinite-dimensional.
Observe also that, in all the three examples, spread complexity is independent of 8.

Let us stress again that the examples and Hamiltonians H that we discussed above are effective descriptions of the
state dynamics on the Krylov chain. Namely, there are physical setups where the evolution

[ () = et |yo) (92)

yields a return amplitude S(t) = (¥ (t)|v¥o), from which the moments and Lanczos coefficients can be fit into the forms
described above and |y(t)) is effectively a coherent state for discrete series representations of some semi-simple Lie
algebra. This way, the dynamics can be interpreted as motion on group manifolds governed by the Hamiltonians (83), (86)
or (89). Although such analytical scenarios are not generic and we have to rely on numerics, there are several interesting
examples that fall into this class and we will discuss some of them below.

In [186] some of these solutions were found by mapping the Schrédinger equation into the Toda system that was then
solved analytically. In [187], the symmetry approach was explained by recognizing that the Schrédinger equation can be
effectively written as a three-term recursion relation for orthogonal polynomials in the Liouvillian (or the Hamiltonian).
Consequently, when the Lanczos coefficients have a particular dependence on n, which makes this equation coincide
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Fig. 7. Operator growth and Krylov complexity for SL(2, R) on the Fubini-Study geometry. Operator evolution becomes a geodesic (in orange) on
the hyperbolic disk. Volume (in yellow) of the region enclosed by the particle’s position is proportional to the Krylov complexity.

with the defining relation of known polynomial families, analytical solutions for the wave functions and complexity can
be obtained. For example, the SL(2, R) family with b,, given by (87) corresponds to Meixner orthogonal polynomials.

For the symmetry classes discussed above, Krylov complexity admits a geometrical interpretation. Namely, the
dynamics on the Krylov chain can be mapped onto motion in the phase space spanned by coherent states. Using the
Fubini-Study (FS) metric on the corresponding phase spaces, operator growth in the SL(2, R), SU(2), and Heisenberg-Weyl
cases corresponds to particle (geodesic) motion on the hyperbolic disk, the sphere, and the complex plane, respectively.
Moreover, Krylov complexity is proportional (with a factor of 7) to the volume enclosed from the origin to the radius
determined by the particle’s position at time t. An example of this for the SL(2, R) symmetry is illustrated in Fig.
7 (from [164]). This result may seem counterintuitive given the conventional intuition from Nielsen’s definition of
complexity, which associates complexity with geodesic length. Nevertheless, Krylov complexities in all of the symmetry
examples above exhibit this feature. Interestingly, at late times, it is the Krylov entropy (74), that scales in a manner
similar to the geodesic length in the Fubini-Study geometry [164].

6.3.2. Operator growth in spin chains

Extensive numerical studies of operator growth and Krylov complexity have been conducted in [27,163,185,189,190].
In generic finite-dimensional, non-integrable systems, the growth of the Lanczos coefficients b, with n exhibits three
distinct regimes, which determine the scaling behavior of Krylov complexity. Denoting the number of degrees of freedom
by K,2° the first regime is characterized by a linear growth of b,’s, leading to the exponential growth of Krylov complexity.
For infinite-dimensional systems, this exponential growth persists indefinitely. For finite dimensional systems, after times
of order t > log(K) or Krylov index n ~ K, the Lanczos coefficients saturate at a constant value b, ~ AK, where A is
a parameter related to the system’s spectral bandwidth. In this regime, Krylov complexity grows linearly with time. The
above-mentioned time evolution of the Lanczos coefficients resembles a switchback effect, see Fig. 5. Indeed, a linear
growth is achieved after an initial time, logarithmic in the number of degrees of freedom. Finally, at exponentially large
times t ~ eX, the Lanczos coefficients gradually decrease towards zero, leading to the saturation of Krylov complexity.

Moreover, the authors of [190] examined how operator growth differs between integrable and chaotic spin-chain
models. The authors studied the XXZ spin chain with integrability-breaking deformations, allowing them to interpolate
between the two regimes. Noting that the behavior of Krylov complexity depends on both the Hamiltonian and the choice
of initial operator, they focused on examples of initial operators such as the sum of two spin operators located at some
fixed distance from the ends of the chain. In these examples, they found that the late-time plateau value is suppressed in
the integrable phase, whereas in the chaotic phase, it is larger and eventually matches the prediction of random matrix
theory for a system of the same dimension. The authors argued that this suppression arises from a sort of Anderson
localization in the one-dimensional Krylov chain arising from disorder in the Lanczos coefficients. More details can be
found in the review [3].

However, at least for generic initial operators/states, the plateau value cannot serve as a signature of chaos vs.
integrability, for the reasons described below. Recall from Section 6.1.4 that there is an analytical formula relating the
density of states and the coarse-grained Lanczos spectrum. This formula applies to cases where the Hamiltonian and

25 In some of the references, the number of degrees of freedom is denoted by S and the size of the Hilbert space by D. We traded those symbols
for K and N respectively, for consistency with other parts of the review. The only exception is the section about SYK where the number of degrees
of freedom is denoted N for consistency with the large literature on the topic.
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initial state lead to Lanczos coefficients that have a continuous large system limit, for example, if we are working with
generic initial states with continuous support in the energy basis. The authors of [30] showed that for such states, the late
time plateau of the spread complexity can be determined analytically in terms of the coarse-grained Lanczos spectrum.
Since the relation between this spectrum and the density of states is universal, i.e., it applies to both integrable and
chaotic theories which can have the same density of states, the plateau value cannot generally separate integrability and
chaos, although it may do so for specially prepared initial conditions. That said, as we will see in Section 6.3.4, the central
phenomenon driving the results of [190], i.e., order vs disorder in the Lanczos coefficients, can be distilled into a sharp
conjecture regarding the covariances of the Lanczos coefficients for chaotic theories [29,30]. These covariances affect the
approach of the spread complexity to the late time plateau even in cases where the plateau value is the same between
integrable and chaotic theories. We will describe this conjecture and compare its predictionsexplicitly with results for
integrable and chaotic spin chains in Section 6.3.4.

6.3.3. SYK model

The authors of [27], originally suggested Krylov complexity as a diagnostic of chaos. They proposed that this quantity
would grow exponentially in chaotic systems because of the rapid spreading of operators expected there. In particular,
according to [27], if the Lanczos coefficients grow linearly at large n

by ~ an (93)

the Krylov complexity will grow exponentially at early times6

cx(t) ~ et g =20, (94)

For chaotic systems where (93) holds, [27] also proposed that the Krylov exponent upper bounds the Lyapunov exponent

2
Aotoc < Ak < e (95)

The first inequality was proven at infinite temperature in [27] and, under the assumption of certain analytic and
smoothness properties of the Lanczos coefficients, the right inequality was proven at finite temperature in [191,192].
The inequality Agroc < 2%, where B = 1/T is the inverse temperature, is the bound on chaos in quantum mechanical
systems from [14] (the definition of Agroc is reviewed in Section 2).

These conjectures have been studied extensively in the SYK model, which has had important applications in the
description of strange metals, the study of quantum chaos and as a model for quantum gravity, see, e.g., [ 155,180,193-198].
The SYK Hamiltonian is constructed from N Majorana fermions satisfying anti-commutation relations {v;, ¥;} = 8; with
i,j=1,...,N:

Hy = (i)/? Z Jiipig iy iy - - Wiy - (96)

1<iy<ip<-ig=<N

The couplings | are real, and are drawn identically and independently from a Gaussian distribution with zero mean and
fixed variance

2971 72(q — 1)!
(iyig..ig) = 0, UizliZ“‘i‘I) ¢ Nt

The SYK model approaches a nearly conformal fixed point at low temperatures, where the fermions acquire a conformal
dimension of 1/q and the model becomes (nearly) maximally chaotic in the sense of the chaos bound [14]. The case ¢ = 2
is special — it is integrable rather than chaotic.

The SYK model admits some simplifications in the limit of infinite N, and even more when we take q to also be
large.?” In this case, the survival amplitude averaged over the SYK ensemble is known analytically and one can use it
to extract an averaged Lanczos sequence. At large N, some quantities are self averaging including the thermal two-point
function [198] and many texts, including the pioneering Ref. [27], work under the assumption that the Krylov complexity
is similarly self-averaging. These works extract the Lanczos sequence from the ensemble averaged survival amplitude
using the moment method described in Section 6.1.2.28 As we will see below in the discussion of Random Matrix Theory
in Section 6.3.4, ensemble averages of this kind match the coarse-grained Lanczos coefficients described in Section 6.1.4,

(97)

26 By early, we mean up to times of the order of the logarithm of the number of the degrees of freedom in the system (or forever, if the system
has infinitely many degrees of freedom).

27 Here we mean that we first take the limit N — oo and then we take q — oo. In the language of DSSYK, where N is taken to infinity keeping
the ratio Asyx = 2q°/N fixed, our limit has Asyx — 0.

28 Sometimes the survival amplitude is referred to as the auto-correlation function or thermal two-point function in this context.
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Fig. 8. Lyapunov and Krylov exponents for flow SYK theories (101). Left: a flow from q = 6 to ¢ = 2 at large N with s = 0.2. The Lyapunov
exponent indicates that chaos develops at intermediate temperature (in the intermediate IR) but integrable behavior is approached at much lower
temperatures (in the deep infrared). Right: flow between two chaotic regimes at large N and large q where q/q = 2 is kept fixed when taking the
limit and s = 1073, We observe two regimes of near maximal chaos with a clear transition indicated by the OTOC exponent’s minima but not by
the Krylov exponent.

Source: Plots adapted from [199].

but do not capture higher moments such as covariances of the Lanczos spectrum. Applying the moment method to the
ensemble averaged survival amplitude, the leading contribution to the Lanczos coefficients at large q reads

YK — 2087'y/2/q+ 0(1/q) ifn=1,
"P T 2vp Y= D)+ 0(1/q) ifn> 1.

where v is implicitly defined via the relation 87 = 2v/ cos(v).
In this limit, the leading large q contribution to the Krylov exponent is exactly equal to the Lyapunov exponent for the
OTOC correlators [27]:

Ak = Aotoc = 4v/B. (99)

A particularly interesting case is the limit of low temperatures (large §). In this case both exponents approach the chaos
bound 27 /8. The surprising equality between the Krylov and Lyapunov exponent for the OTOC suggested that the Krylov
exponent, which is simpler to compute than the OTOC, would provide a shortcut for computing the Lyapunov exponent
of the latter. However, at large but finite g, the equality fails at order 1/q, that is [199]

472

%(lk — doroc) = EPTT (100)

Larger deviations can also occur. For example, consider deforming the SYK Hamiltonian by another SYK Hamiltonian with
a<q
Hdef:Hq-i‘SHa (101)

(98)

The perturbation is an infrared deformation of the original SYK since it has effective dimension §/q < 1 around the fixed
point of the original Hamiltonian. This means that as we keep flowing to the infrared, a new fixed point will appear that
is dominated by the deformation. This type of deformation has been studied in, e.g., [200-209]. In the context of chaos,
we expect the infrared deformation to induce a transition between two chaotic regimes, or if § = 2, between chaos and
integrability along the RG flow controlled by the temperature parameter. We can try to diagnose these chaos-chaos or
chaos-integrability transitions using the OTOC and Krylov exponents [ 199]. Fig. 8 show that while the Lyapunov exponent
exhibits features indicative of such transitions, the Krylov exponent does not.

Perhaps this should not come as a surprise, as the starting point for extracting the Lanczos sequence in the above
discussion was the ensemble averaged two point function and Lanczos coefficients. As the next section suggests, to
diagnose chaos we may need the ensemble fluctuations and correlations of the Lanczos sequence rather than their average.

Additionally, the studies described above are investigating early time chaos. As we will discuss below, the spread
complexity of chaotic systems grows to a peak at late times that are exponential in the entropy, and then slopes back
down to a plateau. Equivalently, the peak occurs at a time linear in the dimension of the Hilbert space, which scales as
the exponential of the entropy. The presence of this peak and slope depend on characteristic spectral correlations that are
absent in integrable theories with Poisson spectra [28]. We will discuss this below in the context of Random Matrix Theory,
but all the characteristic behavior of spread complexity that we will describe applies equally to chaotic SYK models.
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6.3.4. Random Matrix Theory
A standard paradigm for quantum chaotic behavior is time evolution under a random matrix Hamiltonian drawn from
the measure

L mven (102)
Zgp.N

where H is a Hamiltonian matrix acting on an N-dimensional Hilbert space, V(H) = Z;’io v, Tr(H") is a potential, and the
partition sum Zg, y normalizes the measure.?? The Dyson index is 8p = 1, 2, 4 depending on whether we choose H to
be Hermitian, real and symmetric, or quaternionic, corresponding to unitary, orthogonal, or symplectic ensembles. If V is
quadratic, we say that the Random Matrix Theory (RMT) is described by the Gaussian Unitary, Orthogonal or Symplectic
Ensembles (GUE,GOE, GSE). We are going to study time evolution and spread complexity of a generic state in the basis in
which the Hamiltonian is drawn. Since the matrix is being drawn randomly, we can pick this to be the state (1, 0,0, ...)
without loss of generality.

Suppose we diagonalize the Hamiltonian in the exponent of (102) by a unitary transformation. Famously, the change
of variables introduces the Vandermonde determinant A = [,_; [A; — 2j1?? in the measure, leading to a distribution over
eigenvalues of the form

POt. - An) = Zgywe F TV 2 = 410 = Zg we 5 oo Dt [ g — 10, (103)

i<j i<j

where V(A) is the potential evaluated on the diagonal matrix of eigenvalues A,. There is also an important relation
between the potential V and the ensemble averaged density of states:

1., p(E)

4V(a))_p.v./dEw_E, (104)
where V'’ is the derivative of the potential, o(E) is the density of stares, and p.v. indicates the principal value of the
integral. We will use these relations to work out expressions for the Lanczos spectrum.

As explained in [29], we can use (104) to calculate the density of states from the potential of the RMT, and then
we can use (71) from Section 6.1.4 to determine the coarse-grained Lanczos spectrum and the spread complexity. This
construction is averaged over the ensemble, but as shown in [29], at large N this gives the same result as coarse-graining
over nearby Lanczos indices in a single draw from the ensemble, i.e., using the coarse-graining procedure outlined in
Section 6.1.4. But we can do better than this and determine the distribution of Lanczos coefficients. For Gaussian RMTs, this
distribution was worked out in [210]. The Jacobian arising from the basis transformation to get a tridiagonal Hamiltonian
will be the same for any potential. The authors of [29] used this to show that for an RMT with an arbitrary potential like
(102) the distribution of Lanczos coefficients is

N—-1
—m)Bp— _bBpN
p(ﬂo,...,aN,];b(), ...,bN71)O( <l_[ bs,lN mfp 1) e 4 Tr[V(H)]’ (105)
n=1

where within the trace, H is understood as tridiagonalized to the Lanczos form.

At large N the distribution (105) is sharply peaked. So we can use the method of saddle points to extract the ensemble
average (the saddle point) and the covariances (from the quadratic expansion around the saddle point). The ensemble
average precisely reproduces (71), which we already derived through other means, and which applies to any theory for
which we know the density of states. A formula for the covariances of the a, and b, is derived in [29,30]. We will not
repeat the derivation here for lack of space, but the result is

1 2 eZik(S
cov(a;, Gits) = 4cov(b, biys) = m/o dkmy (106)
with
V'(E) = V'(a;) i X 1
Ak, a;, b)) = | dE—————"2n((E — a;)/b;, €¥), X, t)= . 107
(keab) = [ ae T e —ay b)) = — R (107)

Among other things, these results show that the variance in a(x) around the ensemble mean should be four times the
variance in b(x) for any RMT, where we are taking x = n/N and coarse-graining as described in Section 6.1.4. The authors
of [29] showed that these analytical formulae reproduce numerical results for RMTs with various potentials.

Following [28], the spread complexity of the time-evolved thermofield-double state for a GUE Hamiltonian is plotted
in Fig. 9 for various matrix sizes N and inverse temperatures 8. The dynamics exhibit four characteristic regimes: a linear
ramp up to a peak that is exponential in the entropy (and hence linear in N, the Hilbert space dimension), followed by a
slope down to a plateau. The authors of [28] showed that the peak and slope arise from eigenvalue correlations known

29 In this section we return to using N for the Hilbert space dimension rather than the number of degrees of freedom.
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Fig. 9. Quantum state complexity of the time-evolved thermofield-double state over an exponentially large period of time for different values of N
and B, as described in the main text. Dark Hues: GUE ensemble. Going from highest (blue) to lowest (yellow) curves we have g = {0, 1, 2, 5, 10}.
In each case, we have plotted ensembles with N = {1024, 1280, 1536, 1792, 2048, 2560, 3072, 3584, 4096}. Complexity grows linearly to a peak,
followed by a downward slope to a plateau. Light Hues: Ensemble with the same density of states as GUE, but without correlations between
eigenvalues. In this case, the curves plateau without reaching a peak followed by a downward slope.

Source: Figure taken from [28].

as spectral rigidity in chaotic theories. These correlations can be removed by drawing eigenvalues at random from the
Wigner semicircle distribution — this produces a spectrum without eigenvalue repulsion, like the Poisson spectra expected
for integrable theories. The evolution with such a spectrum (Fig. 9 in light hues) shows only the ramp and plateau. Thus,
the peak and slope are characteristic of late time chaos. The same patterns appear in the late time spread complexity of
the chaotic SYK model [28].

Quantum chaotic systems are conjectured to have spectra that are well-described by RMT statistics [63,211]. In view of
the results above, [30] conjectured that: Quantum chaotic systems display a Lanczos spectrum that is well described by RMT.
As we discussed, the coarse-grained Lanczos spectrum can be determined from just the density of states. So the content
of this conjecture lies in the correlations — it is saying that the covariances of the Lanczos coefficients are described by
the RMT formulae stated above.

The conventional statements relating quantum chaos to Random Matrix Theory concern the statistics of nearby energy
levels, and equivalently late time dynamics. Correspondingly, the universal RMT results that we described above concern
the “bulk” of the Lanczos spectrum, i.e., for indices of O(d) where d is the dimension of the Hilbert space. In general
Lanczos coefficients with larger indices control transitions to and between states that are further down in the Krylov
chain that are populated later in the dynamics, although the precise connection between Lanczos index and time remains
a topic of study. As such, the universal behavior we described applies to the late time dynamics. The Lanczos coefficients
with indices that scale sub-extensively in N must be computed separately by the recursion method and reflect non-
universal and system-specific early time behavior even in systems that show late time chaos. On a related note, a precise
setup where RMT emerges in holography is the SYK model, and the Thouless time in this setup was derived using the
Spectral Form Factor (SFF) in [212] (and is associated with the dip of SFF). Since this quantity plays a central role in spread
complexity computations [28], we also expect that the late time regime will correspond to the time after the peak of the
spread complexity, and this was confirmed numerically in [28,30].

To test this conjecture, we can numerically compute the Lanczos spectrum of integrable and chaotic spin chains such
as

K—1 K
Hint1 = Aintt (ZXiXiJH + Z C1Zi> ,
i=1 i=1
K—1 K
Heha1 = Achat (Z XiXip1+ Y GZi+ CXi + Hsite> + Behat » (108)
i=1 i=1
where X;, Y;, Z; are Pauli spin operators on site i; K is the number of spins; Ak, By and C, are numerical parameters;
and Hge = 0.5Z5 + 0.3X3 is a one-site disorder operator that helps breaking parity and symmetry under the action of
Z,.z,». The model defined by Hj,; is integrable, while H.,1 is chaotic as suggested by their level statistics, and have been
explored in the literature [190,213]. Indeed, as shown in [30], the analytical formulae developed above give an excellent
description of the Lanczos coefficients in all cases, but the variances and covariances deviate significantly from the RMT
formula for integrable spin chains, and in particular are much larger.
We can also write down an explicit formula for the height of the late time plateau in the spread complexity. First,
let i = )", n|Ky)(Ka| be the position operator along the Krylov chain associated to an initial state |¢). Then, define the
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complexity of an energy eigenstate |E) relative to |¢) as C;z = (E|A|E). A short calculation in [30] shows that the height
of the late time plateau in the spread complexity will be

Cplateau = ZP(E)CE s (109)
E

where p(E) = |(E|¢)|? is the initial probability of eigenstate |E). If p(E) is continuous, we can replace C; by the local
average in a small window over energies to get a coarse-grained eigenstate complexity Cg. A calculation in [30] shows
that Cg is entirely determined by Lanczos coefficients, which are in turn determined in terms of the density of states
following Eq. (71). In terms of the coarse grained eigenstate complexities, and in the large system limit, we can take a
continuum limit of (109), which yields

Cplateau = /dE P(E)p(E)Ck . (110)

This means that for large systems and initial states with continuous support in the energy basis, the plateau of the
spread complexity will not discriminate between chaotic and integrable theories with the same average density of states.
However, if p(E) is “noisy” rather than smooth, and the noise is negatively correlated with the noise in Cg, the plateau can
be significantly lower than the averaged value in (110). This lowering can be larger for integrable theories because, as we
discussed above, the variance in the Lanczos is higher, leading to a form of Anderson localization of energy eigenstates
along the Krylov chain (see also [190]). So if an eigenstate is “centered” further from the beginning of the chain it tends to
have less overlap with the initial state for an integrable theory. It would be interesting to investigate further how tuning
the initial state leads to differences in the late time behavior for integrable versus chaotic theories because of variances
and covariances in the Lanczos spectrum

These analyses have been extended to a broad class of integrable and chaotic models, including the SYK model and spin
chains. Key aspects such as the presence or absence of the peak and slope [214], the peak height [215], and the system'’s
approach to the plateau [216] have been advocated as indicators of chaos. However, it seems that Krylov complexity [217]
and spread complexity [218] are not sensitive to saddle-dominated scrambling (exponential growth due to unstable saddle
points in phase space), at least for the initial states/operators studied in these papers, a phenomenon that OTOCs also fail
to distinguish from genuine quantum chaos [219].

6.4. Open problems and directions

We conclude this section on the complexity of the spread of states and operators with a discussion of some open
questions and progress towards answering them.

Krylov complexity in QFT. As we discussed, Krylov complexity can be evaluated from the survival amplitude. If we adopt
the Wightman inner product for the reasons discussed in Section 6.2, we can compute the survival amplitude from the
thermal two-point functions

S(t) = (O(t —ip/2)0(0)). (111)

These quantities are known exactly in some QFTs. For example, in 2D CFTs, thermal two-point correlators are universally
determined by Ward identities and are the same for both integrable and chaotic CFTs. In this case, there is an
infinite sequence of b, Lanczos coefficients that grow linearly for large n [220]. At least at first sight, this serves as a
counterexample to the universal operator growth hypothesis. This issue was explored in [221,222], where the authors
argued that to meaningfully characterize operator growth in QFTs, one must first introduce appropriate cut-offs. They
analyzed the effects of both UV and IR cut-offs, and concluded that the chaotic or scrambling properties of QFTs may be
captured by b,’s larger than the UV cut-off A. Meanwhile, the IR cut-off (e.g. modeled by introducing a mass) induced a
separation (staggering) between even and odd Lanczos coefficients that grew linearly with different intercepts [222].

Thus, distinguishing characteristic features of chaotic and integrable operator growth in continuum QFTs remains an
open problem. A promising approach could be to employ von Neumann algebras and algebraic QFTs. Some progress in
this direction has been made in [223,224], but a direct connection with Krylov-basis methods has not been established.
Alternatively, we could compute the covariances of the Lanczos coefficients in QFT, in view of the conjecture in [29,30]
that their structure separates chaos from integrability. In theories with a discrete spectrum, it may also help to project
onto a microcanonical band of energies (see also [225]) thereby rendering the accessible Hilbert space finite dimensional,
thus enabling us to directly adopt the ideas and methods that have been developed for the latter.

Connecting Nielsen and Krylov complexities. The relation between Krylov and Nielsen’s approaches has been debated in
several works. In [226], the authors argued that Krylov complexity can be interpreted geometrically as a distance in
a certain projection of the Fubini-Study geometry that is natural in quantum optics, making it amenable to a circuit
complexity interpretation. However, as we already saw from the symmetry-based examples, Krylov complexity, as a
function of time, is proportional to the volume in the Fubini-Study geometry. As a volume, rather than a length, it does
not respect some properties of geodesics, such as the triangle inequality. Such properties were suggested in [227] as an
obstruction to Krylov complexity serving as a distance measure. However, it is not clear that the Fubini-Study setting is
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the one in which we should seek a relation with Nielsen’s complexity. Indeed, [228] argued that, in certain setups, there is
a relation between the time average of spread complexity of state evolution and an upper bound on Nielsen’s complexity
with specific fine-tuned penalty factors. Recalling that the Nielsen approach has ambiguities in the choice of basis of
generators and cost function, it remains possible that some judicious choice could establish a direct relation between
the Nielsen and Krylov/spread approaches to complexity, at least for some specific choices of states. Perhaps useful
progress could be achieved by formulating Krylov/spread complexity approach to general, time-dependent Hamiltonians
(see progress in [229]). This would be closer in spirit to the starting point in Nielsen’s definitions and could allow us to use
bounds on circuit complexity to constrain Krylov complexity. Indeed, if we treat the evolution parameter as a circuit time,
we can mathematically think about the complexity of formation of states in the language of spread complexity [230]. Thus
it remains an interesting problem to systematically relate the complexity of state/operator spreading to circuit complexity.

Other systems. It would be interesting to extend the spread/Krylov complexity approaches to new systems. First, the
generalization to time-dependent Hamiltonians is important to achieve for the reasons described above, and because
we would like to understand systems that are driven by external sources. Second, if we contemplate external sources,
we should also consider open quantum systems, whose dynamics are controlled by Lindbladian evolution of the density
matrix [231]. There is a substantial literature on the Linbladian formalism which is partly reviewed in [3]. The interaction
of an external bath with an open system certainly affects the structure of entanglement spreading (see, e.g., [232]), and
has generally been a subject of significant recent interest in condensed matter physics through the study of measurement-
driven phase transitions (see, e.g., [233]). The spread complexity of measurement-induced non-unitary dynamics has
been explored in [175]. Meanwhile, [234] have uncovered various bounds and relations pertaining to the state/operator
complexity of purifying a mixed state. Another interesting avenue is to study the spread complexity of Carrollian theories
of relevance for flat space holography. Likewise it would be interesting to study the kind of chiral theories that appear
in the AdS/CFT dual to highly rotating extremal black holes [235-237] and the matrix models that appear as the dual
to the 11-dimensional M-theory [238-240]. In this direction, spread complexity has been studied in the planar limit of
holographic theories in [241].

Applications to the physics of black holes. In Section 7.5 we will discuss how spread complexity of the double scaled SYK
model is directly related to the length of the dual wormholes in two-dimensional Jackiw-Teitelboim gravity. But we
could ask a broader question. Many lines of argument suggest that the microstates of black holes are immensely complex
and may appear to be hidden behind a horizon simply because simple probes cannot discriminate between them — see,
e.g., [242-245]. Similarly, a number of authors have argued that in the AdS/CFT correspondence excitations behind the
horizon are encoded in the CFT by exponentially complex operators [246,247] in a non-isometric manner [248]. The
information stored in Hawking radiation is also supposed to be encoded in an extremely complex manner, with the
complexity expressed in the dual gravitational theory in terms of geometric obstructions preventing asymptotic observers
from accessing the information [249]. At least in toy models of black hole evaporation like [250], such considerations can
be explicitly realized and characterized in information-theoretic and complexity-theoretic terms [251]. But black holes
can form from collapse of simple states like an ordered cloud of particles. So, the immense complexity of black hole
microstates, and of the subsequent encoding of the initial state in the Hawking radiation, must be generated dynamically
by evolution under the Hamiltonian of the theory. An important question is to understand how this happens. Perhaps the
techniques of Krylov/spread complexity, or of Nielsen complexity from the previous section, can help. One recent result
shows that if a holographic CFT time evolution operator is approximately pseudorandom or Haar random on a low energy
subspace of states, there must be an event horizon in the dual theory of gravity [252]. Likewise, it seems that any region
of AdS with sufficiently high holographic encoding complexity will be robustly protect from low-rank measurements,
and hence be inaccessible to low-complexity observers [251]. It would be interesting to understand how the dynamical
evolution of simple states can produce complex states with such properties.

7. Quantum complexity and space-time: a more concerted approach

Connections between geometry and entanglement were first proposed by Ryu and Takayangi [5] and were made
covariant by Hubeny, Rangamani and Takayanagi [253]. These authors showed that the entanglement entropies of
subregions of the theory dual to an AdS spacetime are geometrized by the areas of certain extremal surfaces of the dual
geometry. These developments led to major insights into the holographic duality, for example elucidating constraints
on the entanglement patterns in quantum states that admit gravitational dual descriptions [254]. An analogy between
the geometry of AdS spacetimes dual to conformal field theories and the graphical structure of tensor networks for
constructing quantum states also provided an impetus, offering a schematic understanding of the hierarchical pattern of
short and long range entanglement in holographic states [255]. Such developments motivated an important proposal by
van Raamsdonk that spacetime is actually knitted together by the underlying patterns of quantum entanglement [256].
Subsequent developments have illustrated many constraints on quantum states with holographic duals including new
inequalities [254] and properties such a quantum error correction [257] (see [258] for a review) that have a bearing on
the complexity of constructing such states from a simple reference.

Others proceeded to study the dynamics of thermalization via the AdS/CFT correspondence, especially considering the
evolution of entanglement and the corresponding dual geometric quantities after quantum quenches [158-161,259,260].
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In all these cases, an initial rise of entanglement entropy ends in saturation after a thermalization time. These studies
also led to an examination of the time evolution of entanglement entropy in thermo-field double (TFD) states dual to
eternal black holes, i.e., to ERBs between two asymptotically AdS universes [261,262]. The result, computed in terms of
certain extremal surfaces passing through the ERB, shows that entanglement entropy grows with time in a TFD state
until it saturates at equilibrium [261]. However, the black hole interior keeps growing long after the entanglement
saturates. Therefore, Susskind suggested that the growth of the black hole’s interior should be encoded in the AdS/CFT
correspondence by a dual quantum mechanical quantity that increases for a time exponential in the system’s size. What
quantity could conceivably keep increasing after a system reaches thermal equilibrium? It is known in computer science
that some computations carried out by the action of local operators can require exponentially long time or exponentially
many actions of the operators, quantified as the “complexity” of the resulting state. If we think of time evolution as a
computation performed by the action of a local Hamiltonian, one might guess that the complexity of the evolving quantum
state, quantified in some way, may be related to the size of the black hole’s interior [263].

As we discussed in Sections 4, 5, and 6, circuit complexity, Nielsen’s complexity, and Krylov/spread complexity all show
a long period of linear growth for chaotic systems and also display the switchback effect (see discussion in Section 6.3.2).
Therefore, any dual geometric object must also show these dynamics. Consistently with this, the initial conjecture was
that the volume of the ERB wormhole is dual to some notion of time-evolving complexity of the dual Thermo-field Double
state [263]. However, as we discuss in Sections 7.1 and 7.2, a number of different geometric quantities all reproduce linear
growth and the switchback effect [31-36]. We also discuss a proposal in the case of two-dimensional gravity for a non-
perturbative definition of the size of the ERB wormhole [37] that saturates at times exponential in the black hole entropy,
reproducing the expected late time saturation of complexity (Sections 4, 5 and 6). Strictly speaking, the various candidate
holographic duals of complexity described in Section 7.1 all have divergences that require regulation. We understand these
divergences as arising in the dual CFT from the continuum nature of the theory, just like the divergences of entanglement
entropy. We explain these considerations in Section 7.3. Proposed extensions of the ideas to subregions, geometries with
defects, and black holes in de Sitter space are summarized Section 7.4.

All the geometric quantities proposed as duals to some notion of complexity in Section 7.1 are diffeomorphism-
invariant, and hence we expect them to map onto precise gauge-invariant quantities in the dual theory. Is there a precise
map to some particular notion of complexity? In other words, can we go beyond a qualitative agreement with the linear
growth and switchback effect seen in any reasonable definition of complexity, to write an equation between gravitational
and CFT quantities? Very recently, precise relations have been found between the size of an Einstein-Rosen Bridge in
two-dimensional Jackiw-Teitelboim gravity and the spread complexity of a dual double-scaled SYK model, matching both
the linear early time classical growth and the expected late time quantum saturation [38,40,41,264,265]. There are also
equalities relating the rate of change of Krylov/spread complexity and the momentum of particles in AdS spacetime. These
results are reviewed in Section 7.5. Section 7.6 discusses some ideas for relating Nielsen’s complexity to dual geometries.
Despite these findings, it is difficult to match geometrical observables in the gravitational setting with quantum complexity
in field theory. This difficulty led to questions about the foundations of quantum computation in the context of the AdS/CFT
correspondence. The existence of pseudorandom states, discussed in Section 7.7, can be used to argue that some entries
in the holographic dictionary will be hard to compute, or alternatively, that quantum gravity efficiently solves problems
that will require exponentially long times for a quantum computer. This unexpected line of research was revealed through
the study of quantum complexity.

7.1. Holographic complexity proposals

We begin by defining the holographic complexity proposals (see Fig. 10).

The complexity equals volume (CV) proposal [10,31] declares that holographic complexity is proportional to the maximal
volume V of a codimension-one spacelike surface B anchored at the (d — 1)-dimensional boundary slice Xt where a CFT
state is defined (see Fig. 10(a)), i.e., >°

V(B) ]

(112)

9B=crr | GnLpulk

where £y is a length scale introduced to maintain dimensional consistency. In the case of AdS spacetime, £y, is often
identified with the AdS radius L. The maximal surface anchored on both boundaries of an eternal black hole penetrates the
black hole interior, but avoids the singularity and regions with high curvature. This makes the maximal volume reliable
in the semiclassical approximation, without the need to make further assumptions.

Other holographic proposals involve gravitational observables evaluated on the Wheeler-De Witt (WDW) patch, i.e., the
bulk domain of dependence of a spacelike surface anchored at the boundary slice Xy (see Fig. 10(b)). The first conjecture,
complexity equals action (CA), associates complexity with the on-shell gravitational action Iypw [32,33]

Cy(Xcrr) =  max [

I
Ca(Zerr) = V:’g“ . (113)

30 In the context of CV conjecture, Ref. [266] proposed to measure this geometric observable in terms of the maximal time from the horizon to
the final slice (approached in the late stages of evolution). This notion also shares many similarities with the standard CV proposal, and at the same
time removes certain ambiguities between small and large black holes in AdS spacetime.
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Fig. 10. Geometric objects defining holographic complexity proposals drawn inside the Penrose diagrams of the Schwarzschild-AdS black hole.
Pictures adapted from [33,36]. (a) Maximal-volume codimension-one surface used in the CV proposal [Eq. (112)]. (b) WDW patch used to compute
CA and CV2.0 in Egs. (113) and (114). (c) Bulk region M with codimension-one boundaries ¥, defined by extremizing Eq. (115) in the CAny
proposals.

The gravitational action receives contributions from the null boundaries of the WDW patch, as required to make
the variational principle in general relativity well-defined (see [267] or appendix A of [268]). The second proposal,
complexity=volume 2.0 (CV2.0), identifies complexity as the spacetime volume of the WDW patch [34]

Ca.ov(Zcrr) = L?N : (114)

Gl

Each of these proposals presents ambiguities. CV and CV2.0 require a length scale £y in the holographic dictionary.
The CA proposal contains contributions from the null boundaries of the WDW patch, whose normal vectors depend
on an arbitrary normalization constant. The last dependence can be removed by including certain counterterms in
the gravitational action, but those in turn come equipped with their own (arbitrary) length scale, which we denote
L¢t [267]. When studying black holes, the CA and CV2.0 proposals probe regions near the black hole singularity. A delicate
cancellation between a diverging metric factor and the vanishing volume of the sphere in the angular directions near
the singularity leads to a result which does not diverge. Nevertheless, the validity of the formula in the semiclassical
approximation is uncertain since the region near the singularity is not well understood in this limit.

The above ambiguities were taken as features of the holographic complexity proposal, rather than bugs, since
computational complexity is also subject to several ambiguities: for instance, the choice of allowed gates in a circuit,
the tolerance to reach a target state, the cost of gates etc., see Section 4. This perspective was taken a step further with
a recent proposal that went under the name complexity equals anything (CAny), i.e.,complexity may be dual to any one
out of an infinite class of geometric observables. CAny requires a codimension-zero bulk region M with future (past)
boundary ¥, (X_) anchored at the CFT slice d ¥ = Xcrr. One defines the following functional (see Fig. 10(c)) [35,36,53]

1
Wy (M) = 7 — / 0% V= Golgy) + / X s (g, X1 + / xR F (g X" (115)
ulk J PN _

where G,, F, + are scalar functions, g, is the bulk metric and X4 are embedding coordinates for the inclusion of the
codimension-one boundary surfaces X inside the background geometry. The functional (115) selects a specific bulk
region by imposing the extremization condition

Sxs [Wey.p, o (M)] =0, (116)

where the shape of the boundaries X is varied. When more than one solution exists, the one with maximal We, ke
is chosen. Once the unique codimension-zero region (M, X.) solving Eq. (116) is identified, holographic complexity is
computed by the observable

Cany[G1, F1, 2, MI(Zcrr) =

/ X E Gilg)
/_ ddx‘/HFl,f(g/w,le),
>

2
Gn Ebulk

/_ ddx«/EF1,+(g;4v,Xﬁ) +
pS

M
1 (117)

GnLpulk

GnLpulk

where Gy, F; 4 are scalar functions. In summary, the CAny conjecture consists of two steps: an extremization governed
by the function (115) to select the relevant bulk region in the geometry, followed by the computation of the gravitational
observable in Eq. (117). CAny defines a large class of physical observables, compatible with qualitative features of
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complexity such as a linear growth and the switchback effect, that can be built out of the building blocks available in
the gravitational system.

One can recover CV, CA and CV2.0 from CAny. To recover CV and CV2.0, let us take the functionals (115) and (117) to
be the same (i.e.,G; = Gy and F; + = F, 1), together with constant scalar functions:

1
Caen [aB / dd+‘><«/—g+oe+/ d”’x~/H+oz_/ ddxﬁ]. (118)
M

GnLoulk [ Coulk PN _

CV and CV2.0 are recovered by making different terms in Eq. (118) dominant. The CV prescription is recovered by keeping
a_, ag constant while performing the limit Cy = limg, (a;lcgen). In other words, only the future codimension-one
surface X, survives, the extremization problem imposes that the slice has maximal volume, and the physical observable
is the volume itself. To recover CV2.0, one fixes the bulk coefficient ag and computes C, gy = lim,, ¢ (ozB_ 1Cgen) . In this
limit, the boundary surfaces X are pushed towards the null surfaces originating from the CFT slice Xcr, thus composing
the WDW patch. One can also recover CA from CAny, but now the functionals (115) and (117) should differ from each
other. Specifically, one needs to extremize Cge, in Eq. (118) in the limit @+ — 0 to identify the WDW patch, but use the
gravitational action (113) as the observable which computes the complexity.

7.2. Time-dependent properties of the holographic proposals

In this subsection, we show that all the holographic complexity proposals defined in Section 7.1 universally exhibit
the behaviors required for a correspondence with complexity, i.e., linear growth at late times and the switchback effect
in a black-hole background.

We display these features for the CAny proposal, since it encodes all the other proposals. Consider the planar
Schwarzschild-AdS black hole solution

2 _ ,  dr? 2 =2 _r _rﬁl
ds® = —f(r)dt +m+r dx-, f(r)_L—2<1 r—d>, (119)

where rp, is the horizon radius. This two-sided geometry is dual to the thermofield-double state |TFD) of two decoupled
boundary CFTs (see Eq. (5)). The isometries of the background (119) allow us to express the complexity observable Cany
in Eq. (117) as follows,

v,
X Z/ do £,(r, dr/do, dv/do) (120)
NL& +,— 7%

CAny(t) = G

where o is an intrinsic radial parameter, V, = fdd‘1x is the transverse volume, and v = t + r*(r) is an infalling null
coordinate defined in terms of dr* = dr /f(r).

Since v is cyclic for £, in Eq. (120),>! the conjugate momenta P; = 90L,/0v are conserved along the profiles of X.
The late time regime t — oo is achieved when each of the codimension-one surfaces ¥, hug a final slice at constant
radial coordinate, such that the momenta approach constant values, up to exponentially-suppressed terms. This leads to
the linear growth [35,36]

V,
: + _ pt —t . ~ X + _
lim P =P —0(e™), = [ILHSOCAHYNG—M(POOA-POO)L (121)
One can further show that PoiO o TS, where T is the Hawking temperature and S the entropy.

Let us consider the switchback effect, see e.g., [31,60,269]. We modify the thermofield-double state as follows [270,271]

| (tr, tr)) = e ML =HRIR W (£,) ... Wy (61)|TED(t = 0)), (122)

where W, are low-energy perturbations acting on the left boundary. These perturbations carry energies of the order of
the black hole’s temperature (thermal-scale perturbations), which is assumed to be much smaller than the black hole’s
mass. Let us assume that |t — ;| > t,, where t, is the scrambling time, and the label k = 0,1,...,n + 1 in the
inequalities includes the boundary times via the definitions t, = —tg and t,.; = t;. We also assume that, in the sequence
of times ty, ..., t;11 there are ng, switchbacks (also called time folds): in other words, the arguments of the absolute values
|tk+1 — tx] change sign ng, < n times. To keep the bulk solutions as simple as possible, we assume that the perturbations
are approximately spherically symmetric. The bulk geometry dual to the perturbed state (122) can be modeled by a black
hole with n > 1 shock waves produced by null matter. In this setting, any CAny observable in the late time limit reads [36]

. Vi
lim Cany X =—
tr,tg—> 00 GnL

(PEL+Pg) (tr+til + 16 — 1] + -+ + |ty — tal — 2ngty) (123)

31 This means that L. depends on v := dv/do, but not on v.
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Fig. 11. Volume complexity Acy in three bulk (two boundary) dimensions, compared to the value Acyns of the complexity in the Neveu-
Schwarz vacuum, as a function of the boundary insertion time —t, of the shock wave. S; is the thermal entropy of the black hole solution
before the shock wave insertion; T, the Hawking temperature after the insertion of the shock. Picture taken from Fig. 19 of Ref. [60].
From bottom (green) to top (orange), the colors correspond to increasing value of the energy of the shockwave as follows: Egock/(2M1) =
1.5 (orange), 0.625 (pink), 0.105 (blue), 10~* (red), 10~% (green).

The contribution —2ngyt, reflects the spreading of the perturbations into the system during a time scale measured by the
scrambling time t, = ﬁ log (M/E) ~ ﬁ log S, where E << M is the energy of the shock, and S the black hole’s entropy.
This characterizes the switchback effect for the CAny observables. At late boundary times (¢, tg), holographic complexity
will grow linearly with the sum of the boundary times t; + tg, but with a delay induced by the scrambling time of the
perturbation. This phenomenon was already observed in earlier studies of the CV, CV2.0 and CA proposals [31,33,34]. This
is not a surprise. As we said, those proposals can be obtained from CAny by appropriate limiting procedures.

Behavior at early and intermediate times. Let us discuss other refined properties of the holographic conjectures, associated
with early and intermediate times compared to the scrambling time and the inverse temperature scale. It was originally
speculated that the black hole mass M should provide an upper bound on the complexity rate dC/dt < 2M/m, based
on Lloyd’s bound on the computational speed [272]. This statement was supported by the full time evolution of CV in
an eternal AdS black hole background, since the volume grows at a monotonically increasing rate that approaches a
constant from below at late times (e.g.,see Fig. 7 in [273]). This constant exactly saturates Lloyd’s bound for large black
holes. However, the rate of CA reaches a maximum at a finite time before approaching from above a constant final value
saturating Lloyd’s bound (e.g.,see Fig. 22 in [273]). Therefore, the intermediate regime in the evolution of CA violates
the bound. Other counterexamples have also been found [274-283]. It was argued in [284] that a black hole should be
modeled by the composition of simple gates (i.e., close to the identity), and is thus incompatible with the hypotheses used
to derive the Lloyd’s bound. Overall, the adaptation of Lloyd’s bound to holographic complexity is an open problem.

Next, one can study the reaction of the holographic observables to shock waves corresponding to the insertion of null
matter at arbitrary boundary times [60,269]. Earlier, we assumed that the insertion times t; of the perturbations (which
included the boundary times t;, tz) were separated by an interval larger than t, (see the discussion below Eq. (122)).
Here we will not make this assumption. For simplicity, let us fix t; = tg = 0. We consider the case of a single time
fold at the (negative) time —t,, when the shock is inserted, and study the dependence of physical quantities on this
time. In these cases, CV and CA show a plateau, where complexity is nearly constant, at early times t,, < t,. But these
quantities approach linear growth at later times t,, > t,. The plateau becomes longer when the perturbation has smaller
energy, showing signatures of scrambling in chaotic systems.>> The scrambling time can be extracted by studying the
plateau size, and turns out to be t, ~ ﬁ log(M/T) (where T is the Hawking temperature), as expected. Applying the
CV conjecture, the results are summarized in Fig. 11. Furthermore, one can study the precise early t,, dependence of
holographic complexity. A careful analysis (summarized in Fig. 27 of [60]) shows that the complexity grows exponentially
C(ty) ~ exp(2r(t, —t,)/B), with a characteristic exponent which is exactly equal to the Lyapunov exponent of maximally
chaotic systems (see Agroc in the key notion 6) [14]. Remarkably, all these behaviors of the quantities proposed as duals
to holographic complexity agree with Eq. (11), obtained from the simple circuit models presented in Section 4.1. The
matching is evident by comparing Figs. 11 and 5. Finally, [60] extends previous studies to cases where the shocks have
energies above the thermal scale.

32 Alternatively, one can study the full dependence of CV and CA on the boundary times, e.g., see Fig. 11 and Fig. 17 in Ref. [60]. In this case,
holographic complexity admits a plateau region around t; = tg = 0, which becomes longer when the shock is inserted at earlier times. This is
another manifestation of the switchback effect.
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Beyond semiclassical gravity: late-time behavior. As we have shown earlier in this subsection, all the holographic com-
plexity proposals by construction display a linear growth until late times. This result was derived in a semiclassical
regime: we considered the black-hole geometry (119) as a solution of general relativity in asymptotically AdS spacetime,
without introducing quantum gravity corrections. As a result, holographic complexity could only be explored until times
exponential in the black hole’s entropy. Quantum complexity, on the other hand, is expected to saturate and reach a
plateau after the linear growth, until double-exponential times in the black hole’s entropy (see the discussion around
Fig. 3). This expectation from quantum circuits naturally leads to the following questions: can one compute quantum
corrections to any of the geometric observables discussed so far? Does the inclusion of quantum corrections cause the
holographic complexity proposals to saturate at late times?

In the case of the CV conjecture, the answer to both questions is affirmative for two-dimensional models of dilaton
gravity, including JT gravity. Ref. [37] proposed a nonperturbative definition of the ERB’s length that includes quantum
corrections from surfaces with higher topologies. We denote by y any non self-intersecting geodesic with length ¢,
A > 0 aregulator, and (...) the sum over geodesics defined over surfaces of any topology within the gravitational path
integral. The nonperturbative length ¢ of the ERB reads

llm<Z€ e MV> (124)

One may worry that this quantity is divergent, but it turns out that its time dependent part (¢) — (£);—o, which is all we
need, is finite and independent of the regulator. Denoting by Sy the leading-order entropy of a black hole in JT gravity,
the ERB’s length grows linearly until it saturates at a time and value both of order e (see Fig. 1 and Fig. 5 of [37]). This
behavior matches the time evolution of quantum complexity depicted in Fig. 3, but with a difference. The variance of the
ERB’s length is negligible at times t ~ ©(e*), but it monotonically grows until becoming of the same order as (£) at times
t ~ O(e*0).

Recently, the authors of [285] made further progress in defining a nonperturbative version of holographic complexity.
Rather than focusing on the length expectation value (124), they studied the spectral decomposition of (e~2¢), and
identified the latter quantity as a generating function to calculate quantum complexity. The generating function shows
a slope-ramp-plateau structure similar to the case of the SFF, see Figs. 6-7 of [285]. In the limit A — 0, the ramp
disappears from the time evolution (Fig. 12 of [285]), leading to the characteristic linear growth and late time saturation
of complexity. Additional definitions leading to a late time saturation are based on spread complexity [41], and will be
discussed in Section 7.5.1.

A general mechanism for saturation of Einstein-Rosen Bridges (ERBs) in any dimension was proposed in [42,43], the
authors of which constructed a basis of microstates for eternal black holes in any dimension, and for any theory described
at low energies by general relativity. These states, consisting of ERBs of different lengths supported internally by shells of
matter, are perturbatively orthogonal. Hence, they naively describe an infinite space of ERBs of arbitrary lengths. However,
topology-changing wormbholes in the gravitational path integral lead to small quantum overlaps which make these states
linearly dependent, so that they span a Hilbert space of dimension precisely equal to the exponential of the Bekenstein-
Hawking entropy. This means that we can pick a complete basis of wormholes of bounded length; so, long wormholes
of the kind that appear at late times in the classical geometry can be regarded as superpositions of short bridges. This
suggests a quantum mechanical saturation of wormhole length in any dimension, similarly to the saturation mechanism
for the thermal two-point function in 2d JT gravity via tunneling to baby universes with shorter ERBs [286]. If long ERBs
should be regarded as superpositions of small bridges in this way, we should also ask if there is any definite notion of
wormbhole volume that can be identified directly with complexity. We will answer this question in Section 7.5.1.

7.3. Time-independent properties of the holographic proposals

To understand the time-independent predictions of the complexity conjectures, we need to deal with the UV
divergences that these observables display as a consequence of approaching the AdS boundary. On the field theory side,
complexity is expected to diverge due to the short distance correlations. The structure of these divergences is a robust
feature, which cares very little about whether the theory is weakly or strongly coupled. It is therefore ideally suited
for comparing the holographic conjectures to simple set-ups in free field theory, which we reviewed in Section 5.6.1.
In holography, these divergences are regularized by introducing a short distance cutoff near the boundary of the
asymptotically AdS spacetime, while in QFT they can be regularized, for instance, by placing the theory on a lattice with
spacing §.

A similar divergent behavior appears when studying the entanglement entropy. In that case, the leading divergence
behaves as an area law>> A/8972 with A the area of the entangling surface, § a short distance cutoff and d the spacetime
dimension of the boundary field theory. This is true both in holographic settings and in free field theories [287,288].
Furthermore, in the case of a smooth entangling surface, the divergences jump in powers of two, capturing different

33 Note that area law here refers to the term dominant in a short distance UV cutoff expansion (small §), not the term dominant in a large
entangling region volume limit, as is sometimes the case in the condensed matter literature. The two expansions can differ when an additional scale
is present, e.g., a temperature.
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Fig. 12. Illustration of the CV (left) and CA (right) proposals in empty AdS spacetime for a state living on a constant-time boundary slice. The
geometric quantities are evaluated inside the brown region with ends fixed by the short distance cutoff, illustrated in the figure as the pink region.
Source: Figure adapted from [290].

geometric features of the entangling surface. Universal contributions, depending on the anomalies of the theory, appear
as coefficients of either the logarithmic or the constant parts of the expansion in the short-distance cutoff.

The above results motivated the study of UV divergences for the complexity of a vacuum state. In [289], the authors
explored the CV and CA proposals in empty AdS spacetime, see Fig. 12. They found that these quantities always diverge
proportionally to the volume V of the system as

C o kqCrv/stt4... (125)

with Cr the central charge, k; a coefficient which depends on the dimension and on certain definitional ambiguities, and
the dots stand for less divergent terms. Subleading divergences in the complexity appear in jumps of two powers of the
cutoff and accompany various geometric features of the boundary slice of interest. These predictions are consistent with
the results for free QFTs reported in Section 5.6.1.

Next, one can consider complexity for more general states, such as the thermofield-double state dual to the two-sided
eternal black hole (119). In this case, one defines the complexity of formation as the excess complexity required to construct
this state compared to the complexity of two copies of the vacuum, i.e., Crorm := C(|TFD(t = 0))) — 2C(|vac)). This quantity
was evaluated in [290] using the CV and CA proposals and it was found that in the high temperature regime and in
dimensions d > 2, it grows linearly with the entropy of the system, i.e.,6C = k4S. Conversely, when d = 2 the complexity
was found to be a fixed constant, independent of the temperature.

7.4. Generalizations of the holographic proposals

We focus on three generalizations: (1) the extension to the case of subregions, (2) settings with defects or boundaries,
and (3) applications to de Sitter spacetime. It is harder to define and test ideas about holographic complexity in these
settings than in the standard ones discussed in the previous subsections. Nevertheless, they add information about which
notion of quantum complexity should be expected on the field theory side of the holographic duality.3*

Subregions. Consider a mixed state associated with a subregion A of the boundary. The CV proposal can be extended
to this case by computing the maximal volume of a codimension-one surface delimited by the subregion .4 and its HRT
surface [295]. According to the bulk reconstruction paradigm (see [296] for a review), the information carried by the
reduced density matrix p4 of a mixed state is holographically encoded by the entanglement wedge (EW), which is the
bulk domain of dependence of a region that is enclosed within .4 and its HRT surface [297]. Therefore, in the case of CA
(CV2.0) conjecture, subregion complexity was defined as the gravitational action (spacetime volume) in the bulk region
given by the intersection of the WDW patch with the Entanglement Wedge [268].

The general structure of the CV and CA proposals has been classified for a ball-shaped subregion B in arbitrary
dimensions, giving a leading UV divergence similar to the full system [268]. That is, Csup o< ksCrV(B)/89~1, where kg,
the same constant as in Eq. (125), carries information on various ambiguities and the dimensionality of the system, Cr
is the central charge, and V(B) is the volume of the ball. In general, the subregion complexity proposals have been

34 Field theory studies of complexity related to these three extensions appear in, e.g., [121,291] for subregions, and [292] for defects. See also [293]
for a relevant tensor network construction and [294] for quantum duals to de Sitter spacetime. These constructions usually involve simplified models
such as counting arguments for random circuits or even Gaussian free field theories and so can only be compared to the holographic results in a
qualitative way.
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shown to be superadditive in a pure state®®; CA is an exception, since one can tune the counter term scale Ly for
the null-boundaries (defined below Eq. (114)) to either get a subadditive or superadditive behavior [121,291,298-300].
However, restricting the counter term scale Ly such that the leading divergence in CA is positive, results in CA
being superadditive too. Subsequent studies of holographic complexity associated with subregions were carried out,
e.g.,in[121,268,291,295,298,300-312]. Relatedly, proposals for a microscopic dual interpretation were investigated, e.g.,in
Refs. [116,121,122,140,142,291].

The proposed formulae for subregion complexity have an interesting behavior in the BTZ black hole geometry. Given
a boundary subregion composed by g segments of total length ¢, the CV proposal reads [302]

CV=2C[EM+JT(q—2)()] , (127)
3134

where c is the central charge, x the Euler characteristic of the maximal surface, and § a UV cutoff regulator. Interestingly,
this formula is topological, i.e., it does not depend on the temperature. This feature is not shared by subregion CV in higher
dimensions [295,301].

The subregion CA and CV2.0 conjectures for a single segment of length ¢ in the BTZ background were studied in [310]

C Lct I4 ZLCt SEE C
Ch=——=1log| —)-—1lo — 4+ —, 128a
A7 b2 g(L)a g<L>n2+24 (1282)
2c ¢ 7 c 1
C = —— —45k¢ — — Sgp = =1 ——sinh (wT¥¢ 128b
20v = 3% BT g c, BE= 3 Og[nTS sinh (7 )] , ( )

where L is a length scale introduced by a counterterm on null surfaces in the gravitational action, see the discussion
below Eq. (114), and Sg is the entanglement entropy of the segment. These results present an appealing feature in
that the complexity contains a piece proportional to the entanglement entropy plus an additional constant which could
naively depend on the topology as in the CV conjecture results (127). However, an analysis of CA and CV2.0 conjectures
in the case of multiple segments in the BTZ background reveals an intricate dependence on the subregion sizes and
temperature (see Egs. (4.23)-(4.24) of [310]), which does not follow the same pattern for the dependence of complexity
on the entanglement entropies as the one in Eqs. (128a)-(128b) [138,310]. Moreover, we do not expect a simple linear
relation between complexity and entanglement entropy in dynamical situations, since, as we argued at the beginning of
Section 7 the two quantities evolve very differently with time.

Defects and boundaries. Defects and boundaries are extended objects that break the translational invariance of a system.
They provide important probes in QFT, and are ubiquitous in condensed matter systems. Moreover, they can be engineered
holographically, thus providing a playground to test the complexity conjectures. We analyze the UV divergences of CV
and CA in three settings.

The first is the two-sided Randall-Sundrum (RS) model, a gravity solution where two patches of AdS spacetime are
glued together along a thin codimension-one brane [292]. The second is the AdS/BCFT model, where an end-of-the-world
brane, corresponding to a boundary in the dual CFT, delimits vacuum AdS [313,314]. The last is Janus AdS, a dilatonic
deformation of AdS spacetime dual to an interface CFT and arising from the dimensional reduction of a solution in type
[IB supergravity [315,316].

We summarize the main features of the CV and CA conjectures in these geometries in the case of a subregion of
length ¢ in 2+1 dimensions, see Table 1. The results refer to the complexity of formation AC, defined as the complexity
in the geometry with a defect (or boundary), minus the complexity evaluated in empty AdS spacetime. This quantity
identifies the additional contributions due to the presence of the boundary or defect. Scanning the table, we note that the
UV divergence is always logarithmic in the length regulator §, independently of the kind of defect (or boundary) under
consideration. Therefore, the CV conjecture is, to some degree, more universal than the CA proposal; the latter exhibits a
different degree of UV divergences depending on the specific defect or boundary under consideration. We further observe
that Janus geometry is the only case where the degree of divergence is universal across the different holographic proposals.
Janus defects describe an interface CFT with a smooth holographic dual which can be obtained as a reduction of type IIB
supergravity. This fact may suggest that they provide a better setup for investigating holographic complexity (or any other
holographic quantity).

Holographic complexity was studied in Janus AdS geometry under different regularization schemes [317]. In di-
mensions d = 2,4, the authors found a scheme-independent logarithmic divergence, while in odd-dimensions a
scheme-independent finite term was observed instead. This result parallels the behavior of the entanglement entropy
of smooth subregions, see e.g., [288].

35 Consider any holographic complexity conjecture ¢(X') defined on a spacetime region anchored to a boundary Cauchy slice X. Let us split the
Cauchy slice X into a subregion A and its complement .A. Denote with c(A) and C(.A) the corresponding subregion complexities, we say that
holographic complexity is superadditive if

c(X) > c(A)+c(A), (126)
and subadditive if the inequality is inverted.
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Table 1
Subregion complexity of formation Ac for an interval of length ¢ in the cases of CV and CA, compared to empty
AdS spacetime. The coefficients of the log divergences n, 7 depend on the details of the defect or boundary, see

[292,313-316].
AcCy AcCp
2-sided Randall-Sundrum 2 pgs log (%) + finite 0
AdS;/BCFT, 2 nperr log (&) + finite finite
Janus AdS3 2 njacs log (£) + finite 2¢ fjaas log (%) + finite

Holographic complexity in de Sitter space. De Sitter spacetime is a maximally symmetric solution of Einstein’s equations
with a positive cosmological constant. It describes the early stages of evolution of our universe, and possibly the late stages
if there is a positive cosmological constant (e.g., see the reviews [6,318,319]). Since there is no timelike boundary in de
Sitter spacetime, it is challenging to find a holographic interpretation of this geometry in terms of a microscopic quantum
mechanical system. Nevertheless, the physical relevance of this spacetime stimulated several attempts [207,294,320-365].
Recent developments suggest that the inclusion of an artificial timelike boundary in de Sitter spacetime is needed for the
consistency of thermodynamics [355], microstate counting [345,351,362], and to take into account the role played by an
observer [339,357-359,365-367]. These observations led to a revival of static patch holography, according to which a dual
quantum theory lives on a codimension-one timelike surface (the stretched horizon) located just inside the cosmological
horizon [323,334,337,344,350,352-354,360,361,363,364]. The holographic complexity proposals introduced in Section 7.1
can be applied to de Sitter spacetime by requiring that the geometric objects of interest are anchored at the stretched
horizons on the two sides of the geometry [352]. The study of these generalizations is speculative, but may hint towards
the expected properties of the quantum mechanical dual to de Sitter space.

A main novelty, compared to the AdS case, is that CV, CV2.0 and CA conjectures in dS space include contributions from
spacetime regions close to timelike infinity, and therefore diverge at a finite critical time, e.g., see Eq. (3.17) of [368].36 1t
was argued in [352] that this behavior should be interpreted as a hyperfast growth of complexity corresponding to circuits
where the gates involve a large number of qubits at each step in the time evolution (e.g., see [294]). The hyperfast growth
also occurs in two dimensions [369] and in models of inflation where a bubble of de Sitter spacetime is inside an AdS
geometry [370].373% However, there are two significant exceptions to this trend. First, there is a class of codimension-
one CAny observables that exhibits linear or exponential growth persisting forever, without a divergent rate at finite
time [372]. Furthermore, in any dimension of empty de Sitter space, the volume observable relevant to the CV conjecture
does not strictly speaking “exist” if we anchor the relevant surfaces on the observer’s world line. To address this, we
can instead anchor the surface to a “stretched horizon” at some radius r. But in this case the volume stops “existing”
at a time t4 proportional to Larctanh(rs /L), where L is the de Sitter scale. So, in addition to the dependence on L and
therefore on temperature, the critical time also depends on the radius of the “stretched horizon” that regularizes the
problem. If the stretched horizon is very close to the de Sitter horizon, it can be made arbitrarily large [368]. Similarly,
the CV conjecture is strictly speaking only defined for a short time of the order of the inverse temperature in the case of
two-dimensional centaur geometries, i.e., gravitational models where de Sitter spacetime is glued to an asymptotic AdS
region with a standard timelike boundary [373], because the maximal volume surfaces no longer exist after the critical
time unless they are regularized in some way. It would be interesting to understand whether these behaviors of the CV
observables have an interpretable origin in a dual description.

Next, let us consider the switchback effect. In the case of a finite-energy shock wave perturbing a black hole solution
in asymptotically de Sitter spacetime, the standard complexity conjectures (CV, CV2.0 and CA) admit a plateau around
t = 0 when complexity is approximately constant [374,375], similar to the AdS case.>? Notably, the duration of this
regime increases when the shock crosses the stretched horizon at earlier times (see figs. 23, 25 in [374]), and corresponds
to special geometrical configurations that arise because the Penrose diagram of de Sitter spacetime grows taller when a
null pulse carrying positive energy is inserted in the bulk [376]. The critical time at which complexity starts growing
significantly in CV, CV2.0 and CA conjectures is always delayed by the presence of a shock wave moving along the
cosmological horizon [377] (see also [378]). More precisely, the duration of the above-mentioned plateau region is
tw = 4(t, — t.) where —t,, is the time at which the shockwave is inserted and t, ~ % log Sc is the analogue of
the scrambling time (with T¢, Sc the temperature and entropy of the cosmic horizon for the Schwarzschild-de Sitter
geometry to which the shock is inserted) [374,375]. This result is similar to the one found in the AdS case. Ref. [379]

36 One can regularize both holographic complexity and its rate by introducing a cutoff surface at future infinity of dS spacetime. After introducing
the cutoff, holographic complexity grows linearly, e.g., see Eq. (3.30) of [368].

37 Note however, that in two dimensions, the CV proposal yields a diverging rate of change in complexity as the critical time is approached, but
the complexity itself remains finite in this limit.

8 Holographic complexity has also been studied in other cosmological models, for instance the case of Kasner-like singularities [371].

39 The de Sitter shock waves considered in [374,375] correspond to the (spherically symmetric) ejection of mass into the cosmological horizon.
As a consequence, the cosmological horizon is pushed further away from an observer sitting at some fixed radius. While this setting may seem
somewhat peculiar, such geometries are consistent with the null energy condition and provide a simple setup in which complexity can be studied.
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further showed that the codimension-one CAny observables displaying linear growth at late times present a delay in this
evolution satisfying the same structure obtained in Eq. (123) in the AdS case. All these behaviors support the existence of
a switchback effect for the holographic conjectures applied to de Sitter spacetime. It would be useful to match the above
behaviors with those of appropriate circuit models, similarly to the arguments of Section 4.1. In this regard, it is important
to note that the nature of scrambling in de Sitter spacetime has been a subject of debate, see e.g.,Refs. [373,380-382].

7.5. Quantitative matches relating spread complexity and gravitational observables

In this section, we will review proposals for quantitative matches between notions of complexity in the boundary
theory and geometric observables in the dual bulk. The basic challenge is to frame the definition of complexity in terms
of the holographic dictionary [383,384] in order to get a corresponding quantity in the bulk gravity. A notable recent
success is the matching between the length of wormbholes in Jackiw-Teitelboim gravity and spread complexity in a dual
Double Scaled SYK model.

7.5.1. Spread complexity in double-scaled SYK model equals wormhole length

The SYK model was defined above in Section 6.3.3 and we repeat the formulae here for convenience in a slightly
different notation that will be useful for our purposes. The model contains N Majorana fermions ¢, i = 1,...,N,*
interacting via the Hamiltonian (96). The couplings J are real, independently distributed, Gaussian random variables with
first and second moments

-1
Gigoip) =0, U2 ) =(1— e**)(’?,’) 7%, (129)

where A = % The scaling of the couplings is tuned so that the density of states is bounded between —2.7 and 27 in
the large-N limit with p fixed (see [196] for a review). Here we focus on the so-called Double Scaled SYK (DSSYK) model
in which N, p — oo with A = 2p?/N fixed (see the review [385]). Below, we will also refer to a triple scaling limit that
is defined by A <« 1 and energies E/J < 1. In this limit the theory is governed by the Schwarzian action [39,195].

To compute the spread complexity of the DSSYK model we need the Lanczos coefficients. As we discussed, these can
be computed either by tridiagonalizing the Hamiltonian by the moment method, or through an integral formula applied
to the density of states. To apply the moment method we have to calculate the expectation values of powers of the

Hamiltonian in the initial state which we take to be the thermo-field double state. So we have to calculate

Maje = (Te(H™)) = &% > ™y, + - Ju  Tr(, - Yy, (130)

Iyl

where we introduced the notation ¥, = v, ¥, - - - ;,. We have only written the even moments because the odd moments
vanish. To finish the computation we have to Wick contract the multi-indexed fermion terms in pairs. As discussed
in [38,386], the Feynman diagrams describing these contractions are called chord diagrams and can be visualized by placing
2k points on the circumference of a circle, and then contracting the dots in pairs. Carrying out these contractions, we arrive
at the moments

My = (1 — Q)kak Z qnumber of intersections _ <O|T2k|0> , (131)
diag. with k chords

where g = e~*. The second equality expresses the moments in terms of a tridiagonal transfer matrix T acting on |0),
an auxiliary state with zero chords, that represents the thermofield double state at infinite temperature [38]. Essentially,
by construction T is the tridiagonalized Hamiltonian; the apparently auxiliary chord basis is precisely the Krylov basis of
Section 6. Now, following the moment method, we can immediately read off the Lanczos coefficients. They are

by =JV1—q". (132)

We can then solve the Schrodinger equation, and compute spread complexity. In the double scaling limit N — oo,
and hence the Hilbert space is infinite-dimensional. Correspondingly, using the Lanczos coefficients in (132), we find
a spread complexity that grows linearly forever (see Section 6). Meanwhile, we can apply an additional low-energy
scaling limit [38]. This so-called triple scaling limit is effectively a continuum limit for the chord basis in which T, the
tridiagonalized Hamiltonian, reduces to a boundary description of a bulk Jackiw-Teitelboim (JT) gravity. In this limit,
the authors of [39,40] showed that the quantity calculating the length of the wormhole in the TFD state of JT gravity
is precisely the spread complexity discussed above. This construction establishes a precise correspondence between
wormhole length in gravity and spread complexity in this limit of JT gravity and the dual DSSYK model.

However, this construction leads to a puzzle. At any finite N, the Hilbert space should be finite-dimensional, and hence
the spread complexity should saturate at late times, together with the quantum analogue of wormhole length. How can

40 we normalize them as {vi. vy} = vy + v = 265
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we see this? Fortunately, the results of [386] demonstrate that the moments of the SYK Hamiltonian described above
arise from the distribution

5 S g2 q“E?
o L ' 133
p(Elq) ﬂmg[l_q2k+] < j2(1+qk)2>:| ( )

In other words, this is the density of states at a given q. Following the discussion in Section 6.1.4, we can directly compute
the Lanczos spectrum from this density of states at large but finite N via an integral formula. This procedure was carried
out in [41,265], where the authors demonstrated that the Lanczos coefficients for the SYK model match the computations
of [38] (described above) for an initial range of Krylov indices, but then decline systematically to zero. The decline occurs
over the whole range of Krylov indices up to the dimension of the Hilbert space. This descent to zero for the Lanczos
coefficients causes the spread complexity to saturate at late times. If we maintain the identification between wormhole
length and spread complexity that applies at early times, we would say that the wormhole length is saturating at late
times. From the bulk JT gravity point of view, this decline thus corresponds to a non-perturbative quantum effect in
gravity that corrects the steady increase in the Lanczos coefficients and wormhole size expected from the early-time
classical description of the system. Of course, at late times we could imagine alternative non-perturbative definitions of
the wormhole length in JT gravity that also agree with the early-time identification with spread complexity. Interesting
recent developments along this line are also presented in [37,285,387] which were discussed in Section 7.2.

In a related vein, Ref. [388] utilized new developments identifying the gravity dual of DSSYK [389] to show that the
relation between spread complexity and the bulk volume extends past the limits used in the studies of [40]. In particular,
this relation extends to the full DSSYK regime at arbitrary temperatures. The key finding of [388] was that the match with
the volume on the gravity side required computing the spread complexity for the preparation of a finite-temperature state
using the Euclidean path integral. This is opposed to including the Euclidean state preparation in the reference state, and
then assigning non-vanishing complexity only to the purely Lorentzian evolution. Furthermore, since the calculations
in [388] also applied to the quantum regime, the authors were able to extract the form of the leading correction to the CV
proposal originating from the contributions of quantum fields in a two-dimensional bulk geometry. This correction was
crucially needed for the quantitative match with the boundary spread complexity. Interestingly, the correction exhibits
a behavior compatible with the expectations for the spread complexity of bulk quantum fields, but a precise relation
remains unknown.

These findings suggest that Krylov-basis definitions of complexity are natural from a bulk perspective, and could
provide a non-perturbative definition of bulk volumes. A crucial next step would be to extend these studies to higher
dimensions, beginning with AdS;. While the powerful exact results available in DSSYK may not extend directly, recent
progress with Virasoro TQFTs [390] could offer insights into the bulk Hilbert space and its relation to the Krylov basis.
Another approach could be to exploit the observation in [391] that at late times the volume of an extremal slice through
the ERB of any spherically-symmetric black hole reduces to a geodesic length in an effective two-dimensional JT gravity
theory. This suggests that we may be able to directly export the results relating spread complexity and wormholes in JT
gravity to higher dimensions.

7.5.2. Rate of spread-complexity growth and proper momentum

The above comparisons between the Krylov basis definitions of complexity and holography were made in the context
of low-dimensional toy models. This progress was possible due to the explicit definition of the thermofield-double state
in the double-scaled SYK model using a transfer matrix and its g—deformed algebra. However, extending this approach
to higher-dimensional holographic setups may be challenging. Nevertheless, several universal insights about operator
growth and spread complexity can already be tested in higher dimensions. One of the most concrete examples is the
relation between the growth rate of operator complexity (or size) and the radial momentum of its dual massive particle
in AdS spacetime. Intuitively, we expect that the time derivative of complexity (the rate of complexity) of the Heisenberg
operator O(t) should be proportional to the radial momentum of the particle

0:C(t) ~ Pradial- (134)

Since C is the mean position in the Krylov chain, this relation is telling us that the rate of progress along this chain is
dual to the radial momentum. This sort of relation has been argued for in various ways in [55,264,392-394], including
qualitative models of operator growth using epidemic models [395]. Furthermore, Refs. [396-398] essentially proved this
relation under the assumption of the CV proposal. However, at that time, a precise definition of complexity satisfying
Eq. (134) was missing.

By now, there are setups where this formula can be precisely evaluated on both sides of the holographic correspon-
dence. Firstly, in the SYK model at large g, one can directly compute the expectation value of the size operator [180,399]
that can be defined in terms of two copies of fermions (left and right in the thermofield-double construction, denoted
with subscripts I and r respectively) as

N P N
s=iZw{w+5, (135)
Jj
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and in [399], authors showed that its rate of change in time (i.e., time derivative) is proportional to the radial momentum
of a particle in AdS, (see also [400]).

Recently, this correspondence was also confirmed between the spread complexity in 2D CFTs and the proper radial
momentum of particles in AdS; spacetime. Ref. [401] studied a local operator quench where a CFT state is locally excited
by a primary operator with conformal dimension A, and evolved unitarily with the Hamiltonian. Holographically, this
setting corresponds to a particle with mass m = A propagating from the boundary towards the bulk, with the particle’s
initial position corresponding to the operator’s energy regulator ¢. Interestingly, the rate of spread complexity for this
dynamical state is related to the particle’s momentum via

1
0:Cx(t) = —;Pp(t). (136)

However, the key observation is that the momentum must be computed in the proper radial distance coordinate p (for
example, this relation would not hold in Poincaré coordinates). This relation between Krylov complexity and momentum
has also been analyzed from a slightly different perspective in [402,403], and the connection between the position on the
Krylov chain n and proper radial distance in the bulk was further substantiated in [404].

Finally, the evolution of spread complexity following local quench protocols in 2D CFTs was studied in [ 166]. The initial
state is given by two thermal states on semi-infinite lines joined together at x = 0 and evolved with the CFT Hamiltonian.
The crucial object, as discussed in Section 6, is the return amplitude that reads

Sinh(n(t+2is)) —c/8
sty=|—" 21 (137)

sinh (ﬁ%’“’)
where f is the inverse temperature, ¢ is the UV regulator and c is the central charge of the 2D CFT. Interestingly, the
return amplitude leads to Lanczos coefficients that depend on the central charge

2

,m(z;;f)(wrlcﬁ)’ bn:ﬂﬂ(zy) "("Jr%_l)' (138)

These are examples of the SL(2, R) analytical solutions discussed in Section 6.3.1. We can see that, similarly to the SYK
example, the large-c limit effectively constrains the range of n. Indeed, if we first extract the naive large-c limit, Lanczos
coefficients resemble the Heisenberg-Weyl example with b, ~ /n and quadratic growth of complexity. This is correct
as long as n < ¢/8. If n is comparable or larger than c/8, we have to take the full answer first.

This can be seen from the full answer for the spread complexity which is proportional to the central charge of the CFT
as follows

2
ce(t) =~ sinn? (’;) . (139)

/g
ap, =

EV

It grow quadratically only for early times, but at late times it grows exponentially.

This local quench setup is described holographically using the AdS/BCFT correspondence [405], where the end-of-the-
world (EOW) brane is time-dependent. Interestingly, the tip of the EOW brane, which probes the deepest part of the
AdS bulk, follows a geodesic of a massive particle (with heavy mass m = c¢/16). The radial momentum of this particle,
computed in the proper distance coordinate, precisely satisfies

0Ck(t) = —%Pp(t). (140)

These explicit checks suggest that, depending on the initial state, it may be possible to engineer precise holographic setups
where the spread complexity rate of change can be directly matched with a quantity in gravity and then integrated. The
overall dependence on the central charge in (139) is particularly encouraging and enters similarly as in the single-interval
entanglement entropy in 2D CFTs that can be reproduced from the Ryu-Takayanagi formula [5].

To finish, let us point out that an intriguing perspective on the Krylov basis was also presented in [167], where,
using Wigner functions, the authors argued that the Krylov basis is "the most classical” basis in Quantum Field Theory,
potentially making it a natural candidate for describing the evolution of semi-classical states in the bulk code subspace.

7.6. Nielsen’s complexity and holography

There are also attempts to understand holographic complexity by exploiting equivalence between bulk and boundary
symplectic forms [36,54,406], inspired by behavior under conformal transformations in Bafiados geometries [147,407].4!

41 Alternative attempts, where gravity arises as a consequence of spacetime optimizing the computational cost of its own dynamics, are discussed
in [47,408,409].

52



S. Baiguera, V. Balasubramanian, P. Caputa et al. Physics Reports 1159 (2026) 1-77

The relation to symplectic forms also motivated the connection between quantum complexity in CFTs and gravity
for the Fubini-Study cost function obtained in Section 5.6.3. To understand this relation, we observe that one can map
trajectories built from the unitary operators (56) of a CFT; to the geodesics of a massive particle of mass m in AdSgy1
spacetime. The Fubini-Study metric (57b) receives a natural geometric interpretation in terms of the minimal §Xy,;, and
maximal §Xnyax perpendicular distances between infinitesimally nearby geodesics (as illustrated in Fig. 1 of Ref. [48])

2
ds, = % (X2, + X2

min max) .

(141)

It would be interesting to generalize the relation (141) to complexity associated with states that are related by a finite
transformation. Furthermore, the connection to cost functions other than the Fubini-Study one is a subject of an ongoing
investigation [151].

The previous approach described the entire circuit (starting from a scalar primary state and employing CFT generators
as gates) in terms of a massive particle trajectory in AdS. This approach does not immediately lend itself to an intuitive
AdS/CFT interpretation in which quantum states are viewed as living on the boundary of AdS space. For this reason,
it is desirable to seek a formulation of the state-complexity problem for general excited states in holography, where
the states along the circuit can be more directly mapped to the boundary of AdS. Naively, the holographic complexity
picture would require two distinct bulk geometries for the reference and target states (and, in fact, for any state along the
circuit), since gravity would dictate the state’s time evolution in a way not necessarily aligned with its evolution along
the circuit. However, it turns out that in certain cases it is possible to embed both the reference and target states in the
same holographic geometry and connect them through unitary time evolution on the boundary, which can be viewed
as a circuit in physical time. Although finding such a geometry is not straightforward in general, the problem simplifies
when considering two states that are very close to each other. This is precisely the setting of [50], which proposed the
following idea.

For circuits in which the circuit parameter is the physical time in QFT, one layer of the circuit is simply given by
the instantaneous QFT Hamiltonian. This Hamiltonian is defined in terms of the energy-momentum tensor components
smeared along a time slice, e.g. H = fdd”x T+(X). The infinitesimal increment of the Fubini-Study distance (57b) is
proportional to the variance of the Hamiltonian in an instantaneous state. However, given that the Hamiltonian is a sum
of local operators, its variance is given by a sum of two-point functions of local operators. In AdS/CFT, the holographic
dictionary [383,384,410,411] provides a systematic geometric way of computing correlation functions of the boundary
QFTs. As a result, the Fubini-Study cost (57b) associated with one layer of time evolution on the boundary is always
geometric by the virtue that all its ingredients are geometric. This statement therefore expresses an exact mapping
between two geometries: the auxiliary complexity geometry of the Fubini-Study cost on one hand, and the gravitational
geometry of the bulk on the other. While the above statement is geometric, the bulk manifestation of the Fubini-Study
cost that leads to it is rather complicated and implicit. However, in the context of holographic two-dimensional CFTs and
states represented holographically as solutions of the Einstein’s equations with negative cosmological constant in three
bulk dimensions, one can relate two-point functions of the energy-momentum tensor to geodesic lengths in the bulk [50].
This leads to a much more explicit expression for the Fubini-Study cost and a direct connection to the kinematic space
program [412-414].

7.7. Computational pseudorandomness and the holographic dictionary

In all the above discussions, we mainly considered the volume of wormholes as a dual description of some notion of
the complexity of time-evolving thermofield double state. It was observed by Susskind [263] that the steady growth of a
wormhole’s volume poses a challenge in the context of the AdS/CFT correspondence: the dual quantity to the wormhole’s
volume cannot be a local observable as those are expected to equilibrate and hence saturate quickly in a quantum theory.
Instead, [263] proposed that the dual of the wormhole’s volume is a global property of the dual state such as quantum
complexity. However, from a complexity-theoretic point of view, there appears to be a mismatch between these two
quantities. The volume of a wormhole is a simple quantity that can be easily calculated from the gravitational description.
In comparison, quantum complexity is notoriously difficult to compute or even bound. Making this mismatch concrete,
Ref. [415] argues that either quantum gravity cannot be simulated efficiently on a quantum computer, or some entries
in the holographic dictionary require exponentially long computations. The former would violate the extended Church-
Turing thesis — the widely held belief that all physical processes can be efficiently simulated on a quantum computer.
More precisely, Ref. [415] models the dual CFT as a quantum system initialized in a thermofield-double state |TFD) dual
to a zero-volume wormbhole. This state is undergoing time evolution under a fixed Hamiltonian Hcgr such that |TFD) is
a low-energy state for Hcrr. However, in this time evolution, the system undergoes a number of random ‘shocks’ acting
locally on single qubits:

e~itifcrr g, piHarTg, . milifcrT § o —itivaHerT | TED) (142)

In Ref. [415], the authors conjecture that the time-evolution with shocks in Eq. (142), while possible to efficiently
simulate on a quantum computer, is computationally indistinguishable from a Haar random state. Such an asymmetry
between the easiness of preparing a state and the hardness of distinguishing it from a random state is called quantum
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pseudorandomness [416,417]. More precisely, an ensemble of states, parameterized by a random key k is called pseudo-
random if 1) it can be efficiently prepared by polynomial-sized quantum circuits and 2) any quantum computer requires
superpolynomial time to distinguish the ensemble from Haar random states. This implies that even if the CFT evolution
under shocks is computationally simple, its output states may appear indistinguishable from truly random states, making
certain bulk properties computationally inaccessible from the CFT side. In particular, quantum circuit complexity cannot
be computable using only polynomial-time quantum computations and measurements, as such computations would be
able to rapidly distinguish pseudorandom and random states, which should be impossible. The existence of pseudorandom
states was proven in Ref. [416] under mild cryptographic assumptions.

We can now consider two time evolutions as in Eq. (142) for vastly different times, both undergoing shocks.
Pseudorandomness implies that the two resulting states cannot be efficiently distinguished from Haar random states and,
therefore, from each other. However, the two states will correspond to wormholes of different volumes in any holographic
dictionary, and the volume is efficiently computable from the AdS state using only coarse-grained properties of the metric.
Ref. [415] argues that this tension can only be resolved if either (1) quantum gravity cannot be efficiently simulated on a
quantum computer or (2) the holographic dictionary cannot be computed in polynomial time. Notice that this argument
actually does not require the Volume=Complexity conjecture. In fact, the existence of pseudorandomness implies that
any quantity that distinguishes between long and short time evolutions under shocks must be computationally hard to
estimate.

A central concept in the AdS/CFT correspondence is the relation between entanglement entropy of subregions in the
CFT and the area of a corresponding extremal surface in AdS space, as specified by the Ryu-Takayanagi formula [5]. The
existence of this formula suggests that there may be a way of reconstructing AdS geometry from patterns of entanglement
in the CFT — a task that we may call geometric reconstruction (see, e.g., [418-421] for earlier approach to reconstructing
local operators). With this in mind, suppose that we consider CFT states that satisfy the restrictive holographic entropy
cone inequalities [422]. These inequalities define a cone in the space spanned by the entanglement entropies of subregions
and are a necessary requirement for geometrization of entanglement by the Ryu-Takayanagi formula. It was shown in
Ref. [423] that “geometric reconstruction” is hard even for states whose entanglement entropy satisfies the holographic
entropy cone. Similar to the argument made in Ref. [415] this hardness result uses pseudorandomness and, more precisely,
the concept of pseudoentanglement. Pseudoentanglement [424,425] refers to the phenomenon that even exponentially
large gaps in entanglement can be computationally hard to detect [424], which indicates that entanglement is an
“unfeelable” quantity, similar to quantum circuit complexity. In particular, Ref. [423] uses recently constructed low-
entangling pseudorandom unitaries [96] to show that two states with arbitrarily different bulk geometries can correspond
to indistinguishable states in the CFT. As the construction in Ref. [423] does not require event horizons, the result suggests
that reconstruction of the bulk geometry might even be hard outside the event horizon. Previously, the presence of
an event horizon was identified [426] as a way to reconcile the Church-Turing thesis with the duality of volume and
complexity: an observer that needs to cross the event horizon to estimate the volume will then be unable to communicate
the findings to an outside observer. This would be consistent with an exponentially hard-to-estimate dual quantity, such
as complexity. Likewise, the authors of [252] argued that when the time evolution operator of a holographic CFT is
approximately pseudorandom (or Haar random) on some code subspace, then there must be an event horizon in the
corresponding bulk dual. The apparent tension with [423] may be resolved by the fact that the construction in the latter
does not take the CFT Hamiltonian into account and produces high-energy states.

These results raise questions about the broader landscape of computational complexity in holography, particularly in
relation to the Python’s Lunch conjecture [427]. This conjecture posits that if a geometry contains a local minimal surface
that is not globally minimal, then finding the CFT operator corresponding to a local bulk operator inserted in the region
surrounded by the local minimal surface is exponentially hard. The conjecture suggests that if the bulk contains locally
minimal but not globally minimal surfaces, then efficient application of operators in the CFT is exponentially complex.
The strong Python’s lunch conjecture then further posits that locally minimal surfaces are the only obstruction to efficient
“operator reconstruction” [423]. A follow-up [247] shows that the strong Python’s lunch conjecture is compatible with
the findings of Ref. [415] on the reconstruction of a wormhole’s volume. Similarly, [428,429] show that it is exponentially
hard to decode the state of a field in the interior of a black hole from the distant Hawking radiation entangled with
it, as expected from the Hayden-Preskill scenario [430]. The results of Ref. [423] then suggest that the complexity of
operator reconstruction in the CFT does not always align with the complexity of bulk geometry reconstruction. These
questions about the complexity of the holographic dictionary, inspired by the volume=complexity, require and deserve
future investigations.

Finally, recent developments relate the growth of the volume of Einstein-Rosen bridges to the randomness of the
underlying microscopic quantum gravity state [101,102]. Concretely, the authors of [101,102] found gravitational duals
to continuous random circuits (see Section 4.5 for a survey of random circuits in the context of circuit complexity). The
resulting geometries are long wormholes with matter inhomogeneities, dubbed ER-caterpillars. The construction allowed
the authors to demonstrate a relation between the length of the ER bridge and the degree of microscopic randomness
of the state as a function of time. More precisely, [101,102] showed that an ER-caterpillar of length [ has an underlying
quantum state well-approximated by a quantum state k-design with k o [ when [ is large. It would be interesting to
understand the implications of this construction in the context of the pseudorandomness mentioned above.
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Fig. 13. A cartoon explaining path-integral optimization in CFTs as an analogue of tensor-network optimization. Figure from [44] with Euclidean
time denoted as z = —z.

8. Paradigms for complexity III: tensor-network-inspired definitions of complexity

Path-integral complexity [44,45] was the first approach to measuring complexity in quantum field theories that was
motivated by holography. This approach arose in the context of tensor networks, which provide variational ansatze
for many-body quantum wavefunctions. In particular, optimized tensor networks such as, e.g.,, MERA [22,431] or its
continuous counterpart cMERA [23,109], give rise to a geometric structure that reflects the entanglement patterns of
a quantum state. An analogy between the tensor network approach to constructing quantum states and the structure
of the holographic duality had already been noted by Swingle [255]. This proposal seeded a new line of research that
led Susskind [10] to argue that the growth of the volume of Einstein-Rosen bridges should be related to complexity,
estimated by the number of tensors (the effective volume of the network) in the tensor-network representation of the
time-evolved thermofield-double state [261]. In Section 8.1, we review a notion of complexity in CFT called path-integral
complexity inspired by the parallelism with tensor networks. In Section 8.2 we discuss the holographic interpretation of
this quantity in AdS spacetime.

8.1. Complexity from path-integral optimization

Motivated by these developments, Ref. [44] aimed at extending intuitions from the study of tensor networks to general,
strongly-interacting QFTs and to use these ideas to define a natural measure of complexity using path integrals. A brief
review of their construction follows.

In QFTs, wavefunctions can be prepared by performing path integrals over physical space and Euclidean time. They are
computed by integrating over all field configurations, subject to specified boundary conditions. As an example, consider
two-dimensional CFTs on a flat, Euclidean plane R? with coordinates (t, x), and collectively denote all fields in the CFT
by @(z, x). The ground state wave function Ycer[@(x)], which in QFTs is a functional of the configuration at the time slice
T =0, &(x) = D(x, T = 0), is defined as

vemto(ol = [ [] (e 0le 500, - @) (143)
—00<7<0,x

where Sy is the Euclidean action of the 2D CFT and D@ is the path integral's measure.*

The main new idea in [44] was to introduce a non-trivial background metric on the space where the path integral
(143) is performed (keeping the boundary conditions for the fields fixed), and to interpret this metric as an (unoptimized)
density of gates of a continuous tensor network. For our 2D CFT example, all the metrics can be put into the Weyl-flat form
parameterized by a scalar function ¢(z, x) as follows:

ds? = e N(de? + dx?), (0N = 12 = e (144)
€
The second equation is the boundary condition for the Weyl-factor to reduce to the original flat space metric (with lattice
spacing €) as T — 0 (see Fig. 13).

Next, we introduce the actual optimization procedure. Suppose we compare the wave functions computed with
a background flat metric (denoted with lI/fFor[qb(x)]) and with a curved metric (denoted with lI/C‘bFr[cD(x)]), they are
proportional to each other

¢ S -S [
Y[ @ (x)] = £ 191-5c ol ylfe [ (x)] . (145)
42 Formally one may need to deform the theory by putting it in a finite volume or introducing a small mass so that the spectrum is gapped and
the path integral (143) acts as a proper vacuum projector.
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The proportionality factor between the two wave functions is given by an exponent of the Liouville action
c [e¢] 0
selo) = 5o [ ax [ daef(@0 + 0P + e, (146)
247 J_ o J_wo

where ¢ is the central charge of the 2D CFT.*? Intuitively, the proportionality factor in (145) can be interpreted as a
measure of how many repetitions of path-integration per site we perform to construct the state. Hence, the optimal path
integral is selected by minimizing the Liouville action with respect to ¢, i.e., picking the metric that solves the Liouville
equation

499¢(w, w) = ue?" | wi= 1 4 ix, (147)

with the boundary condition (144). This procedure is called the path-integral optimization. Recall that we are interpreting
the metric as encoding the density of gates in the tensor network. One attempt to make this precise showed a
correspondence between unitary and isometric tensors of the (cC)MERA network and the kinetic and potential terms in the
Liouville action [45,432]. Likewise, [46,433] argued that the Liouville action can be derived by counting the stress tensor
gates with appropriate cost functions within Nielsen's geometric framework.

For example, for the CFT vacuum that is obtained by performing a Euclidean path integral on the half-plane, the optimal
geometry is given by the hyperbolic plane. Similar results can be obtained for path integrals on the circle, that prepare
the vacuum state of a CFT on the circle; as well as path integrals on a strip of size 8 used to prepare the thermofield-
double state with inverse temperature . In the former case, the background obtained via the path-integral optimization
procedure is the hyperbolic geometry of the Poincaré disk. In the latter case, the background geometry is the hyperbolic
strip, also called the Euclidean trumpet geometry.

Similar optimization was also defined for the vacuum and thermal states of higher-dimensional CFTs [45], but with a
prescription to optimize only over the Weyl factor of the background metric on which the CFT path integral is evaluated
(unlike in 2D, this is only a subset of possible geometries in higher-dimensions). Again, it was found that optimal metrics
have a constant negative Ricci scalar curvature i.e., are hyperbolic.

It is natural to think about these metrics as continuous counterparts of effective tensor-networks geometry that
emerges after the optimization procedure in many-body systems. In fact, in the spirit of tensor network discussions in
holographic CFTs, we can interpret the metrics from the optimization of path-integrals in CFTy as particular slices of their
higher-dimensional AdS;,; dual. We will return to this point in Section 8.2.

Another idea from [44,45], dubbed path-integral complexity, was to interpret the Liouville action as a novel measure of
complexity for wave functions prepared using Euclidean path integrals. The main reason to advocate this interpretation
was that the on-shell Liouville action is proportional to the volume of the space on which the path integral is computed.
Indeed, after fixing the normalization such that the integral of the Weyl factor ¢ over a unit area (a square region of
size € in the original metric) has a value 1 (see detailed discussion in [434]), we can interpret the volume of the Euclidean
space as the number of tensors in the optimal network. The on-shell action associated with the CFT vacuum state reads

12me’

This result is also consistent with qualitative expectations and holographic conjecture [31], which estimates the leading
divergence in complexity of the CFT state by the spatial volume.

Later on, researchers extended the path-integral optimization method to other settings. As we already mentioned, [44,
45] proposed a higher-dimensional generalization of the action (148). The optimization of 2D CFTs deformed by relevant
operators was studied in [434], where a modified Liouville action was minimized over both metrics and local deformation
couplings. The authors of [435] investigated path integrals for inhomogeneous CFTs, that are usually interpreted as 2D
CFTs on non-trivial background metrics. From the perspective of the optimization, the starting point is the CFT on a non-
trivial background metric (g, instead of dap) and then consider g = e?g,, as the metric for optimization. This leads to
additional background Ricci curvature term R in the Liouville equation which can nevertheless be solved using standard
uniformization techniques.

Soon after [44], Ref. [432] argued that a variation of path integral complexity in holographic 2D CFTs leads to Einstein’s
equations in the bulk of AdSs3. Moreover, the Liouville action (or its covariant version, called the Polyakov action) motivated
the treatment of Nielsen’s complexity by introducing trajectories on the unitary manifold generated by sequences of 2D
conformal transformations [46] (see Section 5.6.2).

The formulation in terms of a Liouville action also inspired a series of developments in the tensor-network community.
They used the path integral approach to cMERA to define tensor networks in terms of the background geometry on which
the state is prepared [436,437]. In particular, they showed how the background metric parameters translate into details
of the tensor network. This idea was later used in [433] to argue for a Nielsen-type interpretation of the Liouville action
in terms of an appropriate choice of the cost function on the complexity geometry. As opposed to the developments on
Nielsen’s complexity discussed in Section 5, the work [433] necessarily utilized circuits that contained both unitary and

Cyy = Min[S[¢]] = —— L= /dx. (148)

43 The coefficient w of the potential term can be set to 1 by shifting ¢.
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Fig. 14. Holographic proposal for the gravity dual of the path-integral optimization.
Source: Adapted from [438].

Hermitian gates associated with components of the energy-momentum tensor operator. This is similar in spirit to the
results discussed in Section 7.5.1 of [388] and has the same origin: Euclidean time evolution is an efficient and natural
method for preparing useful states. This points towards a mathematical generalization of the Nielsen’s complexity that
allows for exponentiation of anti-Hermitian (giving rise to unitary transformations), as well as Hermitian matrices (giving
rise in particular to Euclidean time evolution).

Finally, the results in Ref. [433] pointed out that a general cost function for path integral optimization will also contain
positive powers of the cut-off € associated with higher derivatives of ¢ in the spirit of an effective field theory. However,
the solutions of Eq. (147) acquire derivatives that are themselves of the order of 1/¢, breaking the hierarchy within these
more general cost functions that left the contribution (146) as the dominant term. Thus we need a more systematic
inclusion of the UV cut-off €, bringing us to the subject of the next section.

8.2. Holographic path-integral optimization

The optimization process described above starts with a CFT path integral in a flat geometry, and effectively places it
on a particular hyperbolic metric. After an appropriate identification of the Euclidean time with a radial coordinate, this
metric can be interpreted as a slice of AdS spacetime. It is then natural to ask whether this procedure, when applied
to holographic CFTs, could have a dual geometric interpretation within the AdS/CFT correspondence. If successful, the
embedding in holography could shed new light on the interpretation of the gravity dual of the Liouville action in terms
of path-integral complexity of a CFT state.

With this motivation, Refs. [438,439] proposed a holographic dual of the path-integral optimization procedure. Their
construction was closely related to the framework of Anti-de Sitter/Boundary Conformal Field Theory (AdS/BCFT) [405]
in which one considers only a portion of the holographic geometry bounded by an end-of-the-world surface.

More precisely, consider a computation of the Euclidean Hartle-Hawking wavefunction in a portion M of AdS spacetime
on Fig. 14. The bulk region is bounded by the boundary cut-off surface X located at z = ¢ (where z is the radial coordinate
of the AdS), and a generic spacelike surface Q parameterized by z = f(t) (homogeneous in the x direction). The induced
metric on Q can be put into a Weyl-flat form by introducing an appropriate coordinate w (i.e. a choice of gauge)

ds? = e )(dw? + dx?). (149)

The HH wave function is then a functional of the induced metric defined by path integral over all bulk metrics with this
boundary condition on Q (as well as the implicit boundary condition on X)

Yhnlp] = /[Dg/w]eilc[glfs(gubb —e*"8w), (150)

where I;[g] stands for the Einstein-Hilbert action with the boundary Gibbons-Hawking term. Computing this path integral
is in general a formidable task but, to the leading order in 1/Gy, the semiclassical HH wave function becomes the exponent
of (minus) the on-shell gravitational action itself. Mimicking the AdS/BCFT construction, we can also supplement the
Gibbons-Hawking term by a constant tension parameter T on Q modeling certain types of bulk matter (and boundary
entropy in AdS/BCFT).

Now, the main observation of [438,439] was that a maximization of the semiclassical HH wave function with respect
to the choice of ¢(w) is equivalent to imposing the Neumann boundary conditions (in analogy with AdS/BCFT) on Q

Kap — Khay = —Thgp , (151)

where K is the trace of extrinsic curvature K, on Q. Moreover, performing these steps for HH wave functions in Poincare,
global and (static) black hole spacetimes, yields “maximizing” metrics (149) that match those in the CFT optimization
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(144), after the following identifications:

c 2 ; T2

tEe 376, HFT T uoy
This agreement was conjectured (interpreted) as the correspondence between the maximization of HH wave functions
in AdS and the path integral optimization in holographic CFTs. It is also interesting to comment that parameter y in the
Liouville action effectively quantifies the amount of optimization, ranging from the unoptimized original metric for & = 0
and the optimal for u = 1. This way, tension T can be seen as its holographic counterpart as it parametrizes a family of
surfaces Q starting from the boundary surface X for T = —(d — 1) up to surface T = 0 for T = 0 (see [438] for detailed
discussion).

The second key insight from this construction was a UV completion of the Liouville action, which could be interpreted
as specifying the leading 1/¢ contribution to path-integral complexity (see the discussion in [433]). Specifically, [438,439]
argued that the gravity action in region M (see Fig. 14), supplemented with appropriate boundary and Hayward corner
terms, provides a finite-cutoff completion of the Liouville action. As a consistency check, taking the “boundary” limit of
the gravity action reproduced both the Liouville action (146), and its higher-dimensional generalization [45].

A closely related setup was later explored in [440] as an approach to tensor networks in holographic CFTs. The authors
demonstrated that the CFT on the slices Q above could be explicitly constructed using TT deformation with a coupling that
depends on Euclidean time,** and could be described within finite cut-off holography [442]. Parallel works [47,49] also
argued for TT-like interpretation of path integral complexity in holographic CFTs. The key distinction between [438-440]
was the way in which the partition functions of holographic CFTs deformed by TT were computed. Namely, in the TT
context, the on-shell action was evaluated in the bulk region from the interior up to Q; whereas in the holographic
path-integral optimization context, the action was evaluated in the region M attached to the boundary. Nevertheless,
as functionals of the induced metric on Q (i.e. the Weyl factor ¢(w)), gravitational actions in both computations are
the same; therefore, their maximization yields the same metrics ¢(w). In other words, their maximization selects a
particular slice z = f(t) of asymptotically, locally AdS spacetimes that has constant extrinsic curvature K, the so-called
constant-mean-curvature (CMC) slices.

Interestingly, slices of AdS spacetime with constant extrinsic curvature also appear naturally in the context of bulk and
boundary symplectic forms [406]. Ref. [54] proposed the same kind of slices to match the volume of the Einstein—-Rosen
Bridge in three-dimensional black hole geometries with a boundary notion of Nielsen complexity.

In summary, path integral optimization defines complexity via a partition function, a formulation which lends itself
naturally to a description via the holographic map between CFT and gravitational observables. It would be interesting to
make this map more precise.

(152)

9. Quantum complexity in quantum information theory and many-body physics

Quantum information (QI) theory and complexity inform each other in many ways. We focus on three. First, QI theory
shows that complexity governs a resource consumed in operational tasks (Section 9.1). Second, complexity distinguishes
topological phases (Section 9.2). Third, a QI-theoretic quantity — entanglement entropy — bounds complexity under
certain conditions (Section 9.3).*> Finally, the probability distribution over bitstrings |x), x € {0, 1}" induced by measuring
a state also serves as a tool for bounding complexity (Section 9.4). Other QI-complexity intersections that we do not
discuss extensively below include the bounding of complexity in terms of the quantum Wasserstein distance [443],
the relationship between complexity and the expressivity of quantum circuits [444], and applications of complexity to
quantum machine learning [445].

9.1. Operationalism and resource theory

The authors of [61] suggested that complexity controls a resource useful in operational tasks. Let p denote an arbitrary
quantum state of a system S and let Cy(p) denote the exact circuit complexity of p: the least number of basic operations
required to prepare p. Let Cp.x denote the greatest possible complexity of any state on S. For an N-qubit system,
Cmax ~ 2N. Define the uncomplexity of p as the gap Cmax — Co(p). Uncomplexity serves as a resource in quantum
computation. For example, consider running a quantum computation on an n-qubit register. The natural starting point
is the zero-complexity state |0)®". It serves analogously to clean scrap paper on which we write scratchwork when
performing classical computations.

Brown and Susskind conjectured that one can define a resource theory for quantum uncomplexity [61]. A resource
theory models scenarios in which agents are restricted to perform only certain operations. For example, in the resource
theory of entanglement, agents can perform only local operations and classical communications (LOCC). The allowed
operations are called free, and are modeled as costing nothing. Anything not free is a resource; it may be consumed to

44 This deformation later became the starting point of the “Cauchy-slice holography" [441].

45 we already discussed another connection between complexity and entanglement in the context of Nielsen’s complexity in Section 5.5. There,
we saw that very special definitions of complexity are completely fixed by the entanglement and Rényi entropies.
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enable an operational task. In the entanglement theory, for instance, entangled states are resources. Agents may consume
a maximally entangled pair of qubits to teleport quantum information, using LOCC.

A resource theory of quantum uncomplexity was defined in [446]. For simplicity, suppose that an agent in the resource
theory has n qubits (the setting can be generalized). The agent can attempt to perform any two-qubit gate U (the setting
can be generalized to k-qubit gates, for any k < n, and to gates in a particular set). However, noise corrupts every gate
implementation. Hence the gate U that is realized is chosen randomly from an e-ball (a small open set) about U. U is
called a fuzzy gate. The compositions of all fuzzy gates are the fuzzy operations. Every agent will have a tolerance for how
fuzzy, or unknown, the state can become. This tolerance limits how many fuzzy gates the agent is willing to perform—and
so curtails the complexities of the operations that will be performed on the system.

Resource theories can be used to formulate operational tasks and to quantify their optimal efficiencies. An example
is uncomplexity extraction [446]: let § > 0 denote an error tolerance; and p, an arbitrary n-qubit state. One extracts
uncomplexity from p by distilling a state §-close to |0)®* in trace distance. How large a k is achievable? The answer
depends on the complexity entropy.

The complexity entropy quantifies how random p looks to an agent who can perform only computationally restricted
measurements [446,447]. In QI theory, a measurement is modeled with a positive-operator-valued measure {Q,} [20]. The
measurement operators Q, are positive-semidefinite, Q, > 0, and normalized as )", Q, = 1. Define as a zero-complexity
measurement operator any Q, that acts on each qubit either (i) as the identity or (ii) by projecting the qubit onto |0)0|:
®J'7=1(|0)(0|)°‘J', if j € {0, 1}, and (0)0])° := 1. Let r € Zsq denote a fixed integer. Consider acting with < r gates and
then a zero-complexity measurement operator. This process effects a complexity-r measurement operator, the set of which
we denote by M,. We apply these definitions as follows. Consider performing a binary hypothesis test between p and
1/2" (the maximally mixed state, and hence the maximally random, state). We receive one of the two states and must
guess which we received. We perform a measurement {Q, 1 — Q}. (In the notation above, Q = Q; € M;,and 1 — Q = Q,.)
If the Q outcome obtains, we guess that we received p; and, if the 1 — Q outcome, then 1/2". A type I error occurs if,
upon receiving p, we wrongfully guess 1/2". Let 1 — n upper-bound the maximum allowable type I-error probability:
Tr(Qp) > n. A type Il error occurs if, upon receiving 1/2", we wrongfully guess p. The minimal type II-error probability
Tr(Q1)/2", subject to the type I constraint, motivates the complexity entropy:

HM(p) = min {logy(Tr(Q))} - (153)
THanEn

The complexity entropy controls the number of uncomplex qubits extractable from p via fuzzy operations [446]. Let
€ quantify the gates’ fuzziness, and let the tolerance § > re. For every parameter value n € [1 — (8§ — re)?, 1], one can
extract k = n — He'"(p) qubits 8-close to |0)®", using fuzzy operations. Conversely, one can extract at most n — Hcr’l“S
such qubits. These results follow a pattern common in QI theory: entropies quantify the optimal efficiencies with which
operational tasks can be performed.

Entropies are the workhorses of QI theory. That an entropy can quantify complexity, however, was far from obvious,
before [446]. For example, consider an n-qubit system prepared in a pure tensor-product state p(0) = |y (0)Xy(0)|.
Under a nonintegrable Hamiltonian, the state evolves to p(t) = |¥(t)}{¥(t)| in a time t. The state’s complexity grows,
yet the von Neumann entropy Syn(p(t)) = —Tr(p(t)log, p(t)) remains zero. Every subsystem’s reduced state has an
Syn that likely grows, but such entropies saturate long before p(t)'s complexity does. Hence commonly used entropies
do not track complexity. Avoiding this pitfall, the complexity entropy (153) quantifies how random p(t) appears to
a computationally restricted observer. The observer-centric approach was pioneered in [448], through a metric called
the strong complexity. Other precursors to the complexity entropy include [449,450], motivated by pseudorandomness
and cryptography. Ref. [447] introduces variations on H{'"(p). These variations quantify the optimal efficiencies of more
information-processing and thermodynamic tasks, including erasure and decoupling.

These results offer hope that complexity entropies might quantify the operational efficiencies of holographic tasks.
For example, consider an agent Alice falling into a black hole. Debate surrounds the possibility that she will encounter
a firewall. According to one proposal, a firewall will consume her if the black hole state is dual to a CFT state whose
complexity is not increasing [61].%6 Tossing a qubit into the black hole doubles the CFT state’s uncomplexity, enabling
thre complexity to return to increasing—and saving Alice. This story might be generalized beyond qubits with help from
H'.

9.2. Circuit complexity and topological order

Phases of matter characterize how large numbers of particles can organize. This includes the solid, liquid and gas
phases. In this section, we will briefly explain how topological order and quantum circuit complexity are related.

Until the early 80 s it was thought that all phases of matter fit into Landau’s framework of symmetry breaking [451,
452]. Roughly, Landau’s theory asserts that a phase transition occurs when a symmetry is broken, like the spontaneous
change from a continuous symmetry in a chaotic/liquid phase to a discrete symmetry in a solid phase. Here, every phase

46 A subtlety is that, when a black hole’s complexity stops increasing, classical general relativity is expected to stop describing the black hole
accurately.
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is described by a pair of symmetry groups Gy and Gy, where Gy are all symmetry operations of the Hamiltonian and
Gy C Gy is the symmetry group of the ground state . A phase transition occurs if the symmetry group G, changes
under an order parameter (such as the strength of a magnetic field).

Starting with a plethora of inequivalent chiral spin states all satisfying the same symmetries, it was discovered that
quantum Hamiltonians exhibit an even richer theory of phase transitions. For an extensive review about topological
phases, see Wen [453]. Since then an entire “zoo of topological phases” has been discovered [454]. Topological phases
refer to gapped ground states that show vast differences in their entanglement structure but are otherwise seemingly
featureless (and therefore indistinguishable by symmetry groups).

In the following we will show how quantum circuit complexity is related to the concept of topological order. States
exhibiting topological order are gapped ground states of local Hamiltonians that cannot be reduced to a product state
continuously without closing the gap. In particular, they are in a topological phase distinct from all product states, also
called the trivial phase. More precisely, consider a gapped local Hamiltonian Hy with a unique ground state |v). |¢/) can
always be transformed into a product state via a continuous path consisting of local Hamiltonians H(s) for s € [0, 1] with
H(0) = Hy. For Hy acting on n qubits, we simply define H(s) = (1 — s)Hp + s Zle Z;, where Z; denotes the Pauli Z matrix
acting on the ith qubit/spin. Clearly, the unique ground state of H(1) is |0") and H(1) is gapped. However, it is very likely
that at least one of the H(s) has a degenerate ground state, and thus closes the gap. A state is in the trivial phase if such a
continuous path exists such that the gap above the unique ground state |y (s)) is uniformly lower bounded by a positive
constant along the path. A state is topologically ordered if no such path exists. A continuous path of Hamiltonians with a
uniformly lower bounded spectral gap is called adiabatic.

How does this relate to quantum circuit complexity? It was observed in Ref. [455] that the above definition of
topological order of a ground state |y) in terms of the absence of adiabatic paths is equivalent to a lower bound that
grows in n on the circuit depth for all circuits preparing |v) from a product state.

It turns out that the existence of an adiabatic path is equivalent to the existence of a local unitary transformation [455]:

[W(s) = T (e 550 ) 1y(0)), (154)

where I:I(r) is a local Hamiltonian and 7 denotes the path-ordering operator. On the other hand, the existence of such a
local unitary transformation implies the existence of an adiabatic path via*’

H(s) := U(s)HUT(s),  U(s) = T(e—'ﬁfé f*(”df) . (155)

It is easy to see that the Hamiltonians H(s) are all gapped and the unitaries U(s) preserve the spectrum of H and therefore
the spectral gap as well. This is because, if A is an eigenvalue of H with eigenvector |y), then U(s)|y) is an eigenvector
of U(s)HU(s)" with the same eigenvalue A because U(s)HU(s)'U(s)|y) = U(s)H|¥) = AU(s)|y). The relation to circuit
complexity now follows from the fact that the operator U(1) can be approximated by a constant depth quantum circuit
via Trotterization. Trotterization proceeds by splitting the time evolution (here the integral fol ds H(s)) into small pieces,
which are approximately local. The error this approximation introduces can be made arbitrarily small by increasing the
circuit depth. In addition to this general result, different notions of quantum complexity presented in this review, including
Nielsen and Krylov complexities, have also been explored in examples of specific systems exhibiting topological phase
transitions, see, e.g., [230,456-458].

9.3. Bounding complexity growth with entanglement

Quantum circuit complexity of a state quantifies the elementary resources necessary to prepare it from a product
state. Therefore, complexity also quantifies the resources necessary to transform the state back into a product state.
Clearly, therefore, complexity can be viewed as a measure of entanglement, which is ultimately the failure of a state
to be of product form. As such, we can compare it to the entanglement entropy, arguably the most prominent measure of
entanglement. A high entanglement entropy along a bipartite cut does not imply a high circuit complexity: the maximally
entangled state between two systems each consisting of n qubits can be prepared on a quantum computer with a constant
depth quantum circuit. Even if we consider the maximum entanglement entropy over all bipartite cuts of the qubits, we
find that it saturates trivially at a maximum value of n, whereas the circuit complexity can be exponentially large, of
order §2(2"/n) (compare Section 4.3). On the other hand, we can easily show the existence of quantum circuits with
superpolynomial circuit complexity in the system size but no entanglement between some parts of the system. For
example, simply apply a Haar random unitary to log'**(n) many qubits and leave all the other qubits untouched. So
the circuit complexity and the entanglement entropy are not equivalent; but what can we say about their relationship?

Entanglement growth implies early-time bounds on complexity during chaotic evolution. More precisely, it turns out
that entanglement does imply non-trivial circuit lower bounds, but entanglement needs to be present along any bipartite
cut [132]. The reason is that the Schmidt rank along any bipartite cut can only be increased by a constant factor. In

47 The notation in Eq. (155) is analogous to Eq. (18), which defined a trajectory implementing a unitary operator in the complexity geometry.
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particular, if a state |y) has a Schmidt rank of SR; for a bipartite cut of all qubits into two sets A = {1,...,i} and
B=1{i+1,...,n}, then we know that at least c log(SR;) gates (each acting on a qubit in A and a qubit in B) are required to
prepare |y). Suppose that we only want to lower bound the size of any geometrically local circuit that approximates the
state |¥). A geometrically local circuit can only apply gates to neighboring qubits (i, i + 1). Then, any gate that acts on A
and B necessarily acts on (i, i+ 1). We can thus apply the above argument for all n Schmidt ranks SR; without overcounting
and find:

n
min  #gates > chog(SRf). (156)

geom. loc. circuits i—1
At best, the left hand side is £2(n?). This is because each Schmidt rank SR; is trivially bounded by the state space dimension
2™, Therefore, it is impossible to prove exponential circuit complexity with this technique. Using similar tools, complexity
was lower-bounded in one-dimensional models composed by noninteracting fermions [459]. Ref. [460] argued that the
area of Hartman-Maldacena surfaces (i.e., codimension-two minimal surfaces homologous to a boundary subregion [261])
lower-bounds the Schmidt rank of the unitary time evolution operator. In turn, the Schmidt rank lower-bounds the depth

of any boundary circuit effecting such boundary unitary.

Next, let us mention a relation between circuit complexity and the so-called embezzlement of entanglement. The
latter terminology refers to a process in which entanglement is extracted from a resource system by using local unitary
operators, with approximately no detectable change to the resource state [461]. The embezzlement error estimates the
amount by which this process changed the resource state. Refs. [462,463] argued that any state of a relativistic QFT could
serve as a resource for the process, where the embezzlement error can be made arbitrarily small. Recently, the author
of [464] showed that circuit complexity is lower-bounded by a quantity proportional to the inverse of the embezzlement
error. In other words, circuit complexity acts as an obstruction to perfect embezzlement.

Entanglement, the subject of this subsection until now, does not suffice to enable quantum-computational speedups:
classical computers can efficiently simulate even some highly entangled states’ evolutions. The power behind certain
entangled states, which enables quantum-computational speedups, is called magic and nonstabilizerness. A possible
relationship between magic and circuit complexity has been suggested recently.

To introduce the relationship, we first overview relevant background [20,465]. Consider an n-qubit system. The Pauli
group consists of 4" Pauli strings, each a tensor product of n Pauli operators and/or identity operators. The Clifford group is
the Pauli group’s normalizer; each Clifford gate transforms every Pauli string into a Pauli string. The Hadamard, phase, and
controlled-NOT gates span the Clifford group. The stabilizer states result from acting on |0)®" with Clifford gates. According
to the Gottesman-Knill theorem, classical computers can efficiently simulate every quantum computation formed only
from Clifford gates (such that the quantum computer always remains in the space of stabilizer states) [168]. Consequently,
quantum-computational speedups stem from nonstabilizer states. The extra spice added by these states is called magic or
nonstabilizerness [466]. This topic has recently advanced rapidly (e.g., [467-476]). One can quantify magic in various ways,
including with the stabilizer Rényi entropy, an entropic measure defined in terms of the Bell basis [469,476]. The authors
of [470] define a magic power that quantifies a unitary’s ability to behave unlike a Clifford gate—to evolve a Pauli string
to a nontrivial linear combination of Pauli strings. The magic power lower-bounds the unitary’s circuit complexity [470].
The latter is quantified with Nielsen’s circuit complexity, particularly the cost function (25) evaluated atp = q; = 1.

9.4. Bounding complexity via concentration

Another way to bound the circuit complexity of a state and, in particular, the depth necessary to prepare it is via
correlations in the output probability distributions. Let |¢) = U|0") be a state on n qubits prepared by a constant depth
quantum circuit U. The state |4) can be used to define a probability distribution over the bitstrings x € {0, 1}" via the
Born rule py := |{(x|y)|%>. We can show that the probability distribution is concentrated in the Boolean cube. To make this
more precise, we can define the orthogonal projector

Moo= Y KX, (157)

xe{0,1}1
|x]<k

and I7. defined similarly. Here |x| denotes the Hamming weight of x, i.e. the number of 1s in the bitstring. Then, we can
show that

(VT (—cm Y ) (W[ T <cnl ) ~ 0 (158)

for a constant ¢ > 0. In other words, the mass of the output probability distribution cannot be in two far away regions.

We briefly sketch a proof of the concentration explained above, where we follow the argument presented in Ref. [477].
Readers that are only interested in how to apply such a statement to circuit complexity can skip this paragraph. [y) is
the unique ground state of the commuting, gapped and [-local Hamiltonian H = ), 1 — UL;—; ® [0;)(0;| ® 1,_;UT, where
| < 2depthofU e can use that Chebyshev polynomials Cy, (of the first kind) satisfy Cn(x) < e~™1=" for x e [0, h] and
C:(1) = 1. Notice that the spectrum of Gy (]1 — %) consists of the values Cp,(1 — A;/n), where the A; are the eigenvalues
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of H. Therefore, plugging in that the spectral gap of H is 1, we find for the second highest eigenvalue of C;,(1 — H/n) the
following bound:

) (| — Can (1 -~ %) H <e MR, (159)

Choosing m = c’n for another constant ¢’ > 0 makes this small. However, we notice that the operator Cp, (]1 - %) is a
sum over Ic'n-local terms. In particular, for a string of Hamming weight < cn, we have that each bitstring that has overlap
with Cp, (11 — %) |x) has Hamming weight at most (¢ +Ic’)n. Combining this limitation on the increase in Hamming weight

with the approximation (159) yields

H
(TN (U T <l ) = (Y[ Cn (1 - E) IT.q|Y) =~ 0. (160)

Why does this property allow us to prove lower bounds on the depth necessary to prepare a state? Consider for an
extreme example the GHZ state |GHZ) = %UO”) + |1™)). Clearly, the output probability distribution py is a fair coin toss
between 0" and 1" and

1
(GHZ| 1.1 GHZ) (GHZ| T cn| GHZ) = . (161)

for any ¢ > 0, which is in direct contradiction to the concentration property in Eq. (158). But Eq. (158) is a direct
consequence of the assumption that |GHZ) was prepared by a constant depth circuit. In fact, we can show that circuits
of depth £2(log(n)) are required to prepare |GHZ).

This strategy based on concentration in output probability distributions,was used in the proof of Freedman and
Hasting’s NLTS (“No Low-Energy Trivial States™) conjecture [478] due to Anshu, Breuckmann and Nirkhe [479]. The NLTS
theorem asserts that Hamiltonians exist such that any state with an energy density below some constant threshold is
topologically ordered in the sense of Section 9.2. More precisely, there is a family of k-local Hamiltonians H, = Z:’;l h;
acting on n qubits with m = O(n) and an ¢ > 0 such that all states |) with (¥/|H|{)/n < ¢ are topologically ordered. In
particular, this result shows that topological order can persist at constant temperatures.

The techniques discussed in this subsection can only produce polynomial lower bounds on the circuit complexity of a
state. More precisely, the parent Hamiltonian H = >, 1 — U1;_1 ® |0;)(0;| ® 1,;U" will be of locality ~ n, which does
not result in a contradiction with concentration as I7-(1—cjsHIT.cn # 0.

10. Epilogue

Sofia, Sagredo, and Complexio have now read the review and are discussing their takeaways at a journal club.

Sagredo: 1 have been impatiently awaiting your arrival, as I need guidance to identify the major opportunities in
quantum-complexity research. Also, it would be helpful if Sofia could summarize the main achievements so far.

Sofia: 1 am happy to overview the main findings. The review explored several notions of quantum complexity: exact
and approximate circuit complexities, Nielsen’s geometric approach, notions based on operator and state spreading, and
definitions inspired by tensor networks. These notions have deepened our understanding of the evolution of quantum
systems, including thermalization and differences between chaos and integrability. Within the AdS/CFT correspondence,
complexity appears to be related to certain gravitational observables, which can perhaps elucidate the physics of the
region behind black hole horizons.

Complexio: The gravitational quantities seem related to complexity only qualitatively. Is it worth spending so much
research effort on hand waving?

Sofia: As a matter of fact, Refs. [39-41,388] built on [38] to identify a quantitative relationship recently. Section 7.5.1 de-
scribed this breakthrough: a double-scaled SYK model’s spread complexity is dual to the size of an ERB in two-dimensional
theories of gravity. The duality, being exact, is a major achievement.

Complexio: Still, the result has a narrow range of validity. In two bulk dimensions, the graviton is not even dynamical.
Should we truly regard this result as a success?

Sofia: The duality is simplest in two bulk dimensions, and this simplicity facilitated the proof. Yet [41] reinterprets
the matching in a language that should enable a generalization to higher dimensions. Additionally, insight into two-
dimensional theories has advanced long-standing problems, famously including the black-hole-information paradox [12,
480-482]. The similar insight here will hopefully enable similar advancements.

Complexio: Those opportunities sound appealing. Still, what if nobody proves a duality between spread complexity and
ERB volume in higher-dimensional theories?

Sofia: Regardless of the holographic duality, studying complexity benefits the quantum-information and quantum-
gravity communities. As the review showed, quantum complexity can help us simulate time evolutions, identify quantum
chaos, and more. In gravitational systems, geometric observables can illuminate the black-hole interior, black-hole
evaporation, and causal properties of a spacetime.

Sagredo: You mentioned chaos. Do I recall correctly from Section 6.3.3 that Krylov and spread complexities diagnose
chaos?
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Sofia: They do to an extent. Consider an ensemble of theories, such as the SYK model, distinguished by random values of
one or more parameters. Variances associated to Krylov and spread complexities diagnose chaos [29,30,199]. Furthermore,
individual chaotic theories, even if we do not consider an ensemble, have more regular tridiagonal spectra (also called
Lanczos spectra) than integrable ones. In fact, there is a precise conjecture for the functional form of the tridiagonal
spectral covariances in chaotic theories [30]. Whether and how precisely Krylov complexity distinguishes chaotic from
integrable QFTs remains an open question [221,222], although again the key distinction should lie in the fluctuations of
the tridiagonal spectrum of the Hamiltonian. Recent advances appear also in Refs. [223,224], which leverage von Neumann
algebras and algebraic QFTs.

Complexio: Do the other notions of complexity that we have heard about — apart from Krylov complexity — diagnose
chaos?

Sofia: Yes, Section 5.3 discussed constraints on the complexity metric for finite-dimensional quantum system so that
Nielsen complexity shows distinguishing features for chaotic dynamics. Similarly, Section 5.4 established physical criteria
that lead to long-term Nielsen complexity growth in metrics that penalize complex versus simple generators. Systems that
satisfy these criteria, which include some that show spectral features of chaos like level repulsion, show linear growth
of Nielsen complexity for exponential time, at least up to possible obstructions arising from the global structure of the
unitary group that are hard to study. This long-term complexity growth has its roots in the negative average sectional
curvature of the complexity geometry on the unitary group manifold [56,112,119,123]. Refs. [25,108] discussed various
classes of complexity geometries that penalize complex operations as desired. These geometries have a negative average
sectional curvature, and are constructed to facilitate analytical computation of geodesics as desired for the study of Nielsen
complexity.

Complexio: So we can learn about chaos from quantum complexity. Can we also learn from complexity about the
holographic dictionary?

Sofia: Certainly—we have known for years that quantum information theory can reveal which part of the bulk encodes
which feature of the boundary theory. This research program relates to the claim that slices of AdS geometry naturally
arise in tensor networks [255]. The claim inspired notions of complexity discussed in Section 8.1. These notions may help
us identify holographically dual quantities.

Sagredo: As your response highlights, researchers have devoted substantial work to AdS spacetimes. However, we live
in an expanding universe. Can complexity help us understand quantum-gravity theories for expanding universes, such as
our universe and de Sitter space?

Sofia: Perhaps. Whether de Sitter spacetime has a quantum dual remains an open question. If the answer is yes, then
the methods of the AdS/CFT duality may port over to de Sitter spacetime, perhaps with some modifications. If so, we
can translate quantum-gravity questions into conceptually simpler questions about non-gravitating quantum systems. For
now, people are conjecturing such a translation, as well as conjecturing about duals of complexity [207,294,320-325,328-
365,368-370,372-375,377,379,483,484]. Hopefully, exploring holographic complexity in de Sitter spacetime will indicate
which properties the spacetime’s quantum dual should have, if it exists.

Such a development would unlock further opportunities for future work: some researchers expect the quantum dual
of de Sitter space to be an open quantum system [207,208]. If this is the case, we may learn about complexity of dynamics
in open quantum systems through de Sitter holography. Several works have already begun unpacking complexity in open
quantum systems [446,485-495].

Complexio: Also on the topic of holography, according to the review, holographers called for the development of
quantum-information-theoretic tools, including a resource theory for quantum complexity (see Section 9.1). Quantum
information theorists defined the resource theory in [446]. In turn, the resource theory led to new entropic measures of
complexity [446,447]. Can these made-to-order tools now benefit holography?

Sofia: 1 hope so. For example, holographers have imagined an observer Alice falling into a black hole and fearing
that she will hit a firewall. If Bob throws a maximally mixed qubit into the black hole, holographers have noted, the
qubit will alleviate Alice’s danger to an extent. We can now progress beyond that simple qubit. What if Bob throws a
quantum system, of arbitrary dimensionality, in an arbitrary state? How much will he alleviate Alice’s danger? Our new
quantum-information-theoretic tools should enable general, quantitative answers.

Complexio: The partnership between quantum information theorists and high-energy physicists is promising. However,
I heard that computer scientists have been suspicious of the duality proposed between volume and quantum complexity
in the AdS/CFT correspondence.

Sofia: You heard correctly. This skepticism led to the research topic that debuted in [415]: the holographic dictionary’s
complexity. According to Section 7.7, translating between complexity and volume takes a lot of time unless quantum
gravity allows for more computational power than a quantum computer. Computer scientists have proposed that the
holographic dictionary might be highly complex. Their argument extends beyond the complexity=volume conjecture
to other holographic complexity conjectures. Followup work focused on the duality between area and entanglement
entropy [423]. Still, we are not certain for which entries the holographic dictionary is complex. Ramifications will include
our ability to study quantum gravity through quantum computing.

Sagredo: These holographic concerns bring to mind your earlier claim that, even in the absence of any duality, quan-
tum complexity merits studying within quantum information theory. Sofia, you have already pointed out some open
quantum-information-theoretic problems centered on quantum complexity. Can you list more?
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Sofia: Certainly; I have three in mind. According to Section 4, physicists do not know how random quantum circuits can
realize the switchback effect. Such a realization would strengthen the relationship between quantum chaos and random
quantum circuits.

Second, we should lower-bound the circuit complexities of states in families that we can describe efficiently. We
already have a lower bound ~ n log(n) as discussed in Section 9.4. Such an endeavor may encounter obstacles that
classical computer scientists face. More precisely, pseudorandom functions could hinder the establishment of such circuit-
complexity lower bounds. The reason, roughly, is the following: imagine a quantity that distinguishes low-complexity-
functions from high-complexity-functions. This quantity must, itself, be hard to compute. Otherwise, one could easily
use the quantity to distinguish pseudorandom functions (low complexity) from random functions (high complexity).
The resulting obstacles for lower-bounding classical circuit complexity are called natural proof barriers [80]. We might
develop the quantum analogue of such natural proof barriers by strengthening a recent construction of pseudorandom
unitaries [417].

Third, researchers expect that the low-energy states of some local Hamiltonians have superpolynomial circuit complex-
ities. However, proving an unconditional superpolynomial lower bound would come close to separating the complexity
classes QMA (Quantum Merlin-Arthur) and QCMA (Quantum-Classical Merlin-Arthur) [496]. QMA contains decision prob-
lems that one can verify with a quantum proof; and QCMA, decision problems that a quantum computer can verify with a
classical proof. Unconditionally separating QMA and QCMA, one would achieve a monumental breakthrough in theoretical
computer science by also separating the classes P and PSPACE (see [497] for details). A more modest goal is to separate
QMA from QCMA “relative to an oracle”. An oracle is a black box that solves a powerful problem in one step. Often,
unconditional statements about complexity classes can be made if all Turing machines are given access to such an oracle.
The problem of separating QMA from QCMA relative to increasingly weaker oracles was the subject of significant efforts
in the past years [496,498-504].

Let me mention, as an aside, that the mathematics community has studied problems related to circuit optimization.
They have focused on the minimum number of steps required to reach all the points on certain group manifolds. We
can recognize this number as a type of complexity. Finding gates that minimize this complexity amounts to solving the
golden-gates problem [505-507]. That problem, in turn, relates to the famous mathematical problem of sphere packing.
So complexity is really everywhere!

Sagredo: And let this conclude today’s discussion. Clearly, many opportunities await us. I look forward to reading a
future review that satisfies our curiosity about them!
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Appendix. Guide to acronyms

Acronym Full form

AdS anti-de Sitter

BC binding complexity

BCFT boundary conformal field theory
CA complexity=action

CAny complexity=anything

CFT conformal field theory

cMERA continuous multiscale entanglement renormalization ansatz
cv complexity=volume

Cv2.0 complexity=volume 2.0

DSSYK double-scaled Sachdev-Ye-Kitaev
ECH eigenstate complexity hypothesis
EOW end-of-the-world

ERB Einstein-Rosen bridge

EW entanglement wedge

FS Fubini-Study

GHZ Greenberger-Horne-Zeilinger
GUE Gaussian unitary ensemble

HRT Hubeny-Rangamani-Takayanagi
IR infrared

JT Jackiw-Teitelboim

LOCC local operations and classical communication
MERA multiscale entanglement renormalization ansatz
NLTS no low-energy trivial state

0TOC out-of-time-ordered correlator
QCMA quantum-classical Merlin-Arthur
QFT quantum field theory

QM quantum mechanics

QMA quantum Merlin-Arthur

RMT random matrix theory

SFF spectral form factor

SYK Sachdev-Ye-Kitaev

TFD thermofield-double

N tensor network

uv ultraviolet

WDW Wheeler-De Witt
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